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dTATICS,  Attractions,  and  the  Dynamics  of  a  mate- 
rial particle  are  contained  in  the  present  volume. 

The  investigations  are  for  the  most  part  confined 
to  subjects  which  are  within  the  range  of  the  general 
principles  of  Mechanics,  and  are  not  extended  to  par- 
ticular sciences  wherein  these  principles  are  specifi- 
cally applied.  Thus,  although  the  principles  are  dis- 
cussed on  which  the  equilibrium  and  stability  of 
bridges,  arches,  and  roofs  depend;  yet  the  practical 
rules  of  the  engineer's  and  the  builder's  arts  are  not 
considered.  Also  as  physical  astronomy,  the  theories 
of  light,  heat,  and  electricity  require  the  explanation 
and  discussion  of  certain  experimental  laws  which 
rule  their  subject-matter,  so  the  inquiry  into  these 
is  beyond  the  scope  of  this  work  at  the  present  stage 
of  it. 

Chapter  I  is  introductory  to  the  whole  of  this  part 
of  the  Treatise  on  Infinitesimal  Calculus.  It  seemed 
desirable  to  exhibit  at  greater  length  than  is  usual 
the  relation  between  "  applied  Mathematics,"  as  some 
parts  of  the  subject  are  called,  and  the  sciences  of 

a  2 
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number  and  geometrical  space ;  and  so  I  have  entered 
on  a  discussion  of  one  or  two  salient  points  of  the 
subject.  I  have  also  ventured  to  submit  to  the  com- 
mon judgment  of  Mathematicians  the  statement,  that 
Mechanics,  enlarged  in  its  idea  and  principles,  as  I 
have  attempted  to  enlarge  it,  is  nothing  else  than  the 
science  of  motion,  and  ought,  as  such,  to  be  called 
by  that  name.  Thus  there  are  three  principal  ma- 
thematical sciences,  those  viz.  of  number,  space,  and 
.  motion :  the  last  of  which  it  has  been  my  purpose 
to  develope  in  the  following  pages. 

A  course  of  inquiry  somewhat  irregular  has  been 
found  most  convenient  for  a  didactic  treatise;  and 
Chapters  II — VI  contain  Statics,  wherein  the  laws  of 
pressure  as  they  produce  equilibrimn,  or  neutralize 
each  other's  effects,  so  far  as  motion  is  concerned,  are 
considered.  In  Chapter  VII  the  principles,  incidents, 
laws,  and  conditions  of  the  science  of  motion  are 
formally  drawn  out.  The  Chapter  is  thus  introduc- 
tory to  Dynamics.  The  mode  of  investigation  and 
the  forms  of  statement  of  some  of  the  pregnant  prin- 
ciples are  diflferent  from  those  which  are  commonly 
given.  Only  two  of  the  three  ordinary  laws  of  mo- 
tion {aadomata  motus,  as  they  are  called  by  Newton)  are 
admitted.  The  truth  of  these  is  made  to  depend  on 
and  to  flow  from  an  intelligible  conception  of  the  idea 
of  motion  and  its  incidents ;  and  on  an  inductive  veri- 
fication only  so  far  as  the  science  is  applied.  This 
distinction  is  important,  and  appears  to  solve  some 
questions  which  are  in  dispute  between  the  two 
schools  of  writers  on  Mechanics.  The  method-  which 
I  have  taken  is  indeed  counter  to  that  of  most  Eng- 
lish authorities  on  the  subject :  it  is  rather  in  accord- 


Digitized  by  VjOOQ  IC 


PREFACE.  V 

ance  with  that  of  foreign,  and  chiefly  French,  writers. 
If  any  one  after  reflection  should  hesitate  or  refiise 
to  admit  my  principles,  and  the  mode  of  arriving  at 
and  of  stating  them,  I  must  ask  him  to  consider  the 
subject  from  the  point  of  view  which  the  Infinitesimal 
Calculus  and  a  reasonable  conception  of  Infinitesimals 
present  to  him;  and  which,  with  great  respect  for 
the  great  names  and  the  sober  judgment  of  those 
who  take  the  opposite  course,  I  venture  to  think  to 
be  the  most  natural  and  the  most  rational. 

In  the  following  treatise  the  first  principles  of  the 
science  are  drawn  from  an  intelligible  conception  of 
motion  itself.  For  the  mathematical  expression  of 
these,  the  language  and  the  symbols  of  Infinitesimals 
are  peculiarly  appropriate:  effects  are  produced  by 
causes  which  act  according  to  continuous  laws :  thus 
the  effects  become  continuously  developed,  and  a  pe- 
culiar system  of  symbols  is  required  to  express  them. 
New  ideas  necessitate  a  new  language,  and  new  lan- 
guage requires  new  characters;  and  such  are  those 
of  Infinitesimal  Calculus. 

A  license  has  been  taken,  for  which  I  must  crave 
some  indulgence;  certain  words  are  used  which  are 
either  new  or  are  used  in  a  new  relation.  In  the  ab- 
sence of  generally  recognised  rules  for  the  formation 
of  scientific  language,  I  have  used  compounded  words ; 
and  have  thereby  obtained  expressive,  though  some- 
what long,  words.  This  course  I  found  myself  obliged 
to  take.  For  ideas  which  are  in  themselves  clear  and 
distinct  have  been  so  much  obscured  by  ambiguity 
and  indistinctness  of  language,  that  there  is  no  source 
of  error  more  fertile.  Let  me  cite  an  instance.  In 
former  books  no  word  occurs  more  frequently  than 


Digitized  by  VjOOQ  IC 


vi  PREFACE. 

the  word  "  force."  Indeed  Mechanics  has  been  called 
the  science  of  forces.  But  what  does  "force"  mean? 
Will  any  one  give  an  accurate  definition  of  it  ?  a  defi- 
nition, that  is,  which  will  be  correct,  when  the  word 
is  applied  to  "  the  cause  of  motion,"  to  "  accelerating 
forces,"  to  "  eflTective  forces,"  to  "  forces  lost  and  forces 
gained,"  to  "living  force,"  to  "labouring  force?"  In 
some  of  these  various  meanings  it  indicates  efffect,  in 
others  it  indicates  cause.  Siu^ely  herein  is  confusion ; 
and  herein  too,  as  it  seems  to  me,  is  the  reason  why 
the  principles  of  mechanical  science,  or  the  science 
of  motion,  are  so  imperfectly  understood.  Similar  is 
the  ambiguity  of  the  word  "  motion :"  it  is  frequently 
used  synonymously  with  the  word  velocity:  thus 
"  momentum'"  has  been  called  "quantity  of  motion:" 
it  is  quantity  of  velocity ;  and  it  is  at  all  events  per- 
plexing to  most  minds  to  have  a  thing  called  by  a 
name  which  means  what  it  is  not.  Thus  I  have  en- 
deavoured in  those  parts  of  the  treatise  where  first 
principles  are  expounded,  and  where  clearness  of  lan- 
guage no  less  than  clearness  of  conception  is  required, 
to  call  things  by  names  which  are  expressive  vi  sig- 
nificationis;  although  in  the  more  popular  parts  I 
have  used  words  in  their  ordinary  and  less  exact 
meaning.  The  subject  is  not  in  itself  difficult,  but 
it  has  been  made  difficult  by  the  maze  of  indistinct 
nomenclature  by  which  its  fundamental  notions  have 
been  obscured. 

As  in  the  previous  Volumes,  I  am  under  obligation 
to  many  friends,  and  to  many  writers  on  these  sub- 
jects. It  is  almost  superfluous  to  mention  Euler, 
Lagrange,  Laplace,  Poisson,  Poinsot,  Jacobi,  M.  Ber- 
trand,  Sir  W.  R.  Hamilton  of  Dublin,  because  no  one 
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has  a  right  to  form  a  judgment,  and  much  less  to 
compose  a  didactic  treatise,  on  the  subject  of  Mecha- 
nics, without  a  previous  and  preparatory  study  of  the 
works  of  these  eminent  men.  From  the  works  of 
Dr.  Whewell,  the  Master  of  Trinity  College,  Cambridge, 
I  have  derived  much  aid:  I  know  not  how  much: 
because  in  the  Appendices  to  the  second  volume  of 
his  Philosophy  of  the  Inductive  Sciences  so  much 
suggestive  matter  on  Mechanical  Philosophy  is  con- 
tained, that  opinions  which  appear  to  be  one's  own 
may  perhaps  owe  their  origin  to  those  essays.  The 
Journals  of  Crelle  and  Liouville  have  given  much 
assistance.  To  the  editors  of  those  Journals  and  to 
their  contributors,  whose  names  are  too  many  to  be 
mentioned  here,  I  tender  my  acknowledgments. 

The  references  are  made  to  the  numbers  of  the 
Articles  and  of  the  equation  as  in  the  preceding 
volumes.    The  colloquial  style  has  been  retained. 


Pembroke  College,  Oxford, 
Feb.  19,  1856. 
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CHAPTER  L 

INTRODUCTORY ;   METHOD  OF  THR  TREATISE. 

Artici«e  1.]  Of  all  parts  of  Infinitesimal  Calculus,  Analytical 
Mechanics,  or  (as  I  shall  hereafter  have  reason  to  call  it)  the 
Science  of  Motion  is  in  its  results  and  its  applications  the  most 
important ;  the  principles  and  processes  of  all  mathematical 
physics  are  derived  from  it ;  and  as,  for  reasons  which  shall  be 
assigned  hereafter,  it  is  in  itself  the  most  perfect  of  physical 
sciences,  so  do  the  others  approach  more  or  less  to  completeness 
according  as  the  laws  and  methods  of  mechanics  are  more  or 
less  satisfied  by  them ;  and  the  object  to  be  attained  in  all  is,  to 
make  them  parts  of  this  principal  and  normal  science.  Now 
in  the  process  of  our  application  of  the  science  of  number  to 
that  of  motion,  new  subject-matter,  or  new  kinds  of  quantity 
meaaorable  by  number,  will  be  introduced;  and  also  as  the 
results  of  our  investigations  will  be  applicable  to  the  phenomena 
of  the  external  world,  and  to  the  unravelling  of  complex  effects, 
it  is  necessary  to  premise  some  few  observations  on  the  method 
of  our  inquiry ;  and  especially  to  shew  how,  and  how  far,  the 
pure  sciences  of  number,  space,  and  motion  may  aid  us  in  the 
discovery  of  the  proximate  causes  of  such  effects ;  proximate,  I 
say,  in  order  that  the  objects  of  our  search  may  be  definite  and 
intelligible,  and  that  we  may  not  be  lost  in  the  subtleties  of 
metaphysics. 

2.]  There  are  generally  two  processes,  by  one  oi^  other  of 
which  our  knowledge  of  natural  phenomena  is  obtained,  and 
with  both  of  which  it  is  in  many  cases  absolutely  necessaxy,  and 
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in  all  cases  desirable,  that  an  inquirer  into  nature's  laws  should 
be  acquainted;  and  although  in  their  use  one  of  these  processes 
frequently  runs  into  the  other,  and  they  are  alternately  applied 
for  the  purposes  of  discovery  and  verification,  yet  they  are  in 
themselves  distinct,  and  for  philosophical  reasons  it  is  requisite 
to  keep  them  so.  In  one  of  these  processes  we  take  the  facts 
of  nature  as  they  are  presented  to  us  in  their  simple  and  con- 
crete forms ;  and  animated  by  a  conviction  deep-seated  in  our 
nature  that  they  are  not  isolated,  but  instances  of  a  grand  and 
comprehensive  law,  which  has  been  impressed  on  them,  and  by 
virtue  of  which  they  are,  we  seek  for  that  law :  with  this  object 
in  view  we  study  them,  analyse  them ;  and  in  the  analysis  we 
subject  them  to  trials  of  various  kinds,  if  they  admit  of  experi- 
ment, or  observe  them  in  such  varying  relations  as  they  exhibit 
to  us,  if  they  do  not ;  we  separate  what  is  extraneous  and  thus 
accidental  from  that  by  virtue  of  which  they  seem  to  us  to  be, 
and  without  which  they  would  not  be :  and  by  this  process 
detect  the  general  law  which  lies  latent  in  the  fact;  or,  in 
perhaps  more  precise  terms,  the  cause  of  which  the  fact  is  the 
effect.  Thus  we  ascend  from  the  fact  to  the  cause ;  and  when 
many  facts  have  been  subjected  to  a  similar  process,  and  the 
same  law  has  been  detected  in  all,  we  collect  them  under  a 
general  formula  which  expresses  this  law,  and  thereby  a  cause 
of  which  all  the  examined  facts  are  the  effects ;  and  the  human 
mind,  endowed  with  a  love  of  continuity,  extends  this  to  other 
facts  similar  in  kind,  and  beside  those  which  have  been  exa- 
mined. In  this  process  therefore  we  interrogate  nature  as  she 
offers  herself  to  us  in  her  simple  forms  and  particular  develop- 
ments ;  and  so  long  as  any  branch  of  knowledge  consists  only 
of  such  isolated  facts  it  is  little  else  than  mere  empiricism; 
but  when  a  bond  of  union  has  been  imported  from  some  other 
source,  and  these  facts  have  been  collected  into  general  propo- 
sitions ;  when  on  these  phenomena  has  been  induced  a  distinct 
idea,  and  the  information  obtained  from  them  in  their  isolated 
forms  has  been  studied,  arranged,  and  reasoned  upon,  then,  and 
not  until  then,  has  it  a  right  to  bear  the  name  of  Science  ;  it  is 
then  no  longer  accumulated  experience,  but  it  is  experience 
systematized,  digested,  assimilated,  organized  into  a  whole ;  it 
has  harmony,  regularity,  and  law;  and  the  physical  sciences 
thus  formed  will  be  found  to  satisfy  another  most  exact  test ; 
they  predict  similar  effects  from  similar  causes. 
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3.]   All  the  physical  sciences  are  progressive^  and,  as  such^ 
pass  through  the  stage  which  I  have'  described ;  the  subjects 
of  them  in  their  infiancy  have  been  in  this  disconnected  state. 
Experience  in  the  way  of  experiment  and  observation  has  been 
the  chief  instrument  by  which  their  boundaries  have  been  ad- 
vanced, distinct  ideas  for  the  colligation  of  facts  been  obtained, 
and  inquirers  been  led  to  the  discovery  and  enuntiation  of  their 
particular  laws :  the  discovery  of  the  laws  of  motion  by  Gralileo, 
of  the  laws  of  planetary  orbits  by  Kepler,  of  the  law  of  refrac- 
tion by  Snell,  are,  amongst  many,  early  and  salient  instances. 
Invariably,  so  long  as  any  science  is  in  this  imperfect  condition, 
its  phenomena  must  be  examined  for  the  purpose  of  discovering 
such  normal  laws,  and  it  is  in  the  prosecution  of  this  work  that 
the  most  eminent  philosophers  of  the  present  age  have  earned 
their  glory :  in  short,  the  analysis  of  such  facts  is  the  charac- 
teristic of  the  science  of  the  XlXth  century :   and  no  mean 
work  is  it :  it  demands  the  highest  intellectual  and  moral  quali- 
ties that  can  adorn  human  nature ;  an  eager  and  honest  desire 
after  truth ;  patience  and  endurance  of  labour ;  a  courage  that 
never  fails  under  non-success ;  the  keenest  intellectual  acute- 
ness  in  detecting  resemblances;  a  mind  gifted  with  a  plnstic 
power  of  framing  an  idea  distinct  and  pregnant,  which  shall 
collect  all  into  one  general  formula;  an  inventiveness  and  a 
never-failing  command  of  resources :    and  in  our  days  these 
qualities  have  not  been  wanting,  and  have  not  been  unrewarded. 
It  is  however  unnecessary  for  me  to  do  more  than  to  indicate 
the  methods  of  experimental  philosophy,  in  order  that  I  may 
contrast  with  them,  and  thus  bring  into  greater  prominence, 
the  process  of  investigating  truth  which  will  be  developed  in 
the  following  volume;  and  the  reader  desirous  of  further  in- 
formation on  the  methods  of  inductive  philosophy  must  have 
recourse  to  works  wherein  such  subjects  are  specially  treated  of. 
Let  me  refer  him  to  Sir  John  Herschers  Treatise  of  Natural 
Philosophy,  a  work  which  contains  in  a  short  compass  a  mas- 
terly exposition  of  the  methods,  and  to  Dr.  WhewelFs  Philo- 
sophy of  the  Inductive  Sciences,  wherein  he  will  find  the  subject 
treated  by  an  eloquent  author,  whose  knowledge  of  physical 
science   seems   to  be   limited   only  by  the   limits  of  science 
itself*. 

*  See  also  an  article  on  "  Whewell  on  Inductive  Sciences"  in  the  Quar- 
terly Review,  Vol.  LXVIII :  evidently  written  by  a  master-hand. 
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4.]  It  will  be  seen  then  that  the  first  step  in  experimental 
philosophy  is  to  colligate  facts  by  means  of  a  distinct  and  ap- 
propriate idea;  afterwards  a  consilience  of  inductions  takes 
place ;  and  hereby  we  arrive  at  the  last  step  in  the  construction 
of  a  science,  which  is  the  enuntiation  of  a  theory ;  the  determi- 
nation^ that  is^  of  a  law  which  rules  all  the  subject  facts^  and 
the  discovery  of  a  general  cause^  of  which  the  facts  of  the  science 
are  the  single  and  (as  they  seem  at  first)  isolated  or  independent 
effects ;  and  when  such  perfection  is  attained  the  aggregate  of 
the  knowledge  receives  the  name  of  a  science,  having  all  the 
notes  of  arrangement,  order,  system,  completeness,  which  are 
necessary  for  such  perfection. 

And  now  comes  in  the  second  process  to  which  allusion  has 
already  been  made.  If  the  theory  is  true,  not  only  is  it  a  true 
explanation  of  all  the  facts  which  it  comprises  in  its  formula, 
but  it  has  also  a  prophetic  power:  when  the  cause  is  active, 
results  similar  to  the  former  ones  must  be  produced ;  the  theory 
requires  verification;  and  the  verification  consists  in  the  pre- 
diction of  the  future :  and  it  is  only  when  such  future  facts 
have  been  shewn  to  accord  with  a  theory,  that  it  satisfies  those 
stringent  rules  of  induction  which  have  been  constructed  in  a 
jealous  care  of  truth.  The  theory  may  also  be  pregnant  with 
results  different  from  those  out  of  which  it  has  grown ;  these 
must  also  be  traced  and  examined :  the  theory  must  be  tested 
in  all  ways  and  in  all  directions ;  and  when  such  tests  have 
been  satisfied,  it  has  a  claim  on  our  allegiance.  For  this  pur- 
pose a  process,  the  reverse  of  the  former,  is  necessary :  facts 
were  in  that  analysed,  so  that  their  latent  cause  might  be  de- 
tected; in  this  causes  are  to  be  developed  into  their  effects; 
the  former  is  the  historical  process  through  which  the  science 
has  grown  from  an  imperfect  state  to  perhaps  full  maturity; 
the  latter  takes  the  science  in  its  perfect  state,  and  explores  the 
riches  which  it  contains ;  the  former  is  the  process  by  which 
the  science  has  been  cofistructed,  and  is  somewhat  analogous 
to  the  manner  in  which  we  individually  learn  it ;  the  latter  is 
the  form  wherein  the  man  of  science  knows  it.  Now  this  dis- 
tinction is  important :  for  as  it  is  under  the  latter  and  more 
perfect  aspect  that  I  shall  have  to  consider  the  science  of 
motion,  so  the  method  is  dogmatic ;  and  the  fundamental  and 
axiomatic  laws  will  be  enuntiated,  and  no  formal  proof  of  them 
wiU  be  given;  it  may  sometimes  be  desirable  to  indicate  the 
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steps  by  whidi  historically  they  have  been  arrived  at,  but  such 
an  explanation  will  be  only  incidental  and  that  the  learner  may 
have  adequate  knowledge  of  them ;  and  I  shall  not  lose  sight 
of  the  chief  object,  which  is  to  trace  into  their  furthest  results 
those  general  laws  which  an  inductive  philosophy  has  supplied. 

5.]  And  mathematics  is  the  most  powerful  instrument^  which 
we  possess,  for  this  purpose:  in  many  of  the  most  recondite 
sciences,  not  only  a  fair  but  a  profound  knowledge  of  mathe- 
matics is  indispensable  for  a  successful  investigation.  In  the 
most  delicate  researches  into  the  theories  of  light,  heat,  and 
sound  it  is  the  only  instrument ;  they  have  properties  which  no 
other  language  can  express ;  and  their  argumentative  processes 
are  beyond  the  reach  of  other  symbols ;  and  I  am  sure  that 
to  any  one  who  has  taken  the  pains  to  compare  the  general 
explanation  of  planetary  disturbances  given  in  Sir  John  Hers- 
cheFs  Outlines  of  Astronomy  with  that  of  the  same  phenomena 
as  discussed  with  the  aid  of  mathematical  appliances,  there  can- 
not be  a  doubt  that,  however  successful  Sir  John  Herschel  may 
have  been,  even  beyond  his  expectation,  yet  for  an  accurate  com- 
prehension of  the  circumstances  the  other  method  is  absolutely 
necessary.  The  following  extract  from  Sir  John  HerscheFs 
work*  is  unimpeachable  testimony:  ''Admission  to  its  sanc- 
tuary^' (that  is,  of  astronomy)  ''  and  to  the  privileges  and  feel- 
ings of  a  votary  is  only  to  be  gained  by  one  means — sound  and 
sifficieni  knowledge  of  nuUhematics,  the  great  inatrument  qf  all 
exact  inquxry^  without  which  no  man  can  ever  make  mch  advances 
in  this  or  any  other  qf  the  higher  departments  of  science  as  can 
entitle  him  to  form  an  independent  opinion  on  any  subject  of  dis- 
cussion within  their  range."  I  may  also  utter  the  same  language 
as  to  the  necessity  of  mathematics  in  the  other  higher  branches 
of  the  science  of  motion. 

6.]  Here  it  may  be  asked,  What  are  mathematics?  Define 
them.  Do  they  require  ^d  apply  reasoning  processes  different 
from  those  of  the  ordinary  discourse  of  men?  have  they  a  dif- 
ferent logic?  and  a  different  language?  What  distinction  exists 
between  pure  and  mixed  mathematics,  since  they  are  commonly 
divided  into  these  two  classes  ?  and  what  does  the  term  include  ? 
Many  of  these  questions  may  be  matter  of  words  only;  it  is 
not  necessary  for  me  to  define  mathematics,  or  to  inquire  how 

*  See  Outlines  of  Astronomy,  4th  edition,  page  5.  Longman  and  Co., 
London,  1851. 
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far  "  science  of  quantity/'  or  "  science  of  measuring  quantity'' 
may  be  a  sufficient  definition,  and  whether  there  is  not  a  large 
class  of  propositions  of  geometrical  position  which  such  defini- 
tions will  not  include ;  it  is  enough  for  me  to  be  able  to  give  you 
such  an  account  of  the  means  which  mathematics  afford  for  pur- 
suing our  present  inquiry  that  I  may  excite  in  you  good  hope  of 
final  success.  I  would  however  observe,  that  the  reasoning  process 
is  not  different  from  that  of  any  other  branch  of  knowledge ; 
their  logic  is  the  same  as  that  of  political  economy  or  moral 
philosophy ;  it  is  addressed  to  the  same  faculties  of  man,  and 
does  not  require  any  peculiar  formation  or  deformity  of  human 
nature,  as  some  seem  to  think ;  but  there  is  required,  and  in  a 
great  degree,  that  attention  of  mind  which  is  in  some  part  ne- 
cessary for  the  acquisition  of  all  knowledge,  and  in  this  branch 
is  indispensably  necessary.  This  must  be  given  in  its  fullest 
intensity ;  this  is  the  excellency  which  Sir  Isaac  Newton  claimed 
for  himself,  and  thus  placed  his  superiority  on  moral  rather 
than  on  intellectual  grounds:  the  other  elements  especially 
characteristic  of  a  mathematical  mind  are  quickness  in  perceiv- 
ing logical  sequence,  love  of  order,  methodical  arrangement 
and  harmony,  distinctness  of  conception.  The  language  of  ma- 
thematics is  to  a  certain  extent  peculiarly  its  own ;  its  symbols 
are  certainly  its  own ;  but  these  may  generally,  if  it  is  desir- 
able, be  translated  into  ordinary  language ;  and  its  language  is 
peculiar,  because  the  subjects  of  which  it  treats  are  peculiar. 
Now  mathematics  include  three  normal  sciences ;  (1)  science  of 
number,  (2)  science  of  space,  (3)  science  of  motion ;  and  under 
one  or  other  of  these  all  sciences  which  are  treated  mathemati- 
cally may  be  ranged ;  or  the  several  parts  of  any  one  may  come 
under  different  normal  sciences:  thus,  formal  or  geometrical 
optics  is  an  application  of  geometry ;  physical  optics  of  the 
science  of  motion ;  plane  astronomy  is  geometrical,  physical 
astronomy  is  mechanical.  The  division  of  mathematics  into 
pure  and  mixed  is  arbitrary  and  useless,  because  it  leads  to  no 
practical  result;  and  therefore  I  do  not  care  to  retain  it.  I  may 
however  observe  that  the  first  two  sciences,  those  viz.  of  number 
and  space^  are  commonly  included  under  the  term  pure  mathe- 
matics, and  that  the  last  one  and  its  subordinates  are  called 
mixed ;  the  reason  being  that  the  subject-matter  of  the  last  has 
been  thought  to  be  terrestrial,  or,  at  all  events,  cosmical  matter ; 
and  that  therefore  the  science  involves  considerations  of  the 
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properties  of  this  matter,  and  which  must  be  discovered  by 
examination  and  analysis,  and  that  these  processes  are  extra- 
neous to  pure  motion ;  whereas  the  other  sciences  consider  sub- 
jects only  which  are  proper  to  them^  and  therefore  they  are 
called  pwre, 

7.]  The  science  of  number^  or,  as  ^;he  French  call  it,  le  cal- 
ctd,  has  for  its  subject-matter  number  in  its  pure  and  abstract 
form ;  number,  that  is,  as  an  abstract  quantuplicity ;  not  this 
or  that  tMng  taken  so  many  times,  but  the  times  which  it  is 
taken ;  it  does  not  treat  therefore  of  concrete  things ;  and  it  is 
important  to  observe  this  property  of  the  science,  because  the 
truths  of  number  are  for  this  reason  so  generally,  almost  uni- 
versally,  applicable;  time,  space,  pressure,  weight,  velocity, 
quantity  of  light,  of  heat,  of  electrical  action,  may  be  all  mea- 
sured by  it ;  and  so  long  as  the  conditions  imposed  by  the  nu- 
merical science  are  observed,  the  truths  of  number  have  their 
counterpart  in  the  applied  science.  The  science  also  includes 
number  in  its  twofold  division  of  discontinuous  and  continuous 
number ;  the  former  of  which  is  the  subject  of  arithmetic  and 
algebra,  and  the  latter  of  iDfinitesimal  calculus ;  these  being 
distinguished  by  a  difference  of  species  of  subject-matter,  and 
not  of  process.  It  is  most  important  to  observe  that  the  nume- 
rical symbols  represent  abstract  quantuplicities,  and  that  the 
results  are  true,  because  they  are  correct  developments  of  the 
idea  of  number,  and  are  independent  of  the  concrete  matter  to 
which  they  are  applied.  Yet  they  may  be  applied,  and  by  the 
following  process:  the  numerical  proposition  is  operated  on 
by  the  concrete  unit  of  the  matter  of  the  particular  science ; 
whether  it  be  linear  length,  or  area,  or  cubical  content,  or 
weight,  or  velocity ;  that  is,  each  term  of  the  numerical  equa- 
tion has  the  concrete  unit  affixed  to  it,  and  thereby  itself  be- 
comes concrete,  and  expresses  the  concrete  thing  taken  a  cer- 
tain number  of  times ;  thus  suppose  that  we  have  a  numerical 

equation  ^      ^ 

^  4  +  3  =  7, 

and  suppose  that  the  operating  concrete  unit  is  an  inch :  then 
we  have  \ 

4  times  x  one  inch  +  3  times  x  one  inch  =  7  times  x  one  inch ; 

an  inch  being  matter  of  such  a  kind  as  to  be  consistent  with  the 
fundamental  operations  of  arithmetic;  that  is,  if  one  inch  is 
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added  to  one  inch,  no  part  of  either  one  is  absorbed  into  the 
other,  but  the  matter  is  continuously  additive.  Similarly  might 
the  operating  unit  be  a  pound,  or  an  unit  of  velocity,  and  in 
both  cases  the  result  would  be  true  because  the  arithmetical 
equality  is  correct.  This  remark  is  important,  because  the 
homogeneity  of  our  equations  is  hereby  preserved ;  and  if  the 
symbol  of  the  operating  factor  be  retained,  we  have  a  test,  and 
an  important  test,  whether  the  results  are  correct  or  not. 

8.]  The  second  mathematical  science  is  that  of  space,  or,  as 
it  is  usually  caUed,  geometry ;  the  subject-matter  is  tridimen- 
sional space ;  whatever  is  the  origin  of  our  conception  of  it, 
whether  it  is  experience,  or  whether  space  is  a  phenomenal 
condition  of  our  knowing  things  at  all,  or  whether  it  is  an  in- 
tuitive notion,  yet  at  all  events  the  subject-matter  of  geometry 
is  space,  abstracted  from  all  consideration  of  the  space  which 
we  occupy,  and  in  which  we  are :  and  the  science  consists  in 
the  development  of  this  idea  of  space.  The  axioms  contain 
enuntiations  of  constituent  parts  and  properties  of  it ;  the  defi- 
nitions are  explanations  of  terms  arising  out  of,  and  necessary 
to,  the  division  of  space  which  flows  from  the  fundamental  idea ; 
thus,  for  instance,  space  is  such  that  the  whole  is  greater  than 
its  part;  that  if  equal  spaces  are  added  to  equal  spaces,  the 
wholes  are  equal ;  spaces  are  equal  which  occupy  equal  parts  of 
space,  the  comparison  being  made  on  the  principle  of  super- 
position. The  truths  of  geometry  may  be  directly  deduced 
from  the  axioms  and  definitions  by  means  of  postulates  and 
more  complex  constructions,  and  the  science  of  space  thus 
treated  of  is  called  pure  geometry ;  as  such  it  neither  requires 
nor  involves  the  properties  of  number ;  its  additions  and  sub- 
tractions and  equalities  are  made  on  the  principle  of  superposi- 
tion ;  thus,  if  an  angle  is  added  to  an  angle,  no  reference  is 
made  to  any  unit  angle,  but  one  concrete  angle  is  superposed 
on  the  other ;  and  the  symbols  in  pure  geometry  are  symbols 
of  the  concrete  quantities  and  are  not  the  subjects  of  arithmeti- 
cal laws  and  operations.  The  old  geometricians  employed  this 
process  only.  But  Descartes,  perceiving  that  geometrical  space 
accords  with  the  fundamental  requirements  of  number,  treated 
of  its  properties  by  means  of  arithmetic  and  algebra :  in  this 
view  we  may  operate  on  any  numerical  equation  with  a  concrete 
geometrical  unit,  and  it  becomes  a  geometrical  proposition; 
and  whatever  numerical  truths  are  contained  in,  and  deducible 
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from,  the  numerical  equation,  analogous  geometrical  proposi- 
tions are  also  deducible ;  and  therefore  if  the  equation  is  trans- 
formed or  operated  on  according  to  arithmetical  laws,  so  will 
the  transformation  necessitate  the  correctness  of  the  corre- 
sponding geometrical  changes ;  the  geometrical  process  is  pa- 
rallel with,  and  proved  by,  the  numerical  process.  Thus  suppose 
that  for  certain  numerical  values  the  following  equation  is  true, 

then  by  operating  on  each  term  with  the  linear  unit,  and  inter- 
preting X  and  y  according  to  the  conventional  signification  of 
rectangular  axes,  we  have  the  geometrical  property  of  the  curve 
of  which  it  is  the  equation,  viz.  (y^)  times  the  linear  unit  =  (2  ax) 
times  the  linear  unit  —  (x^)  times  the  linear  unit ;  y,  x,  and  a 
being  numbers.  Or  otherwise  suppose  that  we  operate  on  the 
same  equation  with  the  (linear  unit}^,  then  the  equation  becom- 
ing arithmeticaUy 

yxy  =  (2a— d?)  a:, 

we  have 

the  square  of  the  ordinate  =  the  rectangle  contained  by  the 
segments  of  the  base. 

By  this  process  algebraical  geometry  has  been  constructed : 
the  equations  in  their  original  forms  are  numerical ;  but  as  geo- 
metrical space  satisfies  the  conditions  as  to  quantity  which  the 
science  of  number  requires,  we  operate  on  these  numerical  equa- 
tions with  a  geometrical  unit,  and  hereby  transform  them  into 
geometrical  propositions;  and  we  can  further  employ  all  the 
processes  of  algebra  for  deducing  and  proving  geometrical  truths 
which  are  contained  in  other  given  geometrical  propositions. 

In  both  these  sciences  it  will  be  observed  that  the  process 
of  inference  is  the  same:  the  deduction  firom  the  fundamental 
ideas  of  number  and  space  of  the  truths  with  which  they  are 
pregnant. 

9.]  The  third  and  last  of  the  mathematical  sciences  is  that 
of  motion ;  into  the  foundation,  laws,  and  processes  of  which  I 
shall  enter  at  length  in  the  following  pages ;  but  as  my  method 
is  that  of  a  positive  deductive  science,  intended  for  didactic  use, 
and  therefore  to  a  certain  extent  dogmatical,  it  is  not  neces- 
sary formally  to  discuss  the  history  of  the  laws  of  motion,  or 
the  growth  of  the  fundamental  idea,  and  the  successive  steps 
through  which  it  reached  that  perfect  state  so  that  parts  of  it 
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can  be  expressed  in  definite  axiomfi^  and  thus  be  made  the 
major  premisses  of  the  first  syllogisms  from  which  all  the  other 
truths  of  the  science  are  to  be  inferred.  I  shall  not  relate  the 
logomachy  of  mechanics  in  the  days  of  Aristotle^  and  the  dispu- 
tations of  the  Schoolmen  who  taught  that  rest  was  natural  and 
motion  was  unnatural,  and  that  some  bodies  fall  faster  than  others 
because  they  are  heavier ;  nor  shall  I  indicate  the  several  steps 
by  which  Galileo  first  obtained  a  clear  insight  into  the  laws  of 
motion,  and  how  Stevinus  first  proved  the  laws  of  oblique  pressure 
by  means  of  a  continuous  chain  resting  on  two  inclined  planes : 
neither  shall  I  detail  experiments  by  which  evidence  is  given  to 
the  truth  of  the  axioms.  My  work,  on  the  contrary,  is  to  take 
the  idea  of  motion  as  recognized,  and  its  laws  as  acknowledged, 
and  to  deduce  &om  them  their  results.  To  this  end  mathe- 
matics, and  especially  the  science  of  continuous  number,  will  be 
found  most  useful  instruments  of  inquiry :  a  word  or  two  will 
shew  this.  Matter  of  motion,  space,  time,  velocity,  and  com- 
binations of  these,  such  as  momentum,  pressure,  weight,  will 
come  under  consideration.  All  these  quantities  are  continuously 
additive  and  subtractive,  and  satisfy  the  requirements  of  the 
science  of  number  :  and  they  admit  of  infinite  divisibility ;  nay, 
more  than  this,  some  of  these  are  within  the  grasp  of  our  minds 
only  when  they  are  resolved  into  infijiitesimal  elements :  as,  for 
instance,  it  is  necessary  to  know  the  law  of  change  of  velocity 
of  a  particle  moving  with  a  varying  velocity,  before  we  can  de- 
termine the  actual  change  of  velocity  due  to  a  finite  time ;  that 
is,  the  infinitesimal  increment  must  be  known,  and  this  is  de.'- 
termined  by  the  law,  before  we  can  find  the  finite  change :  in 
these  respects  then  the  subject-matter  of  our  science  will  be 
found  to  harmonize  with  the  laws  of  the  science  of  number : 
and  these  latter  may  be  applied. 

10.3  Suppose  that  the  axiomatic  laws  of  mechanics  are  de^ 
duced  from  the  fundamental  idea  of  motion,  and  that  we  know 
them :  let  them  be  translated  into  mathematical  language  and 
symbols,  so  that  the  propositions  take  the  form  of  equations ; 
let  the  concrete  mechanical  unit  be  removed,  and  let  the  equa- 
tion stand  as  a  numerical  equation :  to  it  in  this  state  all  th6 
rules  of  the  science  of  number  may  be  applied,  and  whatever 
are  the  results  which  can  be  inferred  by  means  of  them,  they 
may  be  translated  by  an  operating  factor  into  their  mechanical 
equivalents,  and  these  again  into  ordinary  language.     If  tiiere- 
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foie  the  resources  which  the  science  of  number  supplies  become 
more  numerous,  the  more  fruitful  is  the  deductive  process ;  and 
hence  it  is  that  the  progress  of  the  sciences  is  simultaneous; 
whatever  retards  the  one  is  also  an  obstacle  to  the  progress  of 
the  other. 

The  course  of  our  inquiry  will  therefore  be  the  following : 
The  idea  of  motion  must  be  first  described ;  it  is  the  funda- 
mental one  of  mechanics ;  and  pregnant  properties  of  it  must 
be  enuntiated ;  these  are  commonly  called  laws  of  motion,  and 
will  be  found  to  be  only  two;  we  shall  translate  them  into 
mathematical  language  and  symbols;  and  by  the  processes  of 
infinitesimal  calculus  deduce  from  them  their  results,  which 
we  shall  in  many  cases  trace  in  the  applications  of  mechanics, 
and  especially  in  the  phenomena  of  gravitation,  whether  in  the 
case  of  bodies  being  near  to  the  earth  and  falling  towards  it, 
or  in  the  case  of  the  approximate  motion  of  the  planetary 
bodies,  herein  laying  the  djmamical  foundations  of  physical 
astronomy.  By  this  method  the  foundations  of  mechanics  will 
be  laid  in  breadth  sufficient  to  include  all  kinds  of  matter; 
whether  cosmical  or  of  that  of  light,  if  there  is  an  ethereal  me- 
dium; and  all  kinds  of  motion,  whether  direct  or  orbital  or 
oscillatory ;  the  basis  therefore  will  be  wide  enough  to  compre- 
hend the  mathematical  theories  of  hydrodynamics,  light,  heat, 
electricity ;  these  several  sciences,  as  they  advance  towards  per- 
fection, satisfy  more  and  more  the  notes  of  the  science  of  mo- 
tion, but  the  perfect  state  will  be  reached  only  when  they  wholly 
do  so. 

11.]  Such  is  the  philosophical  form  of  the  perfect  and  exact 
science  of  motion ;  and  such  is  the  philosophical  course  of  learn- 
ing it ;  but  there  are  reasons  why  another  course  is  more  suit- 
able to  a  didactic  treatise.  It  is  better  to  begin  with  what  is 
apparently  more  simple  and  more  concrete,  than  with  an  ab- 
stract verity ;  we  are  not  accustomed  to  analyse  cases  of  motion, 
but  we  are  familiar  with  an  effect  of  the  same  cause  as  that 
which  produces  motion,  but  which  in  mechanics  is  actually 
more  complex ;  we  have  all  of  us  a  notion  more  or  less  exact 
of  pressure  or  of  weight ;  the  tension  of  a  string  caused  by  a 
weight  suspended  at  the  end  of  it,  or  a  pressure  caused  by  a 
weight  resting  on  the  hand,  gives  us  a  notiop  more  distinct  than 
that  of  a  body  £Edling  under  the  action  of  the  earth's  attraction. 
Now  let  me  analyse  such  a  pressure  from  a  dynamical  point  of 

c  7, 
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view:  take  the  caae  of  a  weight  resting  on  a  table;  the  same 
force  which  produces  the  pressure  on  the  table  would  cause 
the  body  to  fall  towards  the  earthy  if  the  table  were  removed ; 
but  the  falling  effort  is  the  same,  although  the  table  is  there : 
the  earth  attracts  the  body,  impresses  velocity  on  it,  and  causes 
it  to  penetrate  the  table ;  but  the  material  of  the  table  is  elastic, 
and  therefore  so  often  as  the  body  penetrates  the  table  and 
causes  the  particles  of  the  table  which  are  in  contact  with  or 
are  near  the  body  to  approach  each  other,  an  elastic  force  of 
recoil  is  called  into  action  and  causes  the  body  to  retire :  thus 
an  oscillatory  motion  of  the  body  is  established,  which  is  how- 
ever so  slight  that  the  motion  of  the  body  is  to  the  senses  im- 
perceptible.   It  may  perhaps  be  thought  that  this  is  an  indirect 
and  awkward  form  of  considering  such  a  simple  case  as  that  of 
a  body  resting  on  a  table :  perhaps  it  is ;  but  it  is  the  mode  of 
applying  the  principles  of  the  science  of  pure  motion  to  the  case 
of  a  body  resting  on  a  table.     Although  in  the  order  of  the 
pure  science  other  and  more  simple  cases  of  motion  would  be 
discussed  before  this,  yet  as  this  case  of  pressure  is  so  simple^ 
as  it  seems,  and  so  common,  it  is  for  didactic  purposes  desirable, 
even  if  it  does  cost  a  loss  of  order  scientifically  correct,  to  con- 
sider first  those  forms  of  problems  with  which  a  learner  is  most 
familiar;  we  shall  hereby  take  advantage  of  his  previous  know- 
ledge, and  lead  him  from  that  which  is  to  him  more  simple  to 
that  which  is  more  complex.     I  propose  therefore  to  defer  the 
pure  science  of  motion  to  the  second  part  of  the  treatise ;  and 
to  consider  at  present  pressures  only,  and  these  apart  from  the 
properties,  real  or  virtual,  of  motion.    The  science  of  pressures 
is  called  statics ;  and  in  establishing  the  principles  from  which 
I  shall  begin,  I  shall  appeal  to  experience,  to  what  we  see  and 
observe :  and  whatever  assumptions  or  hypotheses  I  may  make, 
I  shall  refer  you  for  proof  to  your  own  observation  of  such  pres- 
sures and  to  the  common  sense  of  mankind     Let  me  make  one 
other  observation  on  the  difference  which  exists  in  the  views  of 
the  same  effect  as  presented  to  us  in  a  statical  and  a  dynamical 
light.     Suppose  that  a  pound  weight  rests  on  your  hand  which 
is  at  rest;  you  experience  a  pressure  which  your  hand  bears; 
and  if  another  pound  be  added  you  experience  a  pressure  twice 
as  great :  but  are  you  conscious  of  or  do  you  think  about  the 
cause  of  that  pressure  ?  are  you  aware  that  it  is  due  to  the  earth's 
attraction,  and  to  a  motion  which  the  body  would  have  if  your 
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hand  were  removed  ?  I  think  that  you  consider  it  as  a  pressure 
onlj^  and  not  in  reference  to  velocity :  this  is^  I  say^  the  com- 
mon judgment  about  such  pressures :  it  does  not  refer  them  to 
motion ;  and  it  is  to  such  common  judgment  that  I  shall  appeal 
in  laying  the  foundation  of  statics :  it  may  be  that  I  shall  now 
and  then  use  language  appropriate  to  the  conception  of  a  real 
or  virtual  motion^  and  that  I  thereby  elucidate  difficulties ;  but 
it  must  be  remembered  that  such  conceptions  are  extraneous  to 
statics  thus  considered,  and  are  such  as  the  subject  does  not 
of  itself  require. 


Digitized  by  VjOOQ  IC 


ANALYTICAL   MECHANICS. 


PART   I. 
STATICS. 


CHAPTER  II. 

STATICAL  PRESSURES  ACTING  AT  THE  SAME  POINT. 

12.]  A  formal  definition  of  matter  is  not  required ;  it  is  suflS- 
cient  for  us  to  conceive  of  it  as  existing  in  space^  having  volume 
and  form,  capable  of  receiving  and  of  (as  we  shall  hereafter  see) 
transmitting  pressures  *.  Matter  is  rigid  or  stiff  when  its  com- 
ponent particles  are  kept  in  a  state  of  relative  rest  by  the  action 
of  attraction  or  cohesion^  or  such  like  molecular  forces  (as  they 
are  called) ;  of  which  we  require  at  present  only  to  know,  that 
the  external  pressures  acting  on  matter  are,  as  to  intensity  in 
comparison  of  these,  infinitesimal. 

A  body  is  a  finite  portion  of  such  matter;  matter  is  con- 
ceived to  be  infinitely  dinsible ;  and  an  infinitesimal  portion  of 
it  is  called  a  material  particle,  and  a  material  point.  The  mass 
of  a  body  is  the  quantity  of  matter  contained  in  it. 

Force  is  a  cause  which  changes  or  tends  to  change  matter's 
state  as  to  motion  or  rest.  Force  acts  on  matter  at  a  certain 
point,  in  a  certain  direction,  along  a  certain  line,  and  with  a 
certain  intensity ;  and  when  all  these  circumstances  are  given, 
the  force  is  said  to  be  given.  Mechanics  is  the  science  which 
considers  the  relations  and  effects  of  such  forces. 

*  M.  Poisson  says  "  La  mati^re  est  tout  ce  qui  peut  affecter  nos  sens  d'une 
mani^re  quclconque."  Dr.  Whewell,  "  Body  or  matter  is  any  thing  extended 
and  possessing  the  power  of  reBisting  the  action  of  force."  Mechanics,  5th 
edition,  Cambridge,  1836. 
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Statics  is  that  part  of  mechanics  which  considers  the  rela- 
tions of  forces  as  they  produce  pressure  or  a  tendency  to  mo- 
tion. Statical  forces  are  therefore  pressures^  and  act  at  a  fixed 
pointy  in  a  certain  direction,  along  a  certain  line,  and  with  a  cer- 
tain intensity.  Weight  is  the  most  common  form  of  a  statical 
pressure. 

The  line  of  action  of  a  pressure  is  that  straight  line  passing 
through  the  point  of  application  of  the  pressure  along  which 
the  pressure  tends  to  make  its  point  of  application  move ;  and 
the  direction  of  the  line  towards  which  the  pressure  tends  to 
make  the  point  move  is  called  the  direction  of  the  pressure. 

Two  pressures  are  equal,  which  acting  at  the  same  point, 
along  the  same  line  of  action,  and  in  opposite  directions,  neu* 
tralize  each  other. 

Statical  pressures  are  continuously  additive,  and,  as  such, 
satisfy  the  requirements  of  the  science  of  number :  thus,  if  one 
pound  is  added  to  one  pound,  the  sum  is  two  pounds ;  no  part 
of  either  of  the  weights  is  absorbed  into  the  other ;  the  weight 
of  a  basket  of  stones  is  the  same,  whatever  is  the  arrangement 
of  the  stones.  Statical  pressures  also  admit  of  continuous  in- 
crease and  decrease,  and  of  infinite  divisibility :  they  thus  satisfy 
the  requirements  of  the  science  of  continuous  number. 

If  two  statical  pressures,  thus  proved  to  be  equal,  act  on  a 
point  along  the  same  line  and  in  the  same  direction,  the  acting 
pressure  is  twice  each  of  the  original  pressures :  if  three  pres- 
sures act  similarly,  the  acting  pressure  is  thrice  each  of  the 
original  pressures :  and  so  on.  Thus  it  is  that  pressures  admit 
of  measurement :  an  unit  of  pressure  is  chosen,  and  other  pros* 
sures  are  compared  with  it ;  and  are  expressed  as  being  so  many 
times  the  unit-pressure.  Thus  pressures  are  expressed  by  num- 
bers, being  referred  to  a  concrete  unit- pressure.  The  unit- 
pressure  is  arbitrary^  and  may  be  a  finite  or  an  infinitesimal 
pressure.  If  pressures  are  expressed  by  numbers  which  are 
eommonly  called  incommensurable,  they  possess  the  properties 
of  commensurables,  if  they  are  referred  to  an  infinitesimal  unit* 
pressure.  If  the  unit-pressure  is  changed,  the  numbers  express- 
ing the  pressures  which  are  referred  to  it  are  also  changed  in 
an  inverse  ratio.  Thus  a  weight  of  six  pounds  is  expressed 
by  6,  if  a  pound  is  the  unit-pressure;  by  12,  if  one-half  of  a 
pound  is  the  unit-pressure ;  by  3,  if  two  pounds  is  the  unit-pres- 
sure.   It  is  manifest  that  general  laws  connecting  the  intensity, 
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point  of  application,  direction^  and  line  of  action  of  pressures 
must  be  independent  of  the  conventional  unit. 

13.]  Statical  pressures  will  hereafter  be  expressed  by  sym- 
bols, such  as  F^  Of  R^ ... .  These,  it  is  to  be  observed^  are  num- 
bers, expressing  the  number  of  times  which  the  concrete  unit  is 
taken;  hence  also  when  we  meet  with  such  symbols  as  p^^  q^  ... 
these  are  also  numbers.  It  is  plain  that  if  p  represents  a  con- 
crete pressure,  f*  is  unintelUgible. 

Again,  pressures  may  be  conveniently  represented  by  geo- 
metrical straight  lines.  As  a  pressure  has  a  definite  point  of 
application,  a  definite  line  of  action,  a  definite  direction,  and  is 
of  a  definite  magnitude,  so  does  a  hue  starting  from  the  point 
of  application  of  the  pressure,  and  coincident  with  the  line  of 
action,  in  its  direction,  and  in  letigth  containing  the  same  num- 
ber of  linear  units  that  the  pressure  contains  units  of  pressure, 
adequately  and  completely  represent  the  pressure  in  all  its  cir- 
cumstances. And  this  mode  has  the  advantage  not  only  of  sim- 
plifying the  enuntiation  of  many  theorems,  but  also  of  enabling 
us  to  infer  mechanical  propositions  from  their  geometrical  ana- 
logues ;  and  vice  versA.  Of  this  process  we  shall  hereafter  have 
many  instances. 

When  a  material  particle  is  acted  on  by  many  pressures  simul- 
taneously, there  is  generally  a  definite  direction  along  which  it 
experiences  a  definite  pressure,  or,  in  other  words,  along  which 
it  has  a  tendency  to  move.  Now  the  one  pressure  which  would 
produce  on  this  point  a  pressure  equal,  along  the  same  line  of 
action,  and  in  the  same  direction,  is  called  the  resultant  of  the 
acting  or  impressed  pressures :  and  its  line  of  action  is  called 
the  line  of  action  of  the  resultant :  and  the  several  impressed 
pressures  are  called  components  in  reference  to  it.  The  resultant 
is  evidently  unique,  definite  as  to  its  line  of  action,  its  direction, 
and  its  magnitude. 

If  the  impressed  pressures  acting  on  a  point  are  so  related  as 
to  produce  a  resultant  whose  magnitude  is  zero,  then  the  pres- 
sures are  said  to  be  in  equilibrium. 

Hence  we  infer  that  when  many  pressures  act  on  one  point, 
if  a  new  pressure  is  introduced  equal  in  magnitude  to  their 
resultant,  and  acting  along  the  same  line  and  in  an  opposite 
direction,  it  neutralizes  the  effects  of  all  the  others,  and  the 
system  is  in  equilibrium. 
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Section  1. — T^e  ctmporitian  and  resolution  of  many  pressures 
acting  on  a  material  particle,  the  lines  of  action  of  which  are 
m  one  plane. 

14.]  Let  o,  fig.  1^  be  a  material  particle ;  and  first  let  us  sup- 
pose in  Hke  pressures  to  act  along  the  same  line  oa^  and  in  the 
same  directioii ;  and  to  give  distinctness  to  our  conceptions  let 
us  suppose  all  the  forces  to  be  putting  forces,  and  to  act  in  the 
direction  of  the  arrow^-heads  from  o  towards  a  ;  and  let  them 
be  r^resented  by  the  symbols  Pi,  P2,...Pm;  tfaen^  since  statical 
jNressures  acting  at  a  point  along  the  same  line,  and  in  the  same 
direction  are  continuously  additive^  the  resultant  is  equal  to  the 
sum  of  all.    Let  r  represent  the  resultant,  then 

a  =  Pi  +  Pi-f...  +Pn,  (1) 

=  2.P,  (2) 

where  p  is  the  type-symbol  of  a  pressure,  and  a  is  the  sum- 
mation-symbol . 

Again,  suppose  o  to  be  acted  on  by  two  pressures,  along  the 
same  line,  and  in  opposite  directions :  let  them  be  r  and  q,  of 
which  p  is  the  greater :  let  p  be  resolved  into  two  parts,  q  and 
p— q;  then  at  the  point  o  three  pressures  are  acting,  viz.  p— Q^ 
Qy  and  Q,  of  which  the  last  two  act  in  opposite  directions ;  there- 
fore they  neutralize  each  other ;  and,  if  a  is  the  resultant,  we 

*"'^«  E  =  P-Q.  (8) 

And  as  a  similar  result  is  true  for  any  number  of  pressures 
acting  in  either  direction,  and  along  the  same  line  of  action,  the 
equation  (2)  may  be  extended  so  as  to  include  the  algebraical 
sum  of  the  pressures  acting  on  a  point  and  along  the  same  line. 
Hence  also  we  infer  that  a  point  is  in  equilibrium  under  the 
action  of  many  pressures  along  the  same  line,  if  the  sum  of  those 
acting  in  one  direction  is  equal  to  the  sum  of  those  acting  in 
the  opposite  direction ;  and  the  condition  of  equilibrium  is 

:«.p  =  0.  (4) 

Also  let  us  take  another  simple  case :  that  of  three  equal 
forces*  p,  Q,  a,  see  fig.  2,  acting  on  o,  all  of  which  are  in  the  same 
plane,  and  the  lines  of  action  of  which  are  inclined  to  each 

*T1ie  generic  word  ''force"  is  here  and  elsewhere  used  instead  of  the 
specific  and  more  correct  word  **  pressure/'  in  order  that  the  hitherto  re- 
cdved  forms  of  statical  theorems  may  be  preserved. 
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other  at  120°.  Let  the  forces  be  represented,  both  in  direction 
and  in  intensity^  by  the  equal  definite  lines  op^  oq^  or:  then 
the  point  o  is  in  equilibrium  :  for  by  the  principle  of  sufficient 
reason  it  cannot  move  out  of  the  plane  of  the  forces ;  neither 
can  there  be  any  resultant  pressure  in  the  plane  by  reason  of 
the  same  principle ;  the  point  therefore  is  in  equilibrium ;  and 
either  of  the  pressures  may  be  considered  to  be  equal  in  magni- 
tude to  the  resultant  of  the  other  two,  and  to  act  in  the  same 
line^  but  in  an  opposite  direction.  Hence  we  have  the  following 
geometrical  construction  of  the  resultant.  Let  p  and  q  be  the 
components ;  then  b  neutralizes  the  effects  of  p  and  q  on  o ; 
produce  ko  to  b,'  so  that  or'  is  equal  to  or;  then  the  force  of 
which  or'  is  the  geometrical  representative  neutralizes  r;  but 
the  resultant  of  p  and  q  also  neutralizes  r  :  therefore  the  force 
r'  is  the  resultant  of  p  and  q  ;  and  by  the  geometry  or'  is  the 
diagonal  of  the  parallelogram  of  which  op  and  oq  are  the  adja- 
cent containing  sides. 

15.3  The  parallelogram  of  forces  however^  which  is  so  called 
from  the  geometrical  form  of  the  result^  is  more  general  than 
the  result  of  the  last  Article,  and  includes  it.    The  problem  is : 

Given  two  pressures  acting  on  a  material  pointy  to  find  the 
intensity,  the  line  of  action,  and  the  direction  of  the  resultant. 

First  let  the  meaning  of  the  problem  be  clearly  understood ; 
it  is  required  to  determine  the  line  of  action,  the  direction,  and 
the  magnitude  of  a  pressure  which  acting  at  a  given  point  shall 
produce  the  same  effect  in  all  respects  as  two  pressures  acting 
simultaneously. 

It  is  evident  by  the  principle  of  sufficient  reason  that  the  line 
of  action  of  the  resultant  is  in  the  same  plane  with  the  lines  of 
action  of  the  components. 

*  And  first  let  us  take  the  case  of  two  equal  forces  p  and  p 
acting  at  o,  and  with  their  lines  of  action  inclined  at  an  angle 
26.  It  is  manifest  that  the  line  of  action  of  the  resultant  bisects 
the  angle  contained  between  the  lines  of  action  of  the  compo- 
nents ;  because  every  reason  which  can  be  alleged  why  it  should 
be  on  one  side  of  this  line  is  equally  valid  to  prove  that  it  should 

*  The  following  proof  of  the  parallelogram  of  forces  is  due  to  M.  Poissoo, 
and  commonly  bears  his  name.  A  discussion,  more  or  less  complete,  on  45 
other  proofs  will  be  found  in  "  Prsecipuonim  inde  a  Neutono  conatuum, 
composidonem  virium  demonstrandi,  recensio.  Auctore  Carolo  Jacobi.  Got- 
tingse,  MDCccxviii." 
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be  on  the  other :  and  an  integral  part  of  our  conception  of  a 
resultant  is  that  it  should  be  unique  both  as  to  magnitude  and 
as  to  line  of  action ;  hence  by  the  principle  of  sufficient  reason 
we  conclude  that  the  line  of  action  of  the  resultant  bisects  the 
angle  between  the  lines  of  action  of  the  components. 

To  determine  the  intensity  of  the  resultant.  Let  op,  op^  re- 
present (see  fig.  3)  the  two  equal  forces  acting  at  o ;  let  the 
angle  pop,  =  26;  let  or  be  the  line  of  action  of  the  resultant  r^ 
so  that  POR  =  p^oR  =  6.  Now  the  intensity  of  r  can  depend  on 
only  p  and  6 ;  so  that  if/  symbolizes  a  function  which  is  to  be 
determined,  »=/(?,<?);  (5) 

in  this  equation  r  and  p  are  numbers  depending  on  the  arbi- 
trarily chosen  unit  of  pressure^  and  varying  of  course  as  the 
unit  varies ;  but  the  law  of  relation  between  r^  p,  and  6  cannot 
depend  on  the  choice  of  this  unit ;  therefore  (5)  must  be  such 
that  the  unit  may  be  divided  out,  whatever  be  its  magnitude ; 
and  this  can  only  be  the  case  when  the  equation  is  of  the  form 
R  =  TfiS).  (6) 

It  remains  for  us  to  determine  the  form  of/. 

Suppose  p  to  be  the  resultant  of  two  equal  forces  q  and  q, 
acting  at  equal  angles  on  the  sides  of  p's  line  of  action ;  and 
let  Qop  =  Q^op  =  <f> ;  therefore  by  (6) 

p  =  Q/W;  (7) 

similarly  let  p^  be  the  resultant  of  two  forces  q  and  q^,  equal  to 
each  other  and  to  the  former  qs,  acting  at  equal  angles  <^  on 
the  sides  of  p/s  line  of  action ;  so  that 

p.  =  Q/W;  (8) 

therefore  from  (6)  ^  ^  q/W/(<^).  (9) 

Now  R  is  the  resultant  of  p  and  p, ;  and  therefore,  as  p  and  p, 
are  the  resultants  of  q,  q,  q^,  and  Q^,  R  is  the  resultant  of  these 
also;  let  them  be  taken  in  pairs,  so  that  r  is  the  resultant  of 
Q,  Q  and  of  Q,,  Q^ ;  but  by  (6) 

the  resultant  of  q,  q  =  Q/(d+</))'>  /  ^♦^  ^(^v^  7  ^ 

therefore  substituting  in  (9)   i  (^jlaa^l  <  ■  ^  ^^ v  h  v  #f     '; »'  .  ' ^  ^ 

f(0+<t>)'-\-f{e-<t>)  =  /W/W;  (11) 

D  2 
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that  is,  the  form  of  /  is  such  as  to  satisfy  the  functional  equa- 
tion (11). 

Expanding  the  left-hand  member  of  (11)  by  Taylor's  serios, 
we  have 

2|/w+/"w^  +f""(^yi:^  +  ■■■]  =mf(.i>) 
••  /W-2J1+ 7(^1:2+  y(g)  1.2.8.4+ •••}♦  <^^^ 

but  as  no  relation  exists  between  0  and  <f>,  ^  is  constant  in  re- 
ference to  ij) :  therefore  in  (11)^  which  is  the  expansion  otf{4>), 
we  may  put,  if  a  is  constant^ 

/w  ■     '     ••  m      ' 

and  so  for  the  other  terms ; 

=  2cosa^; 
.-.    /(^)  =  2  cos  ad; 
and  therefore  (11)  becomes 

co8a(tf  +  <^)+cosa(tf— </))  =  2cosadcosa<f>;  (13) 

an  equation  which  is  known  to  be  true :  and  thus  (6)  becomes 
K  =  2pcosad;  ^  (14) 

a  is  still  undetermined ;  it  must  however  be  some  uneven  num- 
ber, because  a  =  0^  when  $  =  90°,  that  is,  when  the  two  equal 
forces  act  in  the  same  line  and  in  opposite  directions :  and  the 
uneven  number  can  be  none  other  than  umty^  because  if  it 

were  8  or  5,  or  ...  or  2n-f  1,  b  would  vanish  when  6  =  ^,  =  tk, 

O  iU 

=  •••  =  A Z7>  aJid  this  would  be  absurd :  therefore  the  func- 

4n-f  2 

tional  relation  between  r,  r,  and  $  is 

R  =  2pcosd.  (15) 

16.]  Let  us  geometrically  interpret  this;  let  op  and  op^, 
fig.  4,  represent  the  components  in  direction  and  in  magnitude ; 
let  OR  bisect  the  angle  p^op;  from  p  draw  pd  perpendicular  to 
OR,  and  produce  on  to  r^  so  that  dr  =  on ;  then  or  =  2op  cos  6, 
and  therefore  or  by  its  length  and  direction  represents  the  re- 
sultant of  F  and  p,;  join  pr,  rp^:  then  p^opr  is  manifestly  a 
rhombus,  of  which  qp,.  op^  are  two  adjoining  sides,  and  or  is  the 
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diagonaL  If  therefore  two  adjoming  sides  of  a  rhombus  repre- 
sent two  impressed  pressures  acting  on  o,  the  diagooal  of  the 
riiombus  abutting  on  o  represents  the  resultant  both  as  to  line 
of  action  and  intensity ;  hfsnce  also,  since 

oR*  =  op*4-op^*4-2op.op^cosp^op, 
E»  =  2p«+2p8cos2^.  (16) 

Hence  also  conversely  we  infer  that  a  pressure  acting  on  a  par- 
ticle o  may  be  equivalently  replaced  by  two  equal  pressures  act- 
ing at  equal  angles  on  each  side  of  its  line  of  action  if,  a  being 
the  pressure  to  be  replaced,  p  being  one  of  the  equal  resolved 
parts  of  it^  and  d  being  the  angle  between  the  lines  of  action  of 

B  and  p,  ^ 

p  =  -sec^;  (17) 

p  therefore  cannot  be  less  than  ^ ;  and  increases  as  0  increases, 

and  lastly  becomes  infinite  when  $  =  90^ :  hence  we  infer  that 
the  effect  of  a  on  o  cannot  be  produced  by  any  force  whose 
line  of  action  is  perpendicular  to  that  of  a ;  and  therefore  that 
two  pressures  whose  lines  of  action  are  perpendicular  to  each 
other  do  not  affect  each  other's  effects. 

17.]  Next  let  us  consider  the  case  of  two  unequal  pressures 
p  and  Q  acting  on  a  point  o,  fig.  5,  and  with  lines  of  action  per- 
pendicular to  each  other.  Let  the  components  be  geometrically 
represented  by  the  lines  op  and  oq;  complete  the  rectangle 
OPBQ,  and  draw  the  diagonal  or;  let  the  angle  rop  =  a;  then 
the  force  p  may  be  resolved  ipto  two  forces  p^  and  p'  acting  at 
equal  «ng}es  a  on  either  side  of  op,  so  that  by  reason  of  (17) 

p'  =  |8eca,  (18) 

and  therefore  p^  is  geometrically  and  equivalently  represented  by 
half  of  the  diagonal  or.  Again,  let  q  be  resolved  into  two  equal 
pressures  q'  and  q'  acting  at  equal  angles  90°— a  on  each  side 
of  OQ,  so  that  by  reason  of  (17) 

Q'  =  |coseca,  (19) 

and  therefore  q'  is  geometrically  and  equivalently  represented 
by  half  of  the  diagonal  of  the  rectangle.  Hence  we  have  two 
pressures,  each  of  which  is  represented  by  half  of  or,  acting 
along  or  and  in  the  same  direction,  and  of  which  therefore  or 
is  the  resultant  both  as  to  line  of  addon  and  as  to  intensify ; 


Digitized  by  VjOOQ  IC 


22  THE  PABALLELOGRAM  OF  FORCES.  [l8. 

and  also  two  pressures  q'  and  f'  acting  at  o  in  the  same  line 
and  in  opposite  directions :  and  as  these  are  eqnal,  both  being 
represented  by  half  of  or^  they  neutralize  each  other;  and 
therefore  the  resultant  of  the  two  impressed  pressures  is  repre- 
sented by  the  diagonal  of  the  rectangle  of  which  the  containing 
sides  are  the  representatives  of  the  components.  Hence  if  a  is 
the  resultant  e«  =  p»  +  Q^  (20) 

and  from  (18)  and  (19) 

R  =  p  sec  a  =  Q  cosec  a.  (21) 

Hence  also  conversely,  fig.  6 ;  suppose  a  pressure  p  to  act  on 
a  point  o,  and  to  be  represented  in  intensity  and  direction  by 
the  line  op;  it  may  be  resolved  into  two  pressures  along  two 
lines  originating  at  o  and  perpendicular  to  each  other ;  so  that 
if  X  and  t  are  the  resolved  pressures,  and  if  the  angle  between 
the  lines  of  action  of  p  and  x  is  6,  then  by  (21) 

*='rn  (22) 

y  =  p  sm  ^  / 

p8  =  x«  +  Y«.  (23) 

Hence  the  resolved  part  of  a  pressure  along  any  line  is  equal 
to  the  product  of  the  pressure  and  the  cosine  of  the  angle  be- 
tween the  given  line  and  that  of  the  given  pressure. 

18.]  Let  us  next  consider  the  case  of  two  unequal  forces  p 
and  Q  acting  on  a  point  o,  and  with  their  lines  of  action  inclined 
to  each  other  at  an  angle  y;  see  fig.  7;  let  op  and  oq  be  the 
geometrical  representatives  of  the  pressures,  and  let  Q0P  =  y; 
complete  the  parallelogram  qopr,  and  draw  the  diagonal  or. 
Now  resolve  p  into  two  pressures  p'  and  p"  in  directions  at 
right-angles  to  each  other,  along  or  and  perpendicularly  to  or, 
and  suppose  rop  =  ^ ;  then  by  the  last  Article 

p'  =  p  cos  By        p"  =  p  sin  d,  (24) 

so  that  by  reason  of  the  construction  of  the  figure,  op'  is  the 
geometrical  representative  of  p'  and  op"  of  p".  Again,  resolve 
Q  into  two  pressures  q'  and  q'',  in  directions  along  and  at  right 
angles  to  or;  then 

q'  =  Q  cos  (y - 0),         ql'  =  Q  sin (y - 0),  (25) 

and  therefore  oq'  is  the  geometrical  representative  of  q',  and 
oq"  of  q".  Now  the  two  pressures  p"  and  q"  are  manifestly 
equal,  and  act  in  the  same  line  but  in  opposite  directions ;  they 
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therefore  neutralize  each  other ;  and  there  remain  p'  and  q'  act- 
ing along  OR  in  the  same  direction,  and  therefore  the  resultant  is 
equal  to  the  sam  of  them,  and  is  geometrically  represented  by 
op'-{-  oq',  that  is,  by  ok,  which  is  the  diagonal  of  the  parallelo- 
gram of  which  OF  and  oq  are  the  containing  sides ;  and  since 

OR*  =  OP^-fPR*  — 2.OP.PRCOSOPR 

=  OP*  +  OQ*  -f  2.0P.0Q  cos  POQ ;  (26) 

Therefore  replacing  the  geometrical  lines  by  their  statical  pro- 
portionida  »»  =  p3  + «,.  +  2  fq  cos  y.  (27) 

Of  course  the  former  two  cases  are  particular  instances  of  this : 

f«^  y  =  9(f,  .-.      R»  =  P»  +  Q»; 

p  =  Q,  r  =  2pcos~. 

Hence  in  all  cases  we  may  enuntiate  the  proposition  in  the 
following  form : 

If  two  pressures  acting  on  a  point  are  represented  by  two 
sides  of  a  parallelogram  meeting  at  the  point,  the  resultant  is 
represented  as  to  line  of  action,  direction,  and  intensity  by  the 
diagonal  of  the  parallelogram  which  abuts  at  the  point. 

This  theorem  is  known  by  the  name  of  the  parallelogram  of 
forces. 

19.3  Hence,  conversely,  if  any  pressure  r  acts  on  a  point  o, 
it  may  be  resolved  into  any  two  pressures  p  and  q,  whose  lines 
of  action  are  inclined  at  an  angle  y,  provided  that  the  condition 
(27)  is  satisfied.  And  from  (24)  and  (25),  if  ^  is  the  angle 
between  the  directions  of  r  and  p, 

R  =  p  cos  ^  +  Q  cos  iy—B). 

Hence,  fig.  8,  if  a  pressure  r  acts  at  o  in  the  line  0R^  but  in 
an  opposite  direction,  and  equal,  to  the  resultant  of  p  and  q,  the 
point  o  is  in  equilibrium :  and  either  force  will  be  equal  to  the 
resultant  of  the  other  two ;  and  therefore  if  qor  =  a,  rop  =  fi, 

**  — y>  p8—  Q*-f-2QRC0SO-|-R*" 

Q*  =  R*+2RPCOSi3-fp»  ^.  (28) 

R*  =  p*  +  2pqcos  y+Q*. 
Also  since  the  three  equilibrating  forces  p,  q,  r  are  proportional 
to  the  three  lines  op,  oq,  or,  or  to  op,  pr^  r^o;  and  since  the 
three  sides  of  a  triangle  are  proportional  to  the  sines  of  the 
opposite  angles,  therefore 
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8in  OB>  F       sin  a  op       sin  opr 


ff 


(29) 


102  — 52  =  0J 


or,        _J^  =     «     =  -JL.,  (80) 

'         Sin  a       sin  )3       sm  / 

that  is,  if  three  forces  acting  on  a  point  are  in  equilibrium,  each 

is  proportional  to  the  sine  of  the  angle  contained  between  the 

lines  of  action  of  the  other  two. 

From  (29)  we  infer  that  three  pressures  acting  oil  a  point  are 
in  equilibrium,  if  they  are  proportional  to  the  three  sides  of  any 
triangle  whose  sides  are  parallel  to  the  lines  of  action  of  the 
pressures,  and  if  their  directions  are  those  of  a  point  traversing 
the  perimeter  of  the  triangle.  This  theorem  is  known  by  the 
name  of  the  triangle  of  forces. 

Hence  if  from  any  point  in  r's  line  of  action  perpendiculars 
are  drawn  to  the  lines  of  action  of  f  and  %  of  which  let  the 
lengths  be  p  and  q,  then 

p/j  =  Qq.  (81) 

Therefore  if  Pi  and  Pj  are  pressures  acting  at  a  given  point 
along  lines  of  action,  the  equations  to  which  are 

arcosoi-fysinai— 81  =  0* 

afcosoi+ymn 

which  we  may  represent  by  the  abridged  notation  ai  =  0,  and 

02  =  0 ;  then  the  equation  to  the  line  of  action  of  the  resultant  is 

Piai  +  Paaa  =  0.  (88) 

20.]  Let  us  next  consider  the  case  of  many  pressures  acting 
on  a  given  point,  the  lines  of  action  of  all  of  which  are  in  one 
plane. 

Let  o  be  the  point  on  which  all  the  pressures  act :  and  through 
it  let  two  lines,  as  coordinate  axes,  be  drawn  perpendicular  to 
each  other,  and  in  the  plane  in  which  the  pressures  act. 

Let  the  pressures  be  Pi,  P2,...p«,  of  which  let  p  be  the  type- 
pressure  :  and  let  the  angles  between  the  axis  of  a:  and  their 
lines  of  action  severally  be  ai,  02,... On^  of  which  let  a  be  the 
type-angle ;  and  let  the  several  pressures  be  resolved  along  the 
axes  of  w  and  y :  then  by  equations  (22),  Art.  17,  the  resolved 
parts  along  the  axis  of  x  severally  are  Picos  ai,  P2  cos  02,  ••• 
p» cos  a„ ;  and  those  along  the  axis  of  y  are  Pi  sin  ai,  P2  sin  02^... 
Pn  sin  On ;  and  therefore  if  x  and  y  symbolize  the  pressures  along 
the  axes  of  x  and  y  respectively, 
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X  =  Pi  COS  Oi  +  Pa  COS  Og  +  ...  +  Pn  COS  On^  .g^ 

=  2.PC0Sa  y 

}.  (85) 


T  =  Pi  Sin  ai  +  Pa  Sin  oa  +  ...  +  Pi»  Sin  On 
=  :s.psina 


Let  B  be  the  resultant  of  all  the  forces  acting  on  o,  and  $  the 
angle  which  its  line  of  action  makes  with  the  axis  of  a? ;  then 
as  B  produces  on  o  the  same  effect  as  to  intensity^  line  of  action^ 
and  direction  which  all  the  impressed  pressures  taken  in  com- 
bination do,  so  are  the  resolved  parts  of  b  along  the  axis  equal 
severally  to  x  and  y  : 

,-.     BC0S(9  =  x=  s.pcosa  ^  ,^^^ 

B  sm  ^  =  Y  =  2.P  sm  a  J 

.-.     B»  =  x»-f-Ya,  (87) 

tan^  =  -,  (88) 

sin  0       cos  6       1  .^^v 

=  zzlZ  =  z  ;  (39) 

Y  X  B 

and  hereby  may  the  magnitude,  and  direction  of  the  line  of  ac- 
tion, of  the  resultant  of  many  pressures  acting  in  one  plane  on 
a  given  point  be  determined. 

If  the  acting  pressures  are  so  related  that  the  particle  is  in 
equilibrium,  then  the  resultant  vanishes,  and  therefore 

Ba=:x8+Y»  =  0; 

.-.     x  =  0,  Y  =  0, 

:«.pcosa  =  0,         2.Psina  =  0.  (40) 

And  as  the  conditions  of  equilibrium  must  be  independent  of 
the  particular  system  of  coordinate  axes,  we  infer  that,  if  many 
forces  acting  on  a  particle  in  one  plane  are  in  equilibrium,  the 
sum  of  the  resolved  parts  of  the  forces  along  every  straight  line 
is  equal  to  zero. 

21.]  Ex.  1.  Four  equat  forces  whose  directions  are  inclined  to 
the  axis  of  x  at  angles  of  15°,  TS"",  185°  and  225°  act  on  a  point : 
determine  the  magnitude  and  direction  of  their  resultant. 
Let  each  pressure  be  equal  to  p  ;  then 

X  =  p  cos  15°  -f  p  cos  75°  -h  p  cos  185°  +  p  cos  225° 
8*-.2 
-'-^^ 

PBICB.  VOL.  III.  E 
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T  =  p  sin  16^+  P  rin  75^+  f  sin  185^+  p  sin  225^ 


"iit 


R=:p(5-8*)*'  tan^=     ^ 


3*- 2' 


Ex.  2.  Three  forces  act  perpendicularly  to  the  sides  of  a  tri- 
angle at  their  middle  points^  and  are  proportional  to  the  sides ; 
it  is  required  to  prove  that  they  are  in  equilibrium. 

Let  ABC,  fig.  9,  be  the  triangle,  and  let  the  forces  be  p,  q,  n, 
and  act  in  the  directions  indicated  by  the  arrow-heads;  their 
lines  of  action  meet  at  the  point  o;  let  QOR  =  a,  ROP  =  /i, 
POQ  =:  y ;  a,  /3,  y  being  manifestly  the  supplements  of  a,  b,  c ; 
then  by  the  data 

I=|=B  =  *(say);  (41) 

and  since  the  sides  are  proportional  to  the  sines  of  the  opposite 
angles,  p  Q  R 


sm  A       sm  B        sm  c 

P  Q  R 


sin  a        sin  /3       sin  y  ' 
and  therefore  by  (80)  p,  q,  r  are  in  equilibrium. 
Or  thus  resolving  along  bc. 

Forces  along  bc  =  q  sin  c— r  sin  b 

=  ^  {&  sin  c— c  sin  b},  by  (41) 
=  0; 
and  similarly  will  the  sum  of  the  resolved  parts  of  the  forces 
along  any  other  line  vanish.     And  therefore  the  system  is  in 
equilibrium. 

22.]  In  the  application  of  the  preceding  principles,  statical 
forces  often  arise  from  (1)  determinate  tension  of  strings, 
(2)  reacting  pressures.  It  is  worth  while  to  say  a  few  words 
on  each  of  these  cases. 

Suppose  in  fig.  1  oa  to  be  a  string,  fastened  at  o,  and  pulled 
at  its  other  extremity  with  a  certain  force  =  p ;  then  it  is  (expe- 
rimentally) plain  that  o  is  pulled  with  a  force  equal  to  that 
exerted  on  the  string  at  a,  and  that  the  tension  of  the  string  is 
the  same  throughout ;  the  line  of  the  string  of  course  expresses 
the  line  in  which  the  pressure  acts  on  o,  but  the  length  of  it  is 
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not  a  measure  of  the  intensity  of  the  pull,  although  a  length 
may  be  taken  along  it  which  shall  be  proportional  to  that  in- 
tensity. One  or  two  examples,  in  which  such  pressures  are 
inyolved,  are  subjoined. 

Ex.  1.  A  and  b,  fig.  10,  are  two  fixed  points  in  a  horizontal 
line;  at  a  is  fieutened  a  string  of  length  c  with  a  smooth  ring 
at  its  other  extremity  c,  through  which  passes  another  string 
fitftened  at  one  end  at  b  ;  the  other  end  of  which  is  attached  to 
a  given  weight  w;  it  is  required  to  determine  the  position  of  c. 

Let  AB  =s  2a^  ac  r=  c,  cab  =  By  abc  =  ^.  Let  the  tension  of 
the  string  ac  s=  t  ;  which  is  undetermined.  Now  as  the  ring  at 
c  is  smootii)  the  t^ision  of  wcb  is  the  same  throughout,  and 
is  of  coorae  equal  to  the  weight  w ;  and  therefore  c  is  kept  in 
equilibriom  by  three  forces,  w,  w,  and  t  ;  in  the  application  of 
equations  (40)  we  shall  resolve  the  forces  horizontally  and  ver- 
tically; and  equate  those  that  act  towards  the  right-hand  to 
those  acting  towards  the  left ;  and  those  acting  upwards  to 
those  acting  downwards. 

Horizontal  forces ;         w  cos  ^  =  t  cos  ^. 
Vertical  forces;  w sin <^4-t  sin ^  =  w. 

Therefore  eliminating  t, 

COS0  =  sin(^-f  ^) 
2d+<»  =  90°.  (42) 

Also  from  the  geometry 

sin  ((?+»)        c  ^ 

sin^      ^2a'  ^^^ 

and  from  (42)  and  (48)  0  and  ^  may  be  found :  and  thence  t 
may  be  determined ;  and  thus  all  the  circumstances  of  the  pro- 
blem are  known. 

Ex.  2.  A  and  b  are  two  points  in  a  horizontal  line;  a  string 
fastened  at  a,  fig.  11,  passes  over  a  small  pully  at  b,  and  sup- 
ports at  its  other  end  a  weight  w ;  a  small  and  smooth  heavy 
ring  of  weight  V  slides  on  the  string  between  a  and  b  ;  deter- 
mine the  position  in  which  the  string  rests. 

Let  c  be  the  point  at  which  the  heavy  ring  rests :  as  the 
pully  is  smooth,  and  has  no  friction,  and  as  the  ring  is  also 
smooth,  the  tension  of  the  string  is  the  same  throughout  and 
IB  equal  to  the  weight  of  w ;  hence  the  point  c  is  kept  in  equi- 
librium by  three  forces,  w  along  ca,  w  along  cb,  and  W  which 

B  % 
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acts  verticaUy  downwards :   let  cab  =  6,  cba  =  <^;  therefore^ 
taking  horizontal  and  vertical  forces^  we  have 

Horizontal  forces ;  w  cos  d  =  w  cos  <^. 

Vertical  forces ;  w  sin  ^  +  w  sin  <^  =  V, 

23.]  Again^  suppose  the  material  point,  on  which  the  statical 
pressures  act,  to  be  on  a  smooth  plane  surface,  which  is  capable 
of  bearing  the  resultant  of  the  component  pressures  which  acts 
along  the  normal  and  in  a  direction  towards  the  plane :  but  by 
reason  of  its  smoothness  does  not  offer  any  resistance' to  motion 
in  the  direction  of  its  surface;  then,  since  the  actual  normal 
pressure  of  such  a  plane  is  equal,  and  in  direction  opposite,  to 
that  impressed  on  it  by  the  component  pressures,  this  normal 
reaction  of  the  plane  is  one  of  the  forces  by  which  such  a  mate- 
rial particle  is  kept  in  equilibrium,  and,  as  such,  will  enter  into 
the  equations  of  equilibrium. 

Ex.  1.  A  material  particle  of  weight  w  is  kept  at  rest  on  a 
given  inclined  plane  by  a  force  p  acting  at  a  given  angle  to  the 
plane;  determine  the  pressure  on  the  plane,  and  the  magni- 
tude of  p. 

Let  fig.  12  be  a  vertical  section  of  the  system ;  ac  the  inclined 
plane ;  cab  =  a,  pqc  =  /3,  r  =  the  reaction  of  the  plane  against 
the  particle  q:  then,  as  the  lines  along  which  forces  may  be 
resolved  are  arbitrary,  let  us  resolve  along,  and  perpendicularly 
to,  the  plane. 

Forces  along  the  plane,      p  cos  )3  =  w  sin  a, 
Forces  perpendicular  to  the  plane,      b  +  p  sin  /3  =  w  cos  a ; 
_      sin  a  cos  (a  -f  p) 

.'  .       P  —  W  ;;,  R  .i—  W  — . 

COS  /3  COS  /3 

The  force  p  therefore  acts  to  the  greatest  advantage  when  /3  =  0. 

Ex.  2.  Two  forces  p  and  q  acting  respectivdy  parallel  to  the 
base  and  length  of  an  inclined  plane  will  each  singly  sustain  on 
it  a  particle  of  weight  w ;  to  determine  the  weight  of  w. 

Let  a  be  the  inclination  of  the  plane  to  the  horizon ;  then  in 
each  case  resolving  along  the  plane,  so  that  the  normal  pressures 
may  not  enter  into  the  equations, 
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p  COS  a  =1  w  sin  a,  q  =:  w  sin  a^ 

(P«-q2)* 

24.]  The  resultant  of  forces  acting  on  a  point  in  one  plane 
must  be^  as  to  line  of  action  and  intensity^  independent  of  the 
particular  origin  and  the  particular  system  of  coordinates ;  and 
we  may  in  the  following  manner  deduce  this  property  from  the 
preceding  results : 

X  =  2.Fcosa=  Picosai-f  FaCOsas+  ...  +PnCOsan') 
Y  =  xpsin  a  =  Pi  sinai  +  Pasinos-f  ...  -hP^sinonJ  ' 
.-.      ll*  =  X«+Y« 

+  2  {Pi  Pa  cos  (ai — da)  +  Pi  P3  cos  (ai  —  09)  +  . .. 

...  -f  P,-iPnC08(an-i-an)}     (45) 
=  S.p2  +  22.pp' cos  (a-a),  (46) 

where  pp'  are  the  symbols  for  any  two  of  the  forces,  and  a— a 
is  the  angle  contained  between  their  lines  of  action;  and  the 
sign  of  summation  prefixed  to  pp'cos  (a— a)  indicates  the  sum 
of  the  products  corresponding  to  the  n  forces  taken  two  and 
two  together ;  and  therefore  (46)  is  independent  of  the  system 
of  coordinate  axes.   Equation  (27)  is  a  particular  case  of  (46). 

25.3  We  have  also  the  following  relation  between  the  several 
components  and  their  lines  of  action,  and  any  point  in  the  line 
of  action  of  the  resultant. 

Let  the  equations  to  the  lines  of  action  of  the  components  be 
X  cos  tti  -f  y  sin  ai  =  0  =  ai^ 
j7C0saa  +  y  sinoa  =  0  =  oa 


(47) 


J?  cos  an-fysinan  =  0=:an- 
the  point  at  which  they  act  being  the  origin,  a  being  the  angle 
between  the  axis  of  x  and  the  normal  to  the  line  of  action; 
and  the  a  on  the  right-hand  side  of  the  equation  being  the 
length  of  the  perpendicular  from  the  point  (of,  y)  to  the  line. 

Now  if  the  components  are  Pi,  Pa>...Pn>  and  the  resultant  is 
B,  and  a  is  the  angle  between  the  normal  to  a^s  direction  and 
the  axis  of  a^,  then  the  equation  to  a^s  line  of  action  is 

^  cos  a  +  y  sin  a  =  0^  (48) 

.-.     o^RCOsa  +  yRsina  =  0; 
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but         Rcosa  rss.Fcosa,         Rsina  =  s.psina; 

.•.     afs.pcosa  +  ya.paina  =  0, 
.'.     Pi  {a? cos  ai  +  y  sin  oi}  +  P2  {a?  cos  oj -f  y  rin  oj}  +  ... 

... +  Pn{^  cos  On +  y  sin  On}  =0,     (49) 
Piai  +  P2a8+  ...  +Pnan  =  0,  (50) 

where  ai,  a^^.^On  are  the  perpendiculars  from  (x,  y),  any  point 
in  the  line  of  action  of  b,  on  the  lines  of  action  of  the  compo- 
nents ;  therefore^ 

If  from  any  point  in  the  line  of  action  of  the  resultant  per- 
pendiculars are  drawn  to  the  lines  of  action  of  the  components, 
the  sum  of  the  products  of  each  component  and  its  correspond- 
ing perpendicular  is  equal  to  zero. 

26.]  There  is  also  another  geometrical  interpretation  of  the 
conditions  of  equilibrium  in  equations  (40),  which  I  must  not 
omit  to  notice. 

It  is  a  well-known  property  of  a  closed  polygon  that  the  sum 
of  the  projections  of  its  sides  on  any  given  straight  line  is  zero ; 
the  projections  of  the  sides  being  affected  with  positive  or  nega- 
tive  signs  according  as  the  angles  made  by  them  with  the  given 
straight  line  are  acute  or  obtuse,  and  care  being  taken  to  esti- 
mate the  angles  between  the  given  line  and  the  sides  of  the 
polygon  which  are  turned  all  towards  the  inside  or  all  towards 
the  outside  of  the  figure.  Hence,  if  li,  l2,,..ln  are  the  lengths 
of  the  sides,  and  ai,  02,  ...On  are  the  angles  between  them  and 

the  given  straight  line,         ,  ^  ^, 

^  ^  '     S./cosa  =  0.  (51) 

Now  if  n  forces  act  on  a  point,  the  condition  of  equilibrium  is 
2.pcosa  =  0.  (52) 

Hence  if  n  forces,  having  their  lines  of  action  parallel  to  the 
successive  sides  of  a  closed  polygon,  their  directions  the  same 
as  that  of  a  point  traversing  the  sides  of  the  polygon,  and  their 
intensities  represented  by  the  lengths  of  those  sides,  act  on  a 
point,  (51)  assumes  the  analogous  mechanical  form  (52),  and  the 
forces  are  in  equilibrium :  hence  conversely,  if  many  pressures 
act  on  a  point  in  one  plane  and  are  in  equilibrium,  their  direc- 
tions are  parallel  to  the  sides  of  a  closed  polygon,  the  sides  being 
proportional  to  the  intensities  of  the  forces.  This  proposition  is 
known  by  the  name  of  the  polygon  of  forces,  and  the  triangle  of 
forces  proved  in  Article  19  is  a  particular  case  of  it. 
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Section  2. — Chmposiiion  and  resolution  of  pressures  acting  in 
any  directions  on  a  material  partick. 

27.3  Here  and  elsewhere  in  considering  the  effects  of  forces 
acting  in  space  we  shall  refer  them  to  a  system  of  rectangular 
coordinates ;  because  the  results  are  not  more  general,  and  are 
much  more  complicated^  when  they  are  referred  to  a  system  ci 
oblique  axes.  And  let  me  in  the  first  place  take  the  case  of  three 
forces  Xy  t,  z  acting  at  the  origin  o^  see  fig.  13^  and  along  the 
coordinate  axes.  Let  the  resultant  of  x  and  y,  which  are  at 
right-angles  to  each  other  in  the  plane  of  xy,  be  b'  ;  then,  by 
Article  17,  e'>  =  x«+y«. 

Again,  in  like  manner  compounding  W  and  s,  which  are  at  right- 
angles  to  each  other  and  in  the  same  plane,  and  of  which  let  the 
resultant  be  k,  ^3  _  ^/a^  ^2 

=  x»+Y»  +  z«,  (53) 

and  K  is  the  resultant  of  the  three  forces.  To  determine  the 
direction  of  its  line  of  action,  let  its  direction-angles  be  abc; 
then,  by  equation  (22), 

X  =  B  cos  a,       T  =  R  cos  b,      z  =  R  cos  c.  (54) 

Hence,  conversely,  any  force  p,  acting  at  o,  the  direction-angles 
of  whose  line  of  action  are  afiy,  may  be  resolved  into  three 
forces  X,  T,  z  acting  along  the  coordinate  axes,  such  that 

X  =  F  cos  a,         Y  =  p  cos  /3,         z  =  p  cos  y.  (55) 

28.]  Next  let  us  consider  the  case  of  many  forces  acting  in 
any  directions  at  the  point  o. 

Let  the  forces  be  Pi,  P2,  ...Pn ;  and  let  the  direction-angles  of 
their  lines  of  action  be  aiPiyi^  0^^2719 '-<hiPnyn'f  let  these  be 
resolved  severally  along  the  coordinate  axes,  and  let  x,  y,  z  be 
the  sums  of  the  resolved  parts  along  the  axes  respectively  of 
jt,  y,  and  z ;  then 

X  =  Pi  cos  ai-|-P2  cos  Oa  +  ...  -h  P„  cos  On 

=  2.P  cos  a 
Similarly    y  =  s.p  cos  j3 

Z=:XPCOSy 

Let  B  be  the  resultant  of  all  the  impressed  pressures ;  and  let 
the  direction-angles  of  its  line  of  action  he  a,b,c ;  then 


y .      (56) 


Digitized  by  VjOOQ  IC 


32 


COMPOSITION  OF  FORCES 


B  COS  a  =  X,        B  COS  A  =  T^        B  COS  c  =  z ; 

and  squaring  and  adding^ 

B^  =  X*  +  Y*  +  Z*, 


X 

COS  a  =  - , 
b' 


.       Y 

cos*  =  -, 
b' 


COS  c  =  - ; 

B 


[28. 
(57) 

(58) 
(59) 


and  therefore  the  equations  to  the  line  of  action  of  the  resultant 
of  many  forces  acting  on  a  particle  at  the  origin  are 
X  y  z 


S.pcosa 
Also  from  (58)^ 


2.PCOS/3       2. p  cosy 


(60) 


X  Y  Z 

B  =  X-  +  Y-  +  Z- 
B  B  B 


=  xcosa+Ycosi  +  zcosc, 
that  is,  B  is  eqaal  to  the  sum  of  the  forces  along  the  coordinate 
axes  resolved  along  the  line  of  action  of  b. 

If  the  coordinates  to  the  point  on  which  all  the  forces  act 
are  3c\  %/ y  sf,  so  that  the  equations  to  the  lines  of  action  of  the 
components  are 


cos  ai  cos  /3i  cos  yi 
x^af  ^  y—y'  __  z^sf 
cosos  ~~  cos/32        cosya 


(61) 


x—x'  _  y—y'  _  r— / 

cos  On    "~    COS/J„    ~    cos  yn 

then  the  equations  to  the  line  of  action  of  the  resultant  are 
x—x    ^    y—y'    _    XT—/ 

~   2.PC0S/3  ~ 


(62) 


S.pcosa  2.FC0S/3  2. F  cosy 
Now  from  the  point  on  which  all  the  forces  act  let  straight 
lines  be  drawn,  which  are  in  length  and  direction  geometrical 
representatives  of  the  forces :  and  let  the  extremities  of  these 
lines  be  (xi,yi,Zi)y  (a?a,  y2,  ^2), ...  (ar„,  y„,  2r„),  and  let  their 
lengths  be  «i,  «2^ ... «» ;  then 

af-'Xi  =  *i  cos  otI         x'  —  x%  =  9% cos  02^ 

y'— ya  =  *2C0S) 

s!  '-z%'=^8%  cos 
So  that 

S.PCOSa  =  %{x'  —  X)  =  «4?'— (j7i-f^2+...+^n)* 
2.F< 

2. 


a! — X\  =  *i  cos  Oj  "I 

y'-yi  =  *icos/3il 

si  --Zx  =  *iCOS  yiJ 


J  021 
lyaJ 


.PCOSa  =  %{x'  —  X)  =  «4?'— (j7i-f^2+...+^n)") 

.FC0s/3  =  5(y'-y)  =  wy'-(ya+y24-...+yn)  k 
.pcosy  =  ^(/  —  z)  =  n/  — (j2ri-f  ;8r2  +  -"+^n)J 


(68) 


(64) 
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and  therefore  (62)  become 

x^af y  — y' z  —  si 

j_  ari-fjr8-h-..+^i»  ""    ,     yi'fy2  +  ..» +yi»  ■"  y      Zi-f^a-f-.-H- ^n 
n  ^  n  n 

which  are  the  equations  to  the  line  of  action  of  the  resultant. 

The  point  whose  coordinates  are 

j^i-f  jy2  4->.«+^»     yi+y2+-»  +  yi»     ^i-f-^a-f.-'-f^n 
It  '  n  '  n  ' 

is  that  which  is  known  by  the  name  of  the  geometrical  cenirt 
of  mean  distances  of  the  points  which  are  the  extremities  of  the 
hne-representatives  of  the  forces :  and  therefore  from  (65)  it 
appears  that  the  line  of  action  of  the  resultant  passes  through 
this  point. 

Also  the  magnitude  of  the  resultant  of  the  pressures,  which 
is  of  course  independent  of  the  particular  system  of  coordinate 
axes,  may  thus  be  found ;  since 

X  =  PiC0sai-|-P2C08aa+...-|-P»C08an^ 

Y  =  PiCOS;3i  +  PaCOS/32  +  ...+PnC08/3n  L  (66) 

z  =  PiCOSyi-hPaCOsya+.-.+PnCOS/nJ 
:.  B«=Pi»  +  Pa«  +  ...  +  P»« 

+  2  Pi  Pa  {  cos  ai  cos  oa  +  cos  fix  cos  /3a  +  cos  yi  cos  y% } 
+ 

+  2p».iP,. {cos On-iCOS O,  +  COS ^n»i COS ^n  +  008/^-1  COS y^}  (67) 

=  a.p»  +  22.PP'  COS  (p,  p'),  (68) 

where  p,  p'  are  the  symbols  for  any  two  of  the  forces,  and  cos  (p,p') 
is  the  cosine  of  the  angle  between  their  lines  of  action.  And 
from  the  forms,  which  the  resolved  parts  of  r  take  in  equations 
(64),  it  follows  that  the  geometrical  representative  of  it  is  n 
times  the  length  of  the  line  joining  the  point  of  application  of 
the  forces  and  the  centre  of  mean  distances  of  the  extremities 
of  the  geometrical  representatives  of  them.  This  theorem  is 
due  to  M.  Chasles,  and  is  the  true  generalization  of  the  paral- 
lelogram of  forces. 

If  the  pressures  are  in  equilibrium,  r  =  0 ;  in  which  case,  by 
reason  of  (58),  x=:0,  y=sO,  z  =  0;  therefore 

2.PC08a  =  0,       S.PCOS^ssO,       s.pcosy  =  0;        (69) 

that  is,  the  sum  of  the  resolved  parts  of  the  forces  along  each 
of  three  coordinate  axes  is  equal  to  zero. 

PRICE,  VOL.  III.  F 


(65) 
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Section  3, — Conditions  of  equilibrium  of  many  pressures  acting 
on  a  material  point  which  is  in  contact  unth  a  smooth  surface 
or  a  smooth  curve. 

29.]  Let  us  first  take  the  case  of  a  smooth  surface ;  and  let 
us  suppose  a  material  particle  acted  ou  by  many  forces  to  be  in 
contact  with  it  at  a  giyen  point.  As  the  surface  is  smooth^  the 
only  direction  along  which  it  can  ofier  any  resistance  to  the 
particle^s  motion  is  that  of  its  normal ;  and  as  it  is  conceived  to 
have  no  active  power  of  its  own,  but  only  a  capacity  of  resisting 
any  force  that  acts  against  it  along  its  normal,  so  must  the  re- 
sultant of  the  impressed  pressures  act  along  the  normal  and 
towards  the  surface :  these  conditions  therefore  are  sufficient 
for  the  equilibrium  of  the  particle. 

Let  the  equation  to  the  surface  be 

Y{x,y,z)  =  c;  (70) 

and  for  convenience  of  notation  let 

{di^\  /rfp\  /rfp\ 

U2  -I-  V*  +  W^  =  q2, 

SO  that  the  direction-cosines  of  the  normal  at  a  point  (x,  y,  z)  are 

u      V      w  ^ 
Q       Q       Q 

then  as  this  line  is  to  be  coincident  in  direction  with  the  re- 
sultant of  the  acting  pressures,  whose  direction-cosines  are  pro- 
portional to  X,  Y,  z,  we  have  the  equations 

^  =  -  =  ^.  (72) 

as  the  conditions  of  equilibrium ;  and  if  these  are  not,  and  can- 
not be,  satisfied,  equilibrium  on  the  surface  cannot  exist.  If 
therefore  it  is  required  to  determine  the  point  on  a  given  sur- 
face, at  which  a  material  particle  under  the  action  of  given 
forces  will  rest  in  equilibrium,  we  must  find  the  point  on  the 
surface  at  which  the  preceding  equations  are  satisfied. 

The  normal  pressure  of  the  surface,  which  arises  from  the 
action  of  the  impressed  forces,  may  thus  be  determined.  Let 
N  represent  the  normal  pressure,  then  the  resolved  parts  of  it 
along  the  coordinate  axes  are 


0="-  (%)-■  (s)="-       <'» 
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U  V  w 

N-,         N-,         N—, 

Q  Q  Q 


and  these  together  with  the  acting  forces  must  be  in  equili- 
briam:  therefore 

2.PC0S  a  =  X  =  N  — 

Q 

V 

2.FCOSi3  =  Y  =  N  — 

Q 

w 

2.PCOS  V  =  Z  =  N  — 

'^  Q 

whence  squaring  and  adding 

N^  =  X*  +  Y^  +  Z*. 

We  subjoin  some  examples  of  the  preceding  formulae. 

Ex.  1.  A  particle  is  placed  on  the  surface  of  an  ellipsoid  and 
is  acted  on  by  attracting  forces  which  vary  directly  as  the  dis* 
tance  of  the  particle  from  the  principal  planes  of  section ;  it  is 
required  to  determine  the  position  of  equilibrium. 

Let  the  equation  to  the  ellipsoid  be 


x'      y*      z^       , 

t{x,y,z)\ 

%z 

let        I  =  /iia?,      Y  =  /*,y, 

8  =  M8^j 

then  eqoations  (72)  become 

• 

M           f<s           Mf            i 

i*i  +  Ma  +  Ms 

therefore  jii  :  /A3  :  ^13  =  a-*  :  4-2  ^  q-%  .  and  if  these  conditions 
are  fulfilled^  the  particle  will  rest  at  all  points  of  the  surface. 

Ex.  2.  Again^  take  the  same  surface,  and  let  the  forces  vary 
inversely  as  the  distances  of  the  point  from  the  principal  planes : 
it  is  required  to  determine  the  position  of  equilibrium. 

x'  y  '  z  ' 

therefore  (72)  become 

jp2  y2  ^ 

a«       A«       c*  1  1.x 

=  -^  (say); 


Ml        f*a        f^        Mi+M2-fM3       M 
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-=«©*.    »='(?)'. 


a?2  yi  ^2 


-'iff. 


Ex.  3.  A  particle  of  given  weight  is  placed  inside  a  smooth 
sphere,  and  is  acted  on  by  a  repulsive  force  varying  inversely  as 
the  square  of  the  distance  from  the  lowest  point  of  the  sphere : 
it  is  required  to  find  the  position  of  rest  of  the  particle. 

Let  the  lowest  point  of  the  sphere  be  taken  for  the  origin, 
and  let  the  axis  of  z  be  vertical ;  then  the  equation  of  the 
sphere,  whose  radius  is  a,  is 

Let  w  =  the  weight  of  the  particle,  and  r  =  the  distance  of  it 
from  the  lowest  point ;  then 

=  2az, 
Also  let  the  repulsive  force  =  ~  =  ^J— ; 


X  = 


Y  = 


M   y 


2az  r*       *       2az  r' 
Let  N  =  the  normal  pressure  of  the  curve. 


z  = 


2az  r 


2az  r 
2az  r 


X 

=  N  - 

a 


=  ^?. 


2az  r 
from  which  we  have 


w  =  N 


a 

z—a 
a 


S 


r5  = 


Mfl 


z  = 


w'  2o*w*' 

whence  the  {Tosition  of  the  particle  is  known  for  a  given  weight 
of  it,  and  for  a  given  value  of  fi. 

If  another  force  of  the  same  kind,  and  in  which  /x  is  replaced 
by  y!^  makes  the  particle  to  rest  at  a  distance  /  from  the  lowest 
point,  then  ^      ^^^  A  - 1! 


r''  =  ?i^. 
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that  is,  the  absolute  values  of  the  repulsive  forces  at  an  unit- 
distance  vary  as  the  cubes  of  the  distances  from  the  lowest  point 
of  their  positions  of  rest. 

30.]  Kext  let  us  consider  the  circumstances  of  pressure  of  a 
particle  resting,  or  (to  fix  our  thoughts)  of  a  small  ring  sliding, 
on  a  given  curved  line  which  is  smooth  and  offers  no  resistance 
to  motion  along  itself. 

As  the  curve  is  smooth,  the  resultant  of  the  impressed  forces 
is  manifestlv  perpendicular  to  the  tangent  of  the  curve  at  the 
point  of  equilibrium ;  therefore  if  the  curve  is  of  double  curva* 
ture,  so  that  the  direction -cosines  of  its  normal  are  proportional 
to  dx^  dy,  dz,  the  required  condition  is 

xeir-fYrfy  +  zefar  =  0;  (73) 

and  if  n  is  the  normal  pressure,  and  X^  fx,  r  are  the  direction- 
angles  of  its  line  of  action, 

N  cos  A  =  x"| 

N  cos  /x  =  Y  I ,  (74) 

NCOS  V  =  ZJ 

.'.     N*  =  x«  +  Y«-|.z«;  (75) 

whence  n^  \,  ii,  v  are  known.  If  the  equation  (73)  cannot  be 
satisfied  at  any  point  of  the  curve,  equilibrium  is  impossible ; 
and  if  the  forces  are  given,  the  point,  at  which  equilibrium  takes 
place,  may  be  determined  by  means  of  (73)  and  the  equations 
to  the  curve. 
K  the  curve  is  a  plane  curve,  (73)  becomes 

x(Jr-fY(/y  =  0,  (76) 

which,  if  F  (j7,  y)  =  c  is  the  equation  to  the  curve,  may  be 
written  in  the  form 

(77) 


\dw)        \dyf 


Also  (75)  becomes  n*  =  x^  +  y^.  (78) 

Ex.  1.  A  ring  is  capable  of  sliding  on  a  smooth  helix,  and  is 
acted  on  by  a  constant  force  perpendicular  to  the  axis;  shew 
that  equilibrium  is  impossible,  unless  the  force  parallel  to  the 
axis  of  z  is  zero. 

The  equations  to  the  helix  are 
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X  •=•  a  cos  <^,         .  • .     dx  ^  --y  d(l>, 
y  =  a  sin  <p,  dy  =  xd<pj 

z  =  ka^y  dz  =  kadif), 

and  if  ^a  is  the  constant  force  which  acts  towards  and  perpen- 
dicular to  the  axis^ 

x=  — /i,r,         Y=  —/Ay; 
and  therefore  substituting  in  (73),  we  have 
fixy  —  iMxy  +  zka  =  0, 
which  can  be  satisfied  only  when  z  =  0. 

Ex.  2.  A  small  ring^  capable  of  sliding  on  a  smooth  ellipse^ 
whose  equation  is  ^3         • 

is  acted  on  by  forces  parallel  to  the  axes  of  x  and  y  represented 
by  iix^  and  /Ay";  find  the  position  of  equilibrium. 
In  this  case  (77)  becomes 

n  +  l  /        n+1  n-f-ll  ^x 

,\       X  =z  abn-l^a    n-l-\- b   n-lf         ; 

and  a  similar  value  may  be  found  for  y. 

Ex.  3.  Two  weights  p  and  q  are  fastened  to  the  ends  of  a 
string,  fig.  14,  which  passes  over  a  pully  o ;  and  q  hangs  freely, 
when  F  rests  on  a  plane  curve  ap  in  a  vertical  plane;  it  is  re- 
quired to  find  the  position  of  rest  when  the  curve  is  given. 

The  forces  which  act  on  p  are,  (1)  the  tension  of  the  string 
in  the  line  op,  and  which  is  equal  to  the  weight  of  q,  (2)  the 
weight  of  p  acting  vertically  downwards,  (3)  the  normal  reaction 
of  the  curve,  viz.  r. 

Let  F  {x,  y)  =  c  be  the  equation  to  the  plane  curve,  o  being 
the  origin,  and  the  axis  of  x  being  vertical.  Let  om  =  a?,  mp  =  y, 
OF  =  r,  POM  =  ^,  AO  =  a.     Then 

X  =  P  —  Q  cos  ^  —  R-T",  Y=— QSm^-fR-r-, 

ds  ds' 

therefore  from  (76) 

(p  —  Q  cos  ^)  {fa?  —  Q  sin  ^  dy  =  0, 

r 
but  since        x^'\-y^=ir^,  .•.     Iffdx-^ydy  =srdr; 
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.-.     P££p  — Qrfr  =  0;  (79) 

and  this  condition  must  be  satisfied  by  p,  q^  and  the  equation  to 

the  curve.    Also 

R»  =  p*  -  2  PQ  cos  ^  +  q2.  (80) 

(1)  Let  the  curve  ap  be  an  hyperhola  of  which  o  is  the 

centre;  then  22  « 

£ y    _  1 

a*       *2  -  ^> 

.•.     r' =  a?*  +  y' =  e^or^— 6*,  rdr  ^  e^wdx^ 

.-.     mdx  —  q,e^xdx  =iO, 
bv 
e{p3-e2Q2}*' 

(2)  Let  it  be  required  to  find  the  equation  to  the  curve,  on  all 
points  of  which  p  will  rest.  In  this  case  (79)  must  be  satisfied 
at  all  points  of  the  curve ;  therefore 

p.r  — Qr  =  a  constant 

=  (P-Q)a,  (say), 
if  the  curve  passes  through  a,  and  oa  =  a  j  therefore 


(i-D" 


■■=       ,         :  (81) 

1 COS  ^ 

Q 

which  is  the  equation  to  a  conic  section,  of  which  the  focus  is 
the  pole ;  and  is  an  ellipse,  parabola,  or  hyperbola,  according  as 
p  is  less  than,  equal  to,  or  greater  than,  q. 

(3)  Let  the  curve  be  a  circular  quadrant,  convex  downwards, 
with  a  horizontal  radius  passing  through  o,  which  is  also  a 
point  on  the  circle,  and  let  p  =  2  q  ;  then  the  equation  to  the 
circle  is,  if  a  is  the  radius, 

r  =  2a  sin  ^; 
and  therefore  (79)  becomes 

4(C0Sd)«— C08^-2  =:  0, 

whence  B  may  be  determined. 

(4)  Another  form  of  the  problem  is.  The  length  of  the  string 
being  given,  and  q  always  resting  on  a  given  curve,  to  find  the 
curve  on  which  p  shall  rest  in  all  positions. 

Let  the  tension  of  the  string  be  equal  to  t,  and  let  /  and  & 
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refer  to  the  curve  bq^  fig.  15^  on  which  q  rests^  and  of  which  let 
the  equation  be  /  _  f(^\  (9Q\ 

where  /  is  the  symbol  of  a  known  function :   then  we  have 

also       Tdx  —  Tdr  =  0; 

and  since         r-f  /  =  2c  =  length  of  the  string,  (83) 

.-.     rfr  +  d/=0,  .-.     Qdx'+Tdx=zO;         (84) 

and  by  means  of  (82),  (83),  and  (84),  /  and  0'  are  to  be  elimi- 
nated, and  the  resulting  equation  in  terms  of  r  and  $  will  be 
that  required. 

Let  the  curve  on  the  left-hand  side  be  a  parabola  of  which  o 
is  the  focus ;  then  n  r 

/=,  ^,  (85) 

1  — cos^'  ^     ' 

and  from  (84)  Qa?'+  p^  =  2A:q^ 

where  ^  is  an  arbitrary  constant ;  therefore  from  (85) 

^       '        AT      ojL  o  2A:q  — prcos^       „. 

/— r  cos^  =  24,  2c  — r =  24, 

Q 

2(c~4-*) 
.'.     r  = ,  (86) 

1 cos  0 

Q 

which  is  the  equation  to  a  conic  section  of  which  the  focus  is  o. 

In  recapitulation  of  the  preceding  results  it  appears  that, 
(1)  if  the  point  on  which  certain  pressures  act  is  entirely  free, 
80  that  three  variables  are  independent,  the  pressures  must 
satisfy  three  conditions ;  (2)  if  the  point  is  constrained  to  be  on 
a  given  surface,  there  are  two  equations  of  equilibrium ;  and 
(3)  only  one  condition  is  requisite,  when  the  point  is  on  a  given 
curve. 
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CHAPTER  III. 

COMPOSITION   AND  RESOLUTION  OF  STATICAL  PRESSURES 
ACTING  ON  A  RIGID  BODY. 

81.]  Before  we  enter  on  the  formal  inquiry  into  the  mode 
and  results  of  the  composition  of  many  statical  pressures  acting 
on  a  rigid  body,  it  is  necessary  to  remove  some  obscurities  as 
to  properties  of  such  bodies,  and  to  state  principles  which  are 
fundamental  and  necessary  to  the  discussion ;  and  here  I  must 
again  remind  the  reader  that  I  am  appealing,  not  to  abstract 
scientific  principles,  but  to  his  common  sense  and  experimental 
knowledge  of  those  bodies  which  he  meets  with  in  his  contact 
with  the  external  world. 

A  rigid  body  is  such  that  its  component  material  particles 
are  in  a  state  of  relative  rest  by  the  action  of  unknown  mole- 
cular forces,  such  as  attractions,  cohesions,  &c. :  and  the  inten- 
sity of  these  forces  is  so  great,  that  the  relative  equilibrium  of 
the  particles,  which  is  due  to  them,  is  not  disturbed  by  the 
pressures  which  act  on  the  body. 

And  suppose  a  pressure  to  act  at  a  definite  point  of  a  body 
in  a  definite  direction ;  it  produces  a  pressure  of  the  particle  on 
which  it  acts  against  the  contiguous  particle  in  the  line  of  its 
action,  and  from  the  contiguous  particle  in  the  opposite  direc- 
tion :  and  this  pressure  on  these  particles,  although  infinitesimal 
in  comparison  of  the  molecular  forces,  is  propagated  from  one 
particle  to  another  along  the  whole  line  of  action  of  the  im- 
pressed force;  and  is  manifestly  the  same,  at  whatever  point 
along  this  line  the  pressure  is  applied.  Hence  we  infer  that 
the  effect  of  a  pressure  on  a  rigid  body,  acting  at  a  definite 
point  and  in  a  definite  direction,  is  unaltered,  whatever  is  the 
point  in  its  line  of  action  at  which  it  is  applied.  This  principle* 
is  commonly  called  that  of  Transmissibility  of  Pressure,  and  the 
truth  of  it  depends  on  the  rigidity  of  the  body,  which  appears 
to  involve  such  a  mode  of  action  as  that  described  above. 

Now  two  equal  pressures  acting  on  a  material  point  in  the 
same  line  and  in  opposite  directions  neutralize  each  other;  and 
this  property  may  be  extended  by  means  of  the  preceding  prin- 
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ciple,  80  that,  Two  equal  pressures  acting  in  the  same  line  and 
in  opposite  directions  on  any  points  of  a  rigid  body  neutralize 
each  other.  Hence  we  infer,  that  when  many  forces  are  acting 
on  a  rigid  body,  any  two  which  are  equal  and  have  the  same 
line  of  action  and  are  opposite  may  be  omitted ;  and  similarly 
the  introduction  of  two  equal  forces  along  the  same  line  of 
action  and  in  opposite  directions  does  not  change  the  circum- 
stances of  the  system  as  to  resultant  pressure. 

The  effects  of  the  pressures  which  have  been  considered  in 
the  preceding  chapter  arc  a  tendency  to  motion  in  a  given 
straight  line,  and,  so  far  as  we  have  considered  them,  along 
that  straight  line  only :  these  are  called  pressures  of  transla^ 
tion.  But  suppose  a  point  o,  fig.  16,  of  a  rigid  body  to  be 
fixed,  so  that  there  cannot  be  any  motion  of  translation  of  the 
whole  body ;  and  suppose  a  pressure  f  to  act  on  the  body  at  a 
definite  point  m  in  the  direction  mf;  join  om,  and  resolve  f 
into  two  parts,  one  along,  and  the  other  perpendicular  to,  om  ; 
then  the  part  along  om  produces  a  pressure  at  o,  which  being 
fixed  is  capable  of  bearing  it  without  the  body  having  thereby 
any  tendency  to  motion  :  but  the  other  component  causes  a 
pressure  on  m  in  a  direction  at  right-angles  to  om  ;  but  as  o  is 
fixed,  M  can  only  describe  a  circle  about  o  as  the  centre ;  the 
efiect  therefore  of  this  latter  component  is  a  tendency  to  cir- 
cular motion  of  m  about  o ;  a  pressure  producing  such  an  effect 
is  cdllei  a  pressure  of  rotation  about  a  given  point;  and  we  shall 
consider  these,  their  measures,  and  their  laws  more  at  length. 
Single  material  particles  are  subject  to  pressures  of  translation, 
but,  having  neither  magnitude  nor  parts,  not  to  pressures  of 
rotation. 

Section  1. — Composition  and  resolution  of  forces  acting  on  a  rigid 
body  in  one  plane — Composition  and  resolution  of  couples. 

32.]  Composition  of  two  pressures  acting  at  definite  points 
on  a  rigid  body  in  one  plane. 

Let  the  two  pressures  be  f  and  q,  and  suppose  them  to  act 
in  the  plane  of  the  paper  at  the  points  a  and  b  ;  fig.  17 ;  join 
AB,  and  let  the  angles  between  ab  and  the  lines  of  action  of  p 
and  Q  be  respectively  a  and  fi ;  produce  the  lines  of  action  of  p 
and  Q  so  as  to  meet  in  o  (o  being  supposed  to  be  in  the  rigid 
body) ;  and,  by  virtue  of  the  principle  of  transmissibility,  we 
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may  suppose  p  and  q  to  be  applied  at  o.  Let  r  be  the  resultant 
of  them  80  transferred,  and  let  the  line  of  action  of  r  intersect 
AB  in  the  point  c ;  then  we  have  to  determine  the  magnitude 
of  B^  its  line  of  action^  and  a  point  in  that  line ;  these  last  two 
will  be  conveniently  known,  if  we  find  ac^  and  the  angle  between 
AB  and  CO. 

Let       AC  =  ar,     CB  =  y,     AB=:a;  .-.     a?  +  y  =  fl, 

OAB  =  a^         OBA  =  /3,         OCB  =  ^; 

then,  by  the  parallelogram  of  forces^ 

r2  =  pa-2PQCOs(a-fj3)4-Q';  (1) 

whereby  the  intensity  of  the  resultant  is  known.  And  resolving 
p^Q^  R  at  o  along  lines  through  o^  parallel^  and  perpendicular  to, 


AB,  we  have        e cos  ^  =  p  cos  a-Q  cos  fi 
R  sin  ^  =  Q  sin  /3  +  p  sin  a 


[,  (2) 


PCOSO  — QCOS/3 


and  by  reason  of  equations  (30)  Article  19, 

!_  =         Q         =         "^  (4) 

8in(d+/3)        8in(d— a)        8in(a4-i3)'  ^ 

Let  p  and  q  be  the  lengths  of  the  perpendiculars  on  the  lines 

of  action  of  p  and  q  from  any  point  in  the  line  of  action  of  r, 

sav  from  c :  then  •    //»       v  x 

^  '  p  =  CO  sm  (0—a) )  ^  g 

q  =  coBin(d+/3))  ' 
therefore  from  the  first  two  terms  of  (4) 

P^  =  Qgr;  (6) 

and  therefore,  since  j9  =  07  sin  a^  q=zy  sin  fi^ 

pj7sino  =  Qysin/3,  (7) 

y     _ 

psina+Qsin/3 

=  T^0'  ^^^ 

whereby  ae  and  y  are  given  in  terms  of  known  quantities :  the 
intensity,  line  of  action,  and  point  of  application  on  the  line  ab 
of  the  resultant  are  therefore  determined. 

83.]  The  equation  (6)  requires  especial  consideration;  two 
pressures,  p  and  Q,  act  on  the  body,  each  of  which  alone  pro* 
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Qsin)3       psina       Psina+Qsin/3 
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duces  a  pressure  of  translation  along  its  line  of  action :  but  the 
resultant  of  the  two  taken  in  combination  is  a  single  pressure 
B^  the  position  of  whose  line  of  action  is  given  by  the  equation 
(3) ;  a  pressure  therefore  equal  to  b,  along  the  same  line  of 
action,  and  opposite  in  direction  to  b,  will  with  p  and  q  pro- 
duce equilibrium.  Now  this  force  may  be  applied  at  any  point 
in  the  line  of  action  of  b  ;  let  c  be  the  point  of  application ;  and 
thus  the  system  is  in  equilibrium^  and  is  as  if  c  were  a  fixed 
point.  Let  us  consider  this  in  the  light  of  the  remarks  of 
Art.  31 ;  p  and  q  severally  produce  a  pressure  of  rotation  about 
c^  and  manifestly  in  opposite  directions ;  and  they  neutralize 
each  other,  for  the  body  is  at  rest :  therefore  their  rotatory 
effects  are  equal.  But  what  relation  exists  between  them? 
because  we  may  thence  infer  a  measure  of  their  rotatory  effects 
with  reference  to  the  centre  c.  p  and  q  balance,  when  (6)  is 
satisfied ;  that  is,  the  rotatory  effect  due  to  one  force  is  equal 
to,  and  neutralized  by,  that  due  to  the  other,  when  the  products 
of  each  force  and  the  perpendicular  distance  from  c  on  its  line 
of  action  are  equal.  This  product  therefore  may  be  taken  as 
the  measure  of  the  rotatory  effect  of  a  force.  And  as  it  is  de- 
sirable to  have  a  distinctive  name  for  such  an  effect,  it  is  called 
a  forceps  moment ;  and  therefore  we  define  as  follows : 

Def.  Moment  of  a  pressure  is  the  rotatory  effect  of  a  pressure 
with  reference  to  a  given  point;  and  is  measured  by  the  product  of 
the  numbers  which  represent  the  pressure  and  the  perpendicular 
distance  from  the  point  on  the  line  of  action  of  the  pressure. 

Two  pressures  are  said  to  be  equimomental  with  respect  to  a 
given  point  when  their  moments  with  respect  to  that  point  are 
equal. 

As  the  forces  act  in  one  plane  we  have  spoken  of  the  momenta 
with  respect  to  a  point:  it  is  more  correct  to  say,  with  respect 
to  an  axis  passing  through  the  point  and  perpendicular  to  the 
plane  in  which  the  forces  act,  because  it  is  about  this  line  that 
the  forces  per  se,  and  all  other  things  neglected,  tend  to  make 
the  body  turn.  However,  in  a  subsequent  part  of  the  course, 
and  when  the  body,  on  which  the  forces  act,  moves,  we  shall 
have  a  modification  of  this  statement. 

A  force  may  tend  to  make  a  body  turn  about  an  axis  in  either 
one  or  the  other  of  two  directions ;  it  is  necessary  therefore  to 
distinguish  these,  and  to  affect  them  with  different  signs:  let 
therefore  the  moment  of  a  force  be  positive  if  it  tends  to  turn 
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a  body  from  right  to  left,  that  is,  in  the  direction  in  which  the 
hands  of  a  clock  revolve,  when  it  is  opposite  to  us ;  and  let 
the  moment  of  a  force  be  negative,  when  it  turns  a  body  in  the 
opposite  direction. 

Moments  of  forces,  being  quantities  measurable  by  number, 
are  capable  of  addition  and  subtraction,  and  also  of  being  repre- 
sented by  lines. 

34.]  Let  us  return  to  equation  (7),  and  consider  c  as  a  point 
fixed,  by  means  of  the  force  r  acting  on  it  and  being  in  equi- 
librium with  p  and  q:  then  resolving  f  and  q  along  and  per- 
pendicular to  AB,  we  have  f  sin  a  and  q  sin  fi  perpendicular  to 
AB,  and  Fcosa  and  qcos^  along  ab:  these  latter  forces  pro- 
duce a  pressure  on  c  which  is  equal  to  their  difference ;  but  the 
former  components  produce  a  rotatory  pressure  about  c,  and 
equilibrate  when  the  moments  of  the  two  are  equal,  that  is^ 

when 

wv  sm  a  =  ^Q  sm  j3 ; 

and  this  is  equation  (7). 

Again,  suppose  that  the  components  are  Fi  and  P2,  and  that 

the  equations  to  their  lines  of  action  are  given ;  and  let  it  be 

required  to  find  that  of  the  line  of  action  of  the  resultant  a. 

Let  the  equations  to  the  lines  of  action  of  the  components  be 

J?  cos  ai  -f  y  sin  ai—pi  =  0  =  ai 

^cosa2  +  ysin 

Qi  and  as  being  abridged  forms  of  notation  for  the  left-hand 
members  of  the  equations :  then,  if  x  and  y  refer  to  any  point 
in  the  line  of  action  of  the  resultant,  by  equation  (6)  we  have 

Pi  ai  +  ^2^3  =  0, 
.• .     (Pi  cos  ai  +  F2  cos  02)  a:  +  (Fi  sin  ai  +  F2  sin  02)  y 

-i>lPl-i>2P2=  0,     (10) 

which  is  the  equation  to  the  line  of  action  of  a. 

Hence  if  r  is  the  perpendicular  from  the  origin  on  the  line 
of  action  of  a, 

T  =  -, 

{  (Fi  cos  ai  +  F3  cos  02)*+  (fi  sin  ai  +  F2  sin  02)*}* 

_  JgiPi-fj^Ps 

{Pi»  +  2 F1F2  cos  (ai- 02)  -f  Fa^}* 

_i?iPiH-/?2P3 


sin  oz—pi  =  0  =  a2  J  * 
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.-.     Er  =piPi4-i?aP2;  (11) 

that  is^  the  moment  of  the  resultant  is  equal  to  the  sum  of  the 
moments  of  the  components. 

35.]  To  consider  the  subject  from  another  point  of  view, 
I  will  take  the  case  of  two  parallel  forces  acting  in  the  same 
direction  on  a  rigid  body. 

Let  p,  Q  be  the  two  parallel  forces  acting  at  a  and  b  :  fig.  18 : 
join  AB,  and  let  a  be  the  angle  between  ab  and  the  lines  of  action 
of  F  and  Q ;  at  A  and  b  introduce  two  equal  forces  s  and  s  which 
act  along  ab,  and  in  opposite  directions :  the  circumstances  of 
pressure  are  not  hereby  altered.  Let  p'  be  the  resultant  of  p 
and  8  at  a,  and  q'  the  resultant  of  q  and  s  at  b;  let  the  lines 
of  action  of  p'  and  q'  be  produced  to  meet  in  o,  o  being  sup- 
posed to  be  rigidly  connected  with  the  body:  at  o  resolve  p' 
and  q'  into  the  forces  of  which  they  were  compounded ;  the 
components  along  the  line  parallel  to  ab  manifestly  cancel  each 
other,  and  there  remains  p  +  q  acting  in  a  line  parallel  to  the 
lines  of  action  of  p  and  q.    Let  this  resultant  be  r,  so  that 

ii  =  p  +  Q;  (12) 

that  is,  the  resultant  is  the  sum  of  the  two  parallel  forces. 

Let  AC  =  a?,  CB=:y,  AB  =  a;  therefore  ^-f  y  =  a;  then  p' is 
the  resultant  of  p  and  s,  and  these  pressures  are  parallel  to  the 
sides  of  the  triangle  aco, 

8  P  ....  8  Q 

-  =  — ;  similarly     -  =  — : 

^       CO  y       CO 

.-.     rx  =  Qy.  (13) 

Let  p  and  q  be  the  perpendicular  distances  from  c  on  the 

lines  of  action  of  p  and  q  :  then  p  =  ^  sin  a,  7  =  y  sin  a,  and 

therefore  (13)  becomes 

rp  =  Qy,  (14) 

that  is,  the  moments  of  p  and  q  about  c  are  equal. 
Again,  from  (18)      ^^y       ^^y 

Q  ""  P  ""  P  +  Q 

whence  x  and  y  are  known ;  and  are  reciprocally  proportional  to 
the  forces  at  their  extremities. 

Ifp  =  Q,  y=:ar=:|,  e  =  2p; 
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that  is,  the  resultant  is  eqaal  to  twice  one  of  the  forces,  and  is 
applied  at  the  point  of  bisection  of  the  line  joining  the  points 
of  application  of  the  forces. 

As  (14)  is  independent  of  the  angle  between  ab  and  the  direc- 
tion of  the  forces,  c  is  the  same  whatever  that  angle  is ;  c  is  for 
this  reason  called  the  centre  of  the  two  parallel  forces. 

86.]  Suppose  one  of  the  parallel  forces  of  the  last  Article  to 
act  in  a  direction  contrary  to  that  of  the  other :  thcn^  fig.  19^ 
introducing  as  before  two  equal  forces  s^  s  acting  along  ab  and 
in  opposite  directions^  and  compounding  f  and  s  into  v\  and  q 
and  s  into  q'^  let  us  suppose  the  lines  of  action  of  p'  and  q'  to 
meet  at  o^  o  being  rigidly  connected  with  the  body ;  and  at  o 
let  p'  and  q'  be  resolved  into  the  forces  of  which  they  were  com- 
pounded; the  forces  parallel  to  the  line  ab  cancel  each  other, 
and  there  remain  p  and  q  acting  in  a  line  parallel  to  the  original 
lines  of  action  of  p  and  q,  the  resultant  of  which  is  equal  to  their 
difference  :  let  us  suppose  q  to  be  the  greater,  then 

R  =  Q-P.  (16) 

Let  AB=ra,  AC  =  j?,  BC  =  y;  therefore  ^— y  =  a;  and  let  a 

be  the  angle  between  ab  and  the  lines  of  action  of  p  and  q. 

Since  p'  is  the  resultant  of  p  and  q^ 

s         p  .    .,    ,        8         Q 

-  =  — ,  similarly,    -  =  — , 

X       CO  ''      y       CO 

.-.    vx  =  Qy.  (17) 

Let  p  and  q  be  the  perpendicular  distances  from  c  on  the 
lines  of  action  of  p  and  q  ;  then  p  =  a?  sin  o,  g^  =  y  sin  a ;  there- 
fore (1 7)  becomes  « <«      ^ « .  /i  ft\ 

^      ^  PJ9  =  Qjr;  (15) 

that  is^  the  moments  of  p  and  q  about  c,  and  similarly  about 
every  point  in  the  line  of  action  of  r,  are  equal. 
Again^  from  (17) 


X  _y  _  x—y 

(19) 


Q  P  Q  — P 

__  a 

whence  x  and  y  are  known ;  and  are  reciprocally  proportional 
to  the  forces  acting  at  their  extremities. 

37.]  Now  let  us  suppose  the  pressure  q,  which  I  have  ima- 
gined to  be  the  larger  of  the  two^  to  diminish^  and  to  approach 
in  intensity  nearer  and  nearer  to  p  ;  then  r  becomes  less  and 
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less,  and  x  becomes  greater ;  and  ultimately,  when  q  =  f^  b  =  0, 
and  J?  =  ^  =  00  ;  that  is^  there  is  no  single  force  of  translation 
which  will  be  equivalent  to  such  a  pair  of  forces,  and  therefore 
there  is  no  one  force  of  translation  which  will  be  in  equilibrium 
with  them.  And  it  is^  by  the  principle  of  sufficient  reason,  manifest 
that  such  a  system  cannot  have  a  single  resultant  of  translation ; 
because  sach  a  resultant  is  unique ;  and  whatever  is  the  process 
of  reasoning,  by  which  its  line  of  action  is  assigned  in  respect 
of  one  of  the  forces,  by  the  same  will  it  be  assigned  in  a  similar 
position  with  respect  to  the  other  force. 

Such  a  pair  of  forces^  equal  and  acting  in  parallel  lines  and  in 
opposite  directions,  is  called  a  couple*;  its  effect  is  evidently  a 
pressure  of  rotation  about  a  line  perpendicular  to  the  plane  in 
which  the  forces  act^  and  which  line  is  called  the  axis  of  the  couple. 
Now  in  statics^  as  the  motion  is  only  virtual  and  not  actual^  the 
direction  of  the  axis  is  fixed,  but  not  the  position  of  it ;  it  is  some 
line  perpendicular  to  the  plane  in  which  the  forces  act.  The 
perpendicular  distance  between  the  lines  of  action  of  the  forces 
is  called  the  arm  of  the  couple. 

In  estimating  the  moment^  that  is,  the  rotatory  effect,  of  the 
couple,  we  must  examine  all  possible  positions  of  the  axis.  Let 
the  couple  be  that  indicated  in  fig.  20 ;  and  (1 )  let  us  suppose 
the  axis  to  pierce  the  plane  of  the  couple  at  the  point  o  which 
lies  between  the  forces ;  then 

the  moment  of  the  couple  =  p  x  oa-|-p  x  ob 

=  P  X  AB.  (20) 

(2)  Suppose  the  axis  to  pass  through  a,  one  of  the  extremities 
of  the  arm :  then  the  force  which  acts  at  a  produces  no  pressure 
of  rotation,  and  we  have 

the  moment  of  the  couple  =  p  x  ab.  (21) 

(3)  Suppose  the  axis  to  pierce  the  plane  of  the  couple  at  a  point 
o,  fig.  21,  in  the  arm  produced :  then 

the  moment  of  the  couple  =  p  x  ob— p  x  oa 

=  PXAB.  (22) 

In  all  cases  therefore  the  moment  of  the  couple  is  equal  to  the 
product  of  the  numbers  expressing  the  force  and  the  length  of 
the  arm.     Thus  if  the  force  contains  6  units  of  pressure,  and 

*  See  Poinsot,  "  M^moire  6ur  la  composition  des  Moments  et  des  Aires 
dans  la  Mecanique."  The  tract  is  appended  to  *'  Elements  de  Statique"  of 
the  same  author,  8™®  edition,  Paris.  1843. 
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the  arm  3  units  of  finear  lengthy  the  moment  of  the  couple  is 
expressed  by  18 ;  that  is, 

moment  of  couple  =  pressure  x  length  of  arm.  (23) 

A  couple  may  evidently  tend  to  make  a  body  revolve  in  either 
one  or  the  other  of  two  opposite  directions ;  that  is,  in  the  di- 
rection of  the  hands  of  a  watch,  as  it  is  before  us,  or  in  the 
opposite  direction ;  and  it  is  desirable  to  affect  these  different 
directions  with  different  signs ;  let  the  former  therefore  be  posi- 
tive or  right-handed  couples,  and  the  latter,  negative  or  left- 
handed  couples.  In  fig.  20  and  21  right-handed  couples  are 
represented. 

38.]  The  equation  to  the  line  of  action  of  the  resultant  of  two 
parallel  forces  Pi  and  P2  may  be  determined  as  follows : 

Let  the  equations  to  the  lines  of  action  of  the  components  be 
a7C0Sa  +  t/sina  — di  =  0  =  ai)  ,^.. 

X  co^  a-{-y  sm  a— Oi  =  0  =  oa  ) 
therefore  the  equation  to  the  line  of  action  of  the  resultant  is 
(Pi-f-Pi)*coso  +  (Pi-|-p,)y  sino— (^PiH-daP3)  =  0.      (25) 
Let  Pi  +  Ps  =  0,  that  is,  let  the  forces  be  equal  and  act  in  oppo- 
site directions,  .^      ,. .  ^  ,qa\ 
..     (oi— 08)Pi  =  0,  (26) 

which  is  the  equation  to  a  straight  line  at  an  infinite  distance ; 
therefore  the  resultant  of  two  equal  and  opposite  forces  acts  at 
an  infinite  distance. 

39.3  Before  we  proceed  to  the  consideration  of  other  cases  of 
forces  acting  on  a  rigid  body  in  one  plane,  it  is  necessary  to 
discuss  the  properties  and  laws  of  couples.  Couples  are  called 
coaxal  when  their  axes  are  parallel,  that  is,  when  the  planes  of 
their  forces  are  parallel. 

Theoilem  I.  The  effect  of  a  couple  on  a  rigid  body  is  not 
altered,  if  the  length  of  the  arm  and  the  force  being  the  same, 
the  arm  is  turned  about  its  extremity  through  any  angle  in  the 
plane  of  the  couple. 

Let  AB,  fig.  22,  be  the  arm  of  the  original  couple,  and  p,  p  its 
forces ;  through  a  draw  any  straight  line  ab'  in  the  plane  of  the 
couple  equal  to  ab,  and  at  a  and  b'  respectively  insert  in  the 
plane  of  the  couple  two  forces  equal  to  p,  with  their  lines  of 
action  perpendicular  to  the  arm  ab^,  and  opposite  in  direction  to 
each  other.  Let  b ab'  =  2  ^ ;  then  the  resultiuit  of  p  acting  at  b, 
and  of  p  acting  at  b',  whose  lines  of  action  meet  at  q,  is  2p  sin  $, 
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and  acts  along  the  line  aq  :  similarly  the  resultant  of  p  acting 
at  A  perpendicularly  to  ab^  and  of  p  perpendicularly  to  ab'  is 
2  p  sin  0,  and  acts  along  the  line  aq  in  a  direction  opposite  to 
that  of  the  former  resultant :  these  two  resultants  therefore 
neutralize  each  other,  and  there  remains  the  couple  whose  arm 
is  ab'  and  the  forces  p,  p :  and  this  is  equimomental  with  the 
original  couple  and  replaces  it. 

Theorem  II.  The  effect  of  a  couple  on  a  rigid  body  is  not 
altered,  if  the  plane  of  the  forces  is  transferred  to  any  other 
parallel  plane^  the  arm  being  parallel  to  its  original  direction, 
and  of  an  equal  lengthy  and  the  forces  being  unaltered  in  in- 
tensity. 

Let  AB^  fig.  23,  be  the  arm^  and  p^  p  the  forces  of  the  given 
couple :  let  a'b'  be  an  arm  equal  and  parallel  to  ab  ;  at  a'  and 
b'  respectively  introduce  two  forces  equal  to  p,  acting  perpen- 
dicularly to  a'b'^  and  in  opposite  directions,  and  in  a  plane  pa- 
rallel to  the  plane  of  the  original  couple:  join  ab',  a'b;  these 
lines  evidently  intersect  and  bisect  each  other  in  o ;  then  p  at  a 
and  p  at  b',  acting  in  parallel  lines  and  in  the  same  direction, 
are  e(^uivalent  to  a  force  2  f  acting  at  o :  similarly  f  at  b  and 
p  at  a',  acting  in  parallel  lines  and  in  the  same  direction,  are 
equivalent  to  2p  acting  at  o  in  a  direction  parallel  to  their  direc- 
tion :  at  o  therefore  these  two  resultants,  being  equal  and  oppo- 
site, neutralize  each  other ;  and  there  remains  the  couple  whose 
arm  is  a'b',  and  whose  forces  are  p,  f,  acting  in  the  same  direction 
as  the  original  couple,  in  a  parallel  plane,  and  with  an  equal  arm 
and  equal  forces :  it  is  therefore  coaxal  and  equimomental. 

The  proof  which  is  here  given  for  a  parallel  plane  is  of  course 
valid  for  the  less  general  case  of  the  same  plane :  and  therefore 
from  this  and  Theorem  I  we  infer,  that  the  effect  of  a  couple 
on  a  rigid  body  is  not  changed  whatever  is  the  position  of  its 
plane,  if  the  direction  of  the  axis  is  unaltered,  and  the  arm  and 
the  forces  are  equal. 

40.]  Theorem  III.  The  effect  of  a  couple  on  a  rigid  body  is 
not  altered,  whatever  is  the  position  of  its  plane,  arm,  and 
force,  provided  that  its  axis  and  moment  are  unaltered. 

In  fig.  24,  let  ab  be  the  arm,  and  p,  p  the  forces  of  the  given 
couple;  at  a  and  b  introduce  any  equal  forces  s  and  s  acting 
along  AB  and  in  opposite  directions.  Let  p'  be  the  resultant  of 
p  and  s  at  a,  and  p'  also  be  the  resultant  of  f  and  s  at  b  :  the 
lines  of  action  of  f'  and  f'  are  of  course  parallel ;  produce  p'a 
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backwards^  and  from  b  draw  ba'  perpendicular  to  aa'  :  then  we 
liave  a  conple  whose  arm  is  ba'^  and  each  of  whose  forces  is  p'; 
let  BAA'=d;  then  A'B  =  AB8in^;  p'=PC08ec^;  8  =  p'cosd 
=  pcot^;  then 

moment  of  new  couple  =  p'  x  a'b 

=  p  cosec  ^  X  ab  sin  6 

=  PXAB 

=  moment  of  original  couple.       (27) 

It  wUl  be  observed  that  s  is  arbitrary^  and  that  0  and  there- 
fore the  length  of  the  new  arm  depends  on  it ;  and  so  does  also 
the  force  of  the  new  couple :  and  the  only  restriction  is  (27), 
which  requires  the  new  couple  to  be  equimomental  with  the 
original  one.  And  thus  it  appears  that  a  couple  is  equivalent 
tOy  and  may  be  replaced  by,  another  couple,  of  which  the  moment 
is  the  same,  the  forces  are  in  the  same  plane,  and  the  arms  have 
a  common  extremity. 

Combining  this  Theorem  with  the  preceding,  we  conclude 
that  a  couple  is  equivalent  to,  and  may  be  replaced  by,  any  other 
equimomental  and  coaxal  couple. 

41.3  Now  in  all  these  transformations,  the  axis  of  the  couple, 
that  is,  the  direction  of  the  line  about  which  the  couple  tends 
to  make  the  body  turn,  has  not  been  altered ;  the  arm  and  the 
force  have  been  altered  in  position,  in  length,  in  intensity ;  and 
the  plane  in  which  the  forces  act  has  been  changed  from  any 
one  into  any  other  parallel  plane ;  but  the  normal  to  the  plane, 
which  is  the  axis,  has  continued  the  same ;  and  the  moment  has 
continued  the  same;  and  these  quantities  cannot  be  changed 
without  changing  the  effect  of  the  couple ;  the  former  of  these 
then  is  a  fixed  direction,  and  the  latter  is  a  fixed  quantity.  It 
is  convenient,  as  of  forces  of  translation,  so  of  these  forces  of 
rotation,  to  have  geometrical  lengths  as  adequate  representa- 
tives ;  and  such  we  shall  obtain,  if  along  the  docis  we  take 
lengths  containing  the  same  number  of  linear  units  as  the  mo- 
ment of  the  couple  contains  units  of  pressure.  Thus  if  the  force 
of  a  couple  is  4  and  the  length  of  the  arm  is  3,  the  moment  is 
represented  by  the  number  12 ;  and  if  along  the  axis  12  linear 
units  are  measured,  this  length  is  a  full  and  adequate  represen- 
tative of  the  couple ;  and  moreover  as  couples  may  be  right- 
handed  or  left-handed,  that  is,  have  positive  or  negative  signs, 
so  from  a  fixed  point  (the  origin)  on  the  axis  may  the  line  be 
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taken  in  one  or  the  other  direction^  and  thns  indicate  the  sign 
of  the  couple.  Now  the  line  of  a  definite  len^h  and  subject  to 
these  conditions  is  technicallj  called  the  awia  of  the  couple^  the 
word  being  used  in  a  sense  different  to  the  former  one :  there  it 
indicated  line  of  rotation  only ;  here  it  indicates  three  things^ 
Tiz.  the  line  of  rotation,  a  finite  length  of  that  line  measured 
from  a  given  point  on  it,  and  the  direction  in  which  it  is  mea- 
sured. This  axis  therefore  fully  determines  all  the  circum- 
stances of  the  couple.  Some  confusion  may  arise  from  the  am- 
biguous use  of  the  word,  and  therefore  I  shall  always  take  care 
to  specify  axis  as  to  rotation,  and  axis  as  to  rotation  and  mo- 
ment, by  calling  the  former  rotaiion-aans^  and  the  latter  tnoment^ 
axiSy  bearing  in  mind  however  that  the  latter  is  indicative  of 
direction  as  well  as  the  former ;  and  when  couples  are  said  to 
be  coaxal,  it  is  with  respect  to  the  former  meaning  of  the  word 
only ;  and  when  two  couples  are  statically  equivalent  they  are 
coaxal  and  equimomental. 

42.3  Theorem  IV.  The  resultant  of  many  coaxal  couples  is 
a  coaxal  couple  whose  moment  is  equal  to  the  algebraical  sum 
of  the  moments  of  the  component  couples. 

Let  the  forces  of  the  several  couples  be  FbPs>>**7fi;  cu^d  the 
lengths  of  the  arms  pi,p2,..-Pn'9  so  that  their  moments  are 
PiPi,  P2j»2> ...  ^nPn»  Lct  all,  by  virtue  of  Theorem  II,  be  trans- 
ferred to  the  same  j^ane,  and  let  all  the  arms  have  a  common  ex- 
tremity ;  again,  by  virtue  of  Theorem  III,  let  all  be  transformed 
into  equivalent  couples  with  arms  of  the  same  length,  equal  to 
r,  and  let  the  forces  thereby  changed  be  Pi^  p%, . 
p/r  =  Tipi 

PsV  =  ViP2 


(28) 


Pnr  =  VnPn 

and  lastly,  by  virtue  of  Theorem  I,  let  all  the  arms  be  turned 
about  their  common  extremity,  and  become  coincident;  then 
the  length  of  it  is  r,  and  at  each  extremity  there  are  equal  and 
opposite  forces,  of  which  let  the  sum  be  r,  and 

R  =  Pi'+P»'+...  +  p/;  (29) 

so  that  the  moment  of  the  resultant  couple  is 
nr  =  p/r  -f  PjV -f- ...  +  PnV 

=  Pi;>l  +  P2;>2  -f  ...  -f  ^nPn 

=  2.TP  ;  (30) 


Digitized  by  VjOOQ  IC 


43-]  COMPOSITION  OF  COUPLES.  53 

that  is,  the  moment  of  the  resultant  conple  is  equal  to  the  sum 
of  the  moments  of  the  several  component  couples. 

If  some  of  the  couples  are  negative^  the  forces  belonging  to 
them  will  in  (29)  have  negative  signs,  arid  r  will  be  equal  to 
the  difference  of  the  forces  which  have  positive  signs  and 
of  those  which  have  negative  signs :  and  the  same  result  will 
appear  in  (30),  so  that  the  right-hand  member  symbolizes  the 
algebraical  sum. 

The  moment  axis  of  the  resultant  is  equal  to  the  sum  of  the 
moment  axes  of  the  component  couples. 

A  close  analogy  therefore  exists  between  parallel  forces  of 
translation  applied  at  the  same  point  and  coaxal  couples :  in 
either  case  the  effect  of  the  resultant  is  equal  to  the  algebraical 
sum  of  the  effects  of  the  components.  We  shall  trace  this  ana- 
logy further  in  the  succeeding  Article.  As  to  the  geometrical 
representatives  of  the  effects,  in  the  case  of  couples  the  moment- 
axis  may  be  transferred  parallel  to  itself  in  any  manner;  in  the 
case  of  forces  of  translation^  the  representative  line  can,  by  the 
principle  of  transmissibility,  be  transferred  only  along  its  own 
line  of  action. 

48.]  Theorem  Y.  If  two  lines  meeting  at  a  point  represent 
tiie  moment-axes  of  two  couples^  the  diagonal  of  the  parallelo- 
gram originating  at  the  same  point,  and  of  which  the  two  lines 
are  adjacent  sides,  will  represent  the  moment-axis  of  a  single 
equivalent  couple. 

Suppose  that  two  couples  act  in  planes  which  are  inclined  to 
each  other  at  an  angle  y ;  let  the  couples  be  transferred  in  their 
own  planes  so  as  to  have  the  same  arm  lying  along  the  line  of 
intersection  of  the  two  planes ;  let  the  forces  of  the  couples  thus 
transferred  be  p  and  q.  And^  fig- 25,  let  ab  be  the  common 
arm,  and  let  us  suppose  it  to  lie  in  the  plane  of  the  paper :  then 
compounding  p  and  q  at  a  into  a  single  force  r,  and  p  and  q  at 
B  in  the  same  way,  since  faq  =  y,  we  have 

R«  =  p*-h2pQC0Sy-|-Q*;  (81) 

and  the  r  at  b  is  equal  and  parallel  to  the  r  at  a.  At  a  draw 
Afl,  A^  perpendicular  respectively  to  the  planes  pbap,  qbaq^ 
and  of  lengths  equal  to  the  moment-axes  of  the  couples ;  com- 
plete the  parallelogram  Kacb^  and  draw  the  diagonal  ac;  then 
a^  is  the  moment-axis  of  the  resultant  couple  whose  arm  is  ab 
and  whose  force  is  r.    For  since  Aa  =  p  x  ab,  and  a&  =  q  x  ab. 
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therefore  a  a  and  xb  are  proportional  to  p  and  q^  that  is  to  a  p  and 
aq;  and  they  are  also  perpendicular  to  these  lines^  and  are  in 
the  same  plane  with  them ;  therefore  the  diagonal  ac  is  perpen- 
dicular^ and  proportional  in  the  same  ratio^  to  ar;  therefore 
AC  =  BXAB^  and  is  the  moment-axis  of  the  resultant  couple. 
Therefore^  if  a  a  and  a&  are  the  moment-axes  of  two  couples^  ac, 
the  diagonal  of  the  parallelogram  of  which  a  a  and  a^  are  the 
two  containing  sides,  is  the  moment-axis  of  the  resultant  couple. 
Hence  if  l  and  m  are  the  moment-axes  of  two  couples^  and  are 
inclined  to  each  other  at  an  angle  y,  and  if  o  is  the  moment- 
axis  of  the  resultant  couple^ 

G*  =  L«  -f  2  L  M  cos  y + M«.  (32) 

Attention  must  of  course  be  paid  to  the  direction  of  the  couple ; 
thus^  if  A  a  is  the  moment-axis^  to  an  eye  placed  at  a  and  look- 
ing along  Ao,  the  couple  is  right-handed. 

Hence  also  we  are  authorized  to  resolve  a  couple  whose  mo- 
ment-axis is  given  into  any  two  couples,  such  that  their  moment- 
axes  are  the  sides  of  the  parallelogram  of  which  the  given  mo- 
ment-axis is  the  diagonal. 

44.]   Suppose  that  the  moment-axes  of  two  couples  are  per- 
pendicular to  each  other;  then  y  =  90°j  and  therefore  by  (32) 
g2  =  l«+m»;  (33) 

and  let  the  rotation-axis  of  o  make  an  angle  A  with  that  of  l,  then 
L  =  o  cos  X,  M  =  o  sin  \,  (34) 

tanX  =  -;  (35) 

a  couple  therefore  whose  moment-axis  is  g  may  be  resolved  into 
any  two  couples  such  that  their  moment-axes  are  the  sides  of 
the  rectangle  whose  diagonal  is  the  given  moment-axis. 

Hence  also  a  couple^  whose  moment-axis  is  equal  to  o,  but  is 
in  an  opposite  direction,  neutralizes  l  and  m,  and  the  whole 
system  is  in  equilibrium. 

Also  from  (32)  by  a  process  analogous  to  that  of  Article  19 
we  can  shew  that  if^  fig.  26^  ol^  om,  on  represent  the  moment- 
axes  of  thcee  couples  l,  m^  n  ;  and  if  MON  =  a^  nol=)3^  LOM  =  y, 

^= -=^.       <«, 

sina        sm)9        siny  ^     ' 

then  the  three  couples  are  in  equilibrium;  and  conversely,  if 
three  couples  are  in  equilibrium^  the  moment-axis  of  each  is 
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proportional  to  the  sine  of  the  angle  contained  between  the 
rotation-axes  of  the  other  two. 

Hence  also  if  many  couples  acting  on  a  rigid  body  are  in 
eqidlibrinm,  their  rotation-axes  are  parallel  to  the  sides  of  a 
closed  polygon,  the  sides  themselTCs  being  the  moment-axes. 

Finally  therefore  we  conclude  that  couples  may  by  means  of 
their  moment-axes^  which  are  their  geometrical  representatives^ 
be  resolved  and  compounded  according  to  the  same  laws  as 
forces  of  translation  by  means  of  their  equivalent  lines  of  action. 
It  is  to  M.  Poinsot  that  we  are  indebted  for  this  great  simplifi- 
cation of  a  problem  which  it  is  very  difficult  to  follow  in  its 
complex  form. 

We  return  now  to  the  consideration  of  the  composition  of 
pressures  acting  on  a  rigid  body  in  one  plane^  and  of  the  con- 
ditions of  equilibrium  of  such  pressures. 

45.]  Composition  of  many  parallel  forces  acting  on  a  rigid 
body  or  a  rigid  system  of  material  particles  in  one  plane. 

Let  the  plane  in  which  the  forces  act  be  the  plane  of  xy ;  and 
let  the  origin  o  be^  fig.  27,  any  point  which  is  in^  or  rigidly 
connected  with,  the  body;  and  let  the  forces  be  Pi,  Pa,...Pn,  of 
which  let  p  be  the  type:  let  PuPi^-'-Pn  be  the  perpendiculars 
from  the  origin  on  their  lines  of  action,  of  which  let  p  be  the 
type-perpendicular :  let  x,  y  he  the  current  coordinates  to  the 
line  of  action  of  the  type-force  p,  and  let  a  be  the  angle  between 
the  line  of  action  of  p  and  the  axis  of  x :  then  the  equation  to 
the  line  of  action  of  p  is 

xsina—y  cos  a—p  =  0.  (87) 

Let  two  forces  each  equal  to  p,  with  their  lines  of  action  parallel 
to  that  of  p,  and  acting  in  opposite  directions,  be  introduced  at 
the  origin  o ;  so  that  instead  of  the  original  force  p,  we  have 
p  acting  at  o  in  a  parallel  line  and  the  same  direction,  and  a 
couple  whose  moment  is  vp  and  whose  rotation-axis  is  perpen- 
dicular to  the  plane  of  the  forces. 

Let  p  at  o  be  resolved  into  two  forces  along  the  coordinate 
axes,  viz.  p  cos  a,  and  p  sin  a ;  and  let  all  the  forces  be  similarly 
transformed ;  then,  if  x  and  y  are  the  resultants  of  the  forces 
severally  along|the  axes  of  x  and  y, 

X  =  Pi  cos  aH- Pa  cos  a-f- ...  -f  p«coso 

=  cos  OS. p,  (38) 

Y  =  Pi  sina4-P2sina+  ...  -f  Pnsina 

=  sin  0  2.P.  (39) 
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Also  the  moment  of  the  couple  arising  from  p  is  equal  to  vp^  the 
tendency  of  which  is  to  turn  the  body  from  the  axis  of  x  towards 
that  of  y ;  and^  as  a  similar  couple  and  moment  will  arise  frx>m 
every  one  of  the  forces^  we  shall,  by  reason  of  Art.  4&,  if  g  is 
the  moment  of  the  resultant  couple,  have 
G  =  2.vp 

=  2. P  (4?  sin  a  —  y  cos  a) 

=  sinas.p^  — cosas.py,  (40) 

placing  sin  a  and  cos  a  outside  the  signs  of  summation,  because 
they  are  the  same  for  all  the  forces :  and  observing  that  w  and 
y  refer  to  some  point  in  the  line  of  action  of  each  pressure,  and 
which  will  generally  be  different  for  each.  It  is  worth  noticing 
that  in  (40)  g  consists  of  two  parts,  which  are  affected  with  dif- 
ferent signs ;  the  resultant  couple  therefore  is  the  difference  be- 
tween the  resultants  of  two  systems  of  couples  acting  in  contrary 
directions :  sin  a  s.pjt  tend  to  turn  the  body  from  the  axis  of  x 
towards  that  of  y,  and  00s  a  s.py  act  in  the  opposite  direction. 

Suppose  now  that  all  the  forces  are  capable  of  being  reduced 
to  a  single  force  b;  or,  in  other  words,  suppose  that  one^force 
R  will  have  the  same  effect  on  the  rigid  body  as  all  the  im- 
pressed forces  taken  in  combination.  Let  a  be  the  angle  at 
which  the  line  of  action  of  r  is  inclined  to  the  axis  of  x,  and  let 
X,  y  be  the  current  coordinates  of  the  line  of  action  of  r,  and 
r  the  perpendicular  distance  from  the  origin  on  it.  Then  intro- 
ducing at  o  two  forces,  each  equal  to  r,  with  their  lines  of  ac- 
tion parallel  to  that  of  r,  and  acting  in  opposite  directions,  we 
have  the  force  of  translation  r  acting  at  the  origin,  and  a  couple 
R  r ;  whence,  resolving  r  at  the  origin  along  the  coordinate  axes, 
and  equating  the  resolved  parts  to  the  sum  of  the  resolved  parts 
of  the  impressed  pressures,  we  have 

Rcosa  =  s.pcosa  =  cosaS.P^  ,,,, 

{•;  (41) 

R  sma  =  s.psma  =  smaS.P  J 
therefore  r  =  s.p,  a  =  a ;  (42) 

that  is,  the  resultant  is  equal  to  the  algebraical  sum  of  the  com- 
ponents, and  its  line  of  action  is  parallel  to  those  of  the  several 
components. 

Again,  the  couple  r  r  must  be  equal  to  g  ; 
.-.     R  (5  sin  a  — y  cos  a)  =  g, 

Ssina  — ycosa  = -,  (48) 

R 

and  as  i  y  are  the  current  coordinates  of  the  line  of  action  of 

Digitized  by  VjOOQ  IC 


46.]  COMPOSITION  OP  PARALLEL  FORCES.  57 

B,  tluB  is  the  equation  of  the  line ;  and  the  length  of  the  per- 
pendicolar  firom  the  origin  on  it  is 

r  =  ?  =  ^:^=i^,  (44) 

.•.     ar  =  26.P/I;  (45) 

that  is,  the  moment  of  the  resultant  couple  is  equal  to  the  alge- 
braical sum  of  the  moments  of  the  component  couples. 

46.]  The  magnitude  and  position  of  the  line  of  action  of  r 
are  of  coarse  independent  of  any  particular  system  of  coordinate 
axes  j  and  therefore^  as  a  is  indeterminate^  we  have  the  following 
property  of  a  system  of  parallel  forces. 

Suppose  the  forces  to  act  at  definite  points  of  their  lines  of 
action,  and  (xi,  yi)  (^2, 1/2) ...  (^n>  Vn)  to  be  the  points  of  applica- 
tion of  Pi,  p^9 ...  Pii>  and  (ij  y)  to  be  that  of  a ;  then  (45)  becomes 

a(^sina— y  cosa)  =  2.p(xsina— y  cosa) 

=  sinas.pj?  — cosas.py^  (46) 

...    Hnilf  =  MziLI?;  (47) 

coso  sin  a 

and  as  a  is  indeterminate  the  numerator  of  each  of  these  frac- 
tions must  vanish :  therefore 

2.PX  5.PX 


a?  = 


2.P 


(48) 


s.py        %.Ty 

y  =  i-  =   i- 

^  a  a.p 

The  point  of  which  these  are  the  coordinates  is  called  the  centre 
of  parallel  forces;  being  independent  of  the  direction  of  the  line 
of  action  of  the  forces,  and  therefore  the  same  whatever  that 
line  is,  provided  that  their  points  of  application  are  the  same. 

Ex.  1.  Suppose  six  parallel  pressures  proportional  to  the 
numbers  1,  2,... 6  to  act  at  points  whose  coordinates  are  seve- 
rally (—2,  —1),  (—1,0),  (0, 1) ...  (3,4) ;  find  the  resultant,  and 
its  point  of  application. 

a  =  s.p  =  1-f  2  +  ...-h6 
=  21 
5.pa?  =  —2-2+4-1-10-1-18 

=  28 
a.py  =  _l-|.3^>8-|-15-f.24 
=  49, 
_  _  28  -  _  49 

•'•     "^"'21'  ^"21" 

PaiCR,  VOL.  III.  1 
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47.3  Oiven  the  equations  to  the  lines  of  action  of  many  pa- 
rallel forces  acting  on  a  rigid  body  in  one  plane,  it  is  required 
to  find  the  equation  to  the  line  of  action  of  the  resultant. 

Let  us  employ  the  abridged  form  of  the  equation  to  a  straight 
line ;  and  let  the  equations  to  the  lines  of  action  of  Pi^  Ps,  . . .  Pm  be 
01  =  0,       02  =  0,   ...   a«  =  0,  (4&) 

where  a  is  the  length  of  the  perpendicular  from  any  ^int  {w,  y) 
on  the  line  of  action  of  p.  Now  since  b  r  =  o,  it  is  plain  that  in 
reference  to  any  point  in  the  line  of  action  of  the  resultant, 
0  =  0;  therefore 

Pioi-f  P2a«-f  ...  +P«a«  =  2.Pa  =  0,  (50) 

which  is  the  equation  to  the  line  of  action  of  r  ;  and  written  at 

engt    IS         a?cosos.p-f  y  sinas.p— j.p/?  =  0;  (51) 

and  therefore  the  perpendicular  distance  from  the  origin  on  the 

line  of  action  of  b  is 

3.pp 

S.P 

If  2.p  =  0,  and  2.p|i  is  a  finite  quantity^  then  b  =  0,  and  the 

line  of  action  of  b  is  at  an  infinite  distance ;  in  which  case,  by 

reason  of  the  explanation  given  in  Article  37^  the  forces  are 

reducible  to  a  couple,  but  not  to  a  single  force  of  translation ; 

and  the  moment  of  the  couple  is  s.p/?. 

Suppose  however  that  the  impressed  forces  are  so  related  as 

to  keep  the  body  on  which  they  act  at  rest :  this  condition  will 

be  fulfilled^  if  (1)  any  one  point  of  the  body  is  at  rest,  and  (2)  if 

there  is  no  pressure  of  rotation  about  that  point.   Let  this  point 

be  the  origin ;  then  if  it  is  at  rest 

a.p  =  0;  (52) 

and  if  there  is  no  pressure  of  rotation  about  that  pointy  o  =  0, 

and  therefore  ^  ^  .^ox 

a.p/?  =  0;  (53) 

(52)  and  (53)  are  therefore  the  conditions  requisite  that  many 
parallel  forces  acting  on  a  rigid  body  in  one  plane  should  be  in 
equilibrium. 

48.3  Composition  of  many  pressures  acting  in  one  plane  on  a 
rigid  body  or  a  rigid  system  of  material  particles. 

Let  the  plane  in  which  the  forces  act  be  that  oi  xy\  and  let 
o,  the  origin,  fig.  27,  be  a  point  of  the  body,  or  rigidly  con- 
nected with  it :  let  the  forces  be  Pi,  P2, ... Pn :  let  ai,  ai^^.^a^  be 
the  angles  between  their  lines  of  action  and  the  axis  of  x :  let 
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Ph  Pij  "'Pn  be  the  lengths  of  the  perpendiculars  drawn  from  the 
origin  on  the  lines  of  action :  and  of  these  quantities  let  p,  a, 
and  p  be  the  types :  so  that 

/?  =  arsin  a^y  cosa.  (54) 

At  o  let  there  be  introduced  two  forces  equal  to  p^  with  their 
lines  of  action  parallel  to  that  of  p^  and  in  opposite  directions ; 
so  that,  in  the  place  of  the  original  force  p^  we  have  p  acting  at 
o  in  a  parallel  line  and  the  same  direction,  and  a  couple  whose 
moment  is  p/?,  and  whose  rotation-axis  is  perpendicular  to  the 
plane  of  the  forces.  Let  p  at  o  be  resolved  into  parts  along  the 
coordinate  axes,  so  that  we  have  p  cos  a  along  the  axis  of  s, 
and  p  sin  a  along  that  of  y ;  and  let  all  the  forces  be  similarly  • 
transformed.  Then  if  x  and  y  are  the  sums  of  the  resolved  parts 
of  the  forces  along  the  axes  of  s  and  y  respectively, 

X  =  Pi  cos  ai  4*  P2  cos  02  +  •••  +  p»  cos  On 
=  2.PC0sa,  (55) 

T  =  Fi  sin  ai  +  P2  sin  as  +  ...  -f  p»  sin  0^ 

=:  s.psina.  (56) 

Also  the  moment  of  the  couple  arising  from  p  is  p/i :  the  ten- 
dency of  which  is  to  turn  the  body  from  the  axis  of  ^  towards 
that  of  y ;  and  as  a  similar  couple  will  arise  from  each  one  of 
the  forces,  and  as  all  the  couples  are  coaxal,  the  moment  of 
their  resultant  is  equal  to  the  sunv  of  the  moments  of  the  com- 
ponents.   Let  G  be  the  moment  of  the  resultant  couple ;  then 

O  =   Tipi  -h  F2/?2  -f  ..     -f  ^nPn 

=  ^.vp 

=  a.p(a?sina— y  cosa) 

==  2.Pd?sina  — s.pycosa.  (57) 

Now  suppose  R  to  be  a  force  which  will  produce  on  the  body 
the  same  effect  as  the  system  of  the  impressed  forces ;  let  a  be 
the  angle  between  the  line  of  action  of  r  and  the  axis  of  ar,  and 
let  r  be  the  perpendicular  distance  from  the  origin  on  the  line 
of  action  of  r  :  then  introducing  at  the  origin  two  forces  equal 
to  B,  with  their  lines  of  action  parallel  to  that  of  r,  and  acting  in 
opposite  directions,  and  combining  one  of  these  with  the  ori- 
ginal R,  so  that  a  couple  may  be  formed,  and  resolving  the  other 
along  the  coordinate  axes,  since  r  is  the  resultant  of  all  the 
forces,  we  have 

RC0Sa  =  Xrs  S.PCOSa")  ,goK 

Ti  (5o) 

R  sm  a  =  T  =  2.P  sm  d  J 

I  % 
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.-.     E«  =  X«-hY*,  (59) 

tan  a  =  -;  (60) 

whereby  we  have  the  magnitude  and  the  direction  of  the  line  of 
action  of  r. 

And  to  find  its  equation ;  let  x  and  y  be  the  current  coordi- 
nates^ then  since  ar  =  o,  and 

r  =  a?  sin  a—y  cos  a, 
.*.     jTRsina  +  s^Bcos  =  Gy  (61) 

or,     ^Y  — yx  =  o ;  (62) 

either  of  which  equations  is  that  of  the  line  along  which  b  acts. 
The  equation  to  the  line  of  action  of  r  may  also  be  expressed 
in  terms  of  the  equations  of  the  lines  of  action  of  the  compo- 
nents. Thus  let  the  impressed  forces  act  along  lines  whose 
equations  are  ai  =  0,  a2  =  0, ...  an  =  0 ;  then  the  equation  to  the 
line  of  action  of  r  is 

yiOi-f-P203-f  ..-  -f-Pna»  =  0,  (68) 

^2.PC0sa  +  y  S.Fsina  =  2.P/>.  (64) 

49.]  Now  let  the  impressed  forces  be  so  related  as  to  magni- 
tude, line  of  action  and  direction,  that  the  body  is  at  rest :  that 
is,  80  that  (1)  the  origin  is  at  rest,  and  (2)  there  is  no  pressure 
of  rotation  tending  to  turn  the  body  about  an  axis  passing 
through  the  origin;  then  for  these  two  conditions  it  is  neces- 
sary that  R  =  0,  and  g  =  0  ;  and  therefore 
s.pcosa  =  0-| 

2.P8ino  =  ol;  (65) 

S.Pi?  =  OJ 
and  therefore  as  the  origin  is  arbitrary,  and  the  directions  of 
the  axes  are  arbitrary,  a  system  of  forces  acting  in  one  plane 
on  a  body  is  in  equilibrium,  if  the  sums  of  the  resolved  parts  of 
the  forces  along  any  two  straight  lines  in  the  plane  perpen- 
dicular to  each  other  vanish,  and  if  the  sum  of  the  moments  of 
the  forces  about  any  point  in  the  plane  also  vanishes. 

If  R  =  0,  and  Q  is  finite,  the  forces  are  reduced  to  a  single 
couple,  whose  moment  is  a  or  s.p^;  if  o  =  0,  and  r  is  finite, 
the  resultant  force  of  translation  passes  through  the  origin ;  and 
if  R  and  o  are  finite,  then,  as  the  last  Article  shews,  the  forces 
can  be  reduced  to  a  single  force  of  translation. 

If  one  point  of  the  bpdy  on  which  the  forces  act  is  fixed,  and 
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if  that  point  is  in  the  plane  of  the  forces,  it  will  of  eonrse  bear 
all  the  pressures  of  translation^  and  the  only  motion  of  vhich 
the  body  is  capable  is  that  of  rotation  about  the  point.  If  there- 
fore the  point  be  taken  as  the  origin  of  coordinates^  the  con- 
ditions of  equilibrium  become  reduced  to  the  single  one 

0  =  0. 
The  examples  in  which  the  equations  of  equilibrium  (65)  are 
applied  are  extremely  numerous;  and  a  large  supply  will  be 
found  in  any  of  the  ordinary  collections ;  it  is  desirable  however 
to  insert  a  few^  that  the  reader  may  understand  the  mode  of 
application. 

50.3  Ex.  1.  A  heavy  uniform  beam  ab  rests  in  a  vertical 
plane^  fig.  28,  with  one  end  a  on  a  smooth  horizontal  plane  and 
the  other  end  b  against  a  smooth  vertical  wall:  the  end  a  is 
prevented  firom  sliding  by  a  horizontal  string  of  given  length 
fastened  to  the  end  of  the  beam  and  to  the  wall :  determine  the 
tension  of  the  string  and  the  pressures  against  the  horizontal 
plane  and  the  wall. 

Let  the  length  of  the  beam  be  2a,  and  let  w  be  its  weight; 
which^  as  the  beam  is  uniform^  we  may  suppose  to  act  at  its 
middle  point  o;  let  a  be  the  vertical  pressure  of  the  horizontal 
plane  against  the  beam ;  and  r'  the  horizontal  pressure  of  the 
vertical  wall,  and  t  the  tension  of  the  horizontal  string  ac  ;  let 
BAC  =  a,  which  is  a  known  angle,  as  the  lengths  of  the  beam 
and  the  string  are  given.  Then  equations  (65)  become^ 
Horizontal  forces ;  t  =  a', 

Vertical  forces ;  w  =  a, 

Moments  about  a  ;     wa  cos  a  =  a' 2 a  sin  a ; 

.-,     R  =  T  =  -^  cot  a. 

Ex.  2.  A  heavy  uniform  beam  rests  on  two  given  smooth  in- 
clined planes :  it  is  required  to  find  the  position  of  the  beam, 
and  the  pressures  on  the  planes. 

Let  AB,  fig.  29,  be  the  beam,  whose  length  is  2a,  and  whose 
weight  is  w  acting  at  the  centre  of  gravity  o :  let  the  inclina- 
tions of  the  planes  ac  and  bc  to  the  horizon  be  respectively  a 
and  fi;  and  let  the  inclination  of  the  beam  be  ^;  let  r  and  r' 
be  the  pressures  of  the  planes  on  the  beam,  and  the  lines  of  ac- 
tion of  which  are  perpendicidar  to  the  planes  by  reason  of  their 
smoothness.    Then  we  have 
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Horizontal  forces ;  r  sin  a  =  r'  sin  j8 ; 

Vertical  forces;  w  =  Rcosa  +  R'cos/S; 

Moments  about  o ;       r  a  cos  (a— ^)  =  Wa  cos  (/3  +  ^) ; 

.       .         sin(a— /3) 
.-.     tan^  =         ^      ^' 


R  = 


2  sin  a  sin  )3 ' 
w  sin  j8  ,         w  sin  a 


sin(a-|-j8)'  sin(a-f-^)* 

Ex.  3.  An  uniform  heavy  beam  ab,  fig.  30^  rests  with  one  end 
A  against  a  smooth  vertical  wall^  and  the  other  b  is  fastened  by 
a  string  bc  of  given  length  to  a  point  c  in  the  wall ;  the  beam 
and  the  string  are  in  a  vertical  plane :  it  is  required  to  determine 
the  pressure  against  the  wall^  the  tension  of  the  string,  and  the 
position  of  the  beam  and  the  string. 

Let       AG  =  G  B  =  a,         AC  =  ^,         BC  =  A, 

Weight  of  beam  =  w,  Tension  of  string = t^  Pressure  of  wall = r, 

BAE  =  ^,  BCA  =  ^; 

Horizontal  forces ;  r  =  t  sin  0 ; 

Vertical  forces ;  w  =  t  cos  0 ; 

Moments  about  a  ;    wa  sin  ^  =  to;  sin  <^ ; 
.-.     a  sin  ^  =  07  tan  <^; 
and,  by  the  geometry  of  the  figure^ 

b     _    2fl    _         jp 
ainO  ""  8in<^  ""  sin(d— <^)' 

••     '^-  ^— 3— p 


2  CA»-4a«)* 

_    1    (16a»--A»)* 
"  2i  I        3        >  ' 


sin^ 
whence  r  and  t  are  known. 

Ex.  4.  A  system  of  forces  acting  on  a  rigid  body  in  one  plane 
is  represented  by  the  sides  of  a  closed  polygon  taken  in  order ; 
it  is  required  to  determine  the  resultant. 

Let  some  point  within  the  polygon  be  taken  for  the  origin, 
and  two  lines  drawn  perpendicularly  to  each  other  for  coordi- 
nate axes.  Let  the  lengths  of  the  sides  of  the  polygon  be  Si, 
S2,.,.Sn;  and  let  their  angles  of  inclination  to  the  axis  of  J?  be  ai. 
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ot^ ...  On,  and  the  perpendiculars  from  the  origin  on  the  lines  of 
action  be  pu  p», . .  -jPn :  at  the  origin  let  pairs  of  equal  and  oppo- 
site forces  be  introduced,  equal  and  parallel  to  those  along  the 
sides  of  the  polygon:  so  that  the  system  is  changed  into  (1)  a 
system  of  forces  acting  at  the  origin,  which  are  in  equilibrium 
by  reason  of  Article  26^  and  (2)  a  system  of  coaxal  couples,  the 
moment  of  the  resultant  of  which  is  equal  to  «i/'i  +  «2/'a+  ... 
+  9nPn  i  that  is,  to  a  moment  of  which  the  geometrical  repre- 
sentative is  twice  the  area  of  the  polygon. 

A  particular  case  is  that  of  a  triangle,  whose  sides  are  geo- 
metrical representatives  of  three  impressed  forces ;  of  which  the 
resultant  of  translation  vanishes,  and  the  moment  of  the  result- 
ant couple  is  represented  by  twice  the  area  of  the  triangle. 

Ex.  5.  A  heavy  and  smooth  circular  ring  rests  on  two  hori- 
zontal bars,  which  are  not  in  the  same  horizontal  plane :  deter- 
mine the  pressure  on  each  bar. 

Let  fig.  31  represent  a  vertical  section  of  the  system ;  p  and  q 
being  the  two  bars,  a  and  b!  the  pressures  of  the  ring  against 
them,  w  the  weight  of  the  ring  acting  at  its  centre  o ;  let  the 
angle  poq  =  a,  which  is  known ;  and  let  the  angles  of  inclination 
to  the  vertical  of  the  lines  of  action  of  a  and  of  a'  be  j3  and  y ; 
then,  as  the  three  forces  meet  in  the  centre  of  the  ring,  we  have 

sin  y  "*"  sin  j8  ""  sin  a  ' 

Ex.  6.  A  parabolic  curve,  fig.  32,  is  placed  in  a  vertical  plane 
with  its  axis  vertical  and  vertex  downwards,  and  inside  of  it 
and  against  a  peg  in  the  focus  a  smooth  uniform  and  heavy 
beam  rests :  required  the  position  of  rest. 

Let  PQ  be  the  beam  of  length  2  c  and  of  weight  w ;  let  sa  =  a, 
BP  =  r,  PSA  =  ^,  2a 


r  = 


1  -f  cos  d ' 


0 
also      SPT  =  STP  =  90°—  g ;      po  =  oq  =  c, 

Forces  along  pq ;  r  sin  spt  =  w  cos  0, 

Moments  about  s ;      Br  cos  spt  =  w  (r— c)  sin  0^ 


J  <^' 


Suppose  that  it  were  required  to  find  the  curve  ap  such  that 

d0 
the  beam  should  rest  in  all  positions;  then  tan  spt  =  r^; 

therefore  from  (66) 
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d$  cos  6  ^  ,yj,y. 

w:;  =  7;r— ;:r^ir^ »  •"•    r:=zc  +  a%ece,       (67) 

ar       (r— c)8m^ 
where  a  is  an  arbitrary  constant;  and  this  is  the  equation  to 
the  conchoid  with  an  arbitrary  modulus. 

Ex.  7.  To  discuss  the  properties  and  conditions  of  equilibrium 
of  a  balance^  fig.  33. 

Let  AB  be  the  arm  of  the  balance ;  ac  =  cb  =  fl ;  and  let  the 
balance  be  suspended  by  a  point  o  in  a  line  perpendicular  to  ab 
at  its  middle  point  c,  and  let  oc  =  c ;  let  the  balance  be  symme- 
trical with  respect  to  the  line  oc,  and  let  the  centre  of  gravity 
of  the  beam^  scales^  &c.  be  at  a ;  let  og  =  h,  and  let  the  weight 
of  the  whole  machine^  short  of  the  weights  in  the  scales,  =  w ; 
and  to  consider  the  general  case  suppose  the  weights  in  the 
scales  p  and  q  to  be  unequal^  q  being  greater  than  p ;  and  let 
the  arm  of  the  balance  be  inclined  to  the  horizontal  line  at  an 
angle  0,    Then 

Vertical  pressure  ono  =  p-f-Q-fw; 
and  taking  moments  about  o^ 

Q  (a  cos  O—c  sin  d)  =  p  (a  cos  $'\-csmO)  -f  wA  sin  ^ ; 

...     t«ng=     /^-f>''   ,.  (68) 

Now  the  conditions  required  in  a  balance  are  (1)  horizontality 
of  the  beam  when  the  arms  and  weights  are  equal ;  (2)  sensi- 
bility, which  is  estimated  by  the  angle  through  which  the  arm 
is  turned  when  the  weights  are  unequal;  (3)  stability,  or  the 
tendency  to  return  after  the  cause  of  displacement  is  removed. 

Condition  (1)  is  fulfilled  if  q  =  p,  since,  by  (68),  in  that 
case,  0  =  0. 

Condition  (2)  is  more  or  less  satisfied  according  as  ^  is  larger 
or  smaller  for  a  small  difference  between  p  and  q  ;  now  in  (68),  if 
Q  — p  is  very  small,  tan  0,  and  therefore  0^  is  large, 

(1)  if  a  is  large,  that  is,  if  the  arms  of  the  balance  are  long ; 

(2)  if  c  is  small,  that  is,  if  the  point  of  suspension  is  not  far 

above  the  beam ; 

(3)  if  p  +  Q  is  small,  that  is,  if  the  weights  are  small; 

(4)  if  w  is  small,  that  is,  if  the  weight  of  the  whole  balance 

is  small; 

(5)  if  A  is  small,  that  is,  if  the  centre  of  gravity  of  the  machine 

is  not  far  below  the  beam ; 
and  either  c  or  A  or  both  may  be  negative ;  and  then  as  a  limit- 
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ing  case  we  may  have  tan  ^  =  00 ,  and  $  =  90° ;  in  which  case  the 
beam  becomes  vertical  when  it  is  displaced  at  aU^  and  may  have 
no  tendency  to  return  to  its  horizontal  position ;  and  thus  the 
sensibility  of  the  balance  may  be  very  great^  but  there  may  be 
no  stability^  and  one  of  the  necessary  conditions  is  not  satisfied : 
this  last  condition  therefore  may  be  inconsistent  with  the  second, 
and  the  two  must  be  adjusted  as  is  practically  most  convenient. 

51.]  Although  in  all  cases  it  is  possible^  and  in  most  cases 
scarcely  less  general,  to  refer  forces  and  conditions  of  equili- 
brium to  rectangular  coordinates,  yet  it  is  desirable  to  indicate 
the  forms  which  the  reduced  resultants  take,  if  the  coordinate 
axes  are  oblique. 

Let  the  angle  of  ordination  be  o> ;  let  the  forces  be  Pi,  P2;  *  •  •  Pm  ; 
(^1,  yi),  (^2,  y2), ...  (^n,  Vn)  their  points  of  application ;  PuP^y-Pn 
the  perpendiculars  from  the  origin  on  their  lines  of  action; 
o\P\,  OiPty'-^OnPn  the  angles  between  the  perpendiculars  to  the 
lines  of  action  and  the  axes  of  w  and  y  respectively ;  then,  em- 
ploying the  symbols  without  any  subscripts  as  the  type-symbols^ 
we  have  for  the  line  of  action  of  p 

a? cos  a  -f  y  cos  j8— p  =  0.  (69) 

Let  two  equal  and  opposite  forces^  each  of  which  is  equal  to  p 
and  has  its  line  of  action  parallel  to  that  of  p,  be  introduced  at 
the  origin ;  so  that^  instead  of  the  one  force  p  applied  at  (x,  y), 
there  are  (1)  a  parallel  and  equal  force  at  the  origin,  (2)  a  couple 
whose  arm  is  p  and  whose  force  is  p.  Let  the  former  be  resolved 
into  parts  along  the  coordinate  axes,  viz.  —  p  sin  a,  and  —  p  sin^ ; 
and  let  all  the  forces  be  similarly  reduced ;  let  x  and  t  be  the 
sums  of  the  resolved  parts  along  the  axes  of  a?  and  y  respect- 
ively; then 

—  X  =  Pisinai-f  P2sina2+  ...  +PnSina« 

=  s.psina,  (70) 

—  Y  =  Pisini3i-hP2  8in)32+-.. +Pn8in/3„ 

=  S.PsiujS; 
and  therefore  if  r  is  the  resultant  of  x  and  of  y, 

R*  =  X*-f  2XYC0Sa)  +  Y*. 

And  let  o  be  the  moment  of  the  resultant  couple :  then 

O  =  Pli?l  +  P2i?8-f  ...  -\-^nPn 
=   2.P/? 

=  :s.p(j7C0sa  +  y  cos/3). 
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If  the  impressed  forces  are  in  equilibrium,  r  =  0,  and  g  =  0 ; 
,•.     s.psino  =  0,       2.P8in)3  =  0,       2.p/?  =  0. 

If  the  equations  to  the  lines  of  action  of  the  impressed  forces 
are  given,  that  to  the  line  of  action  of  the  resultant  may  thus  be 
found ;  let  the  equation  to  the  lines  of  action  of  the  forces  be 
X  cos  ai -f  y  cos  ^i—pi  =  0 
07  cos  02 -l-y  cos  ft— /?2  =  0 


a»cosa„-|-ycosft-/?n  =  Oj 
then  in  reference  to  any  point  in  the  line  of  action  of  the  re- 
sultant^ 2.P/?  =  0 ;  therefore  we  have 

S.p  (a?  cos  a-l-y  cos  fi—p)  =  0, 
a?2.PC0saH-y5.PC0S  j9--2.p^  =  0. 

52.]  In  Article  46  it  is  proved  that  if  a  system  of  parallel 
forces  acts  on  a  body  at  given  points^  the  point  of  application 
and  the  intensity  of  the  resultant  are  the  same,  whatever  is  the 
direction  of  the  line  of  action  of  the  forces ;  and  this  property 
of  the  centre  of  parallel  forces  (as  the  point  of  application  of 
the  resultant  is  called)  induces  us  to  inquire^  whether  (1)  at  all^ 
(2)  under  what  circumstances,  a  system  of  forces  acting  in  a 
plane  on  a  rigid  body  at  definite  points  and  being  in  equili- 
brium, will  also  be  in  equilibrium  when  the  forces  are  applied 
at  the  same  points  as  before,  and  their  lines  of  action  are  in- 
clined, all  at  the  same  angle  to  their  former  lines  of  action ;  or, 
in  other  words,  when  the  body  is  turned  through  any  angle 
about  an  axis  perpendicular  to  the  plane  of  the  forces,  and  the 
forces  are  applied  at  the  same  points  of  the  body,  and  in  lines 
of  action  parallel  to  their  former  ones. 

Let  the  body  be  referred  to  coordinate  axes,  which  are  fixed 
with  respect  to  the  body  and  to  space ;  so  that  the  conditions 
of  equilibrium  of  the  body  thus  referred  are 

2.P  cos  a  =  0,         2.P  sin  a  =  0, )  .,, 

2.P  (o?  sin  a  —  y  cos  a)  =  0.        ) 

Now  (1)  let  the  body  be  shifted  so  that  every  point  of  it  is 
moved  over  a  distance  equal  to  a  parallel  to  the  axis  of  o?,  and 
over  a  distance  equal  to  b  parallel  to  the  axis  of  y ;  and  (2)  let 
the  body  be  turned  through  an  angle  0  about  an  axis  perpen- 
dicular to  the  plane  o{  xy;  and  let  it  after  these  displacements 
be  referred  to  the  original  axes  :  then  if  cc'y'  are  the  coordinates 
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of  that  point  of  the  body^  of  which  the  coordinates  in  the  ori- 
ginal position  were  x  and  y,  these  being  type-symbols, 

a/  =  a  +  Afcos^— y  sin  $] 

yf  =  6-f  a?sin^+ycos(?! 

and  as  the  line  of  action  of  each  force  is  in  its  new  position 
parallel  to  its  former  position,  and  as  the  forces  are  applied  at 
the  same  points  as  before,  and  are  still  in  equilibrium,  we  have 

a.p  (a?'8ina  — y'cosa)  =  0; 
and  therefore  substituting  from  (72)  and  reducing,  we  have 
a  s.p  cos  a—  b  2.F  sin  a 

4*cos^2.p(^sina— ycosa)  — sin02.p(^co8a-f  y  sina)  =  0; 

of  which  expression  the  first  three  terms  vanish  by  reason  of 
(71) :  and  therefore  the  required  condition  is 

2. p  (a?  cos  a  +  y  sin  a)  =  0 ;  (73) 

and  this  is  eridently  such  a  condition  as  a  system  of  forces  may 

satisfy :  and  when  it  is  satisfied,  the  requirements  of  the  theorem 

are  fulfiUed. 

And  the  condition  (73)  deserves  closer  consideration ;  hitherto 

we  have  resolved  the  forces  along  the  coordinate  axes  of  x  and 

y :  now  imagine  a  line  (a  radius  vector)  to  be  drawn  from  the 

origin  to  the  point  of  application  of  each  force ;   and  let  each 

force  be  resolved  along  its  radius  vector  and  perpendicular  to 

it;  and  let  ri,  r2,  ...r„  be  the  several  radii  vectores.     Let  u  be 

the  pressure  along  the  radius  vector,  and  acting  from  the  origin, 

and  which  I  shall  call  the  central  pressure;  and  let  v  be  the 

pressure  acting  at  right  angles  to  the  radius  vector,  and  tending 

to  increase  the  angle  between  that  radius  vector  and  the  axis 

oix\  V  and  v  referring  to  p,  and  being  type-symbols.    Then 

X  y 

V  =  p  cos  a-  -f  P  sm  a  - 

r  r 

_  porcosa  +  py  sina 
"  r  ' 

pa?sina— py  cosa 

v  =  ^ ; 

r 

.-.     s.p(a?sina— y  cosa)  =  2.rv  =  0)  .^. 

S.p(^cosoH-y  sin  a)  =  s.ru  )  * 

of  which  two  expressions,  the  first  is  evidently  the  moment  of 

the  resultant  couple;  and  the  second,  depending  on  forces  all 

K  % 
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of  which  act  from  or  towards  the  same  point  (the  origin),  I  shall 
call  the  central  moment ;  some  few  properties  of  which  are  inves- 
tigated in  the  following  Article.  And  I  would  in  the  first  place 
observe,  that  if  the  moment  of  the  resultant  couple  and  also  the 
central  moment  vanish^  the  system  is  subject  to  the  condition 
of  the  Theorem  at  the  beginning  of  this  Article ;  and  the  point 
at  which  the  expressions  ^74)  vanish  is  called  the  centre  of  tlie 
forces  of  the  system. 

And  the  centre  of  forces  has  also  the  following  property: 
Suppose  a  system  of  forces,  to  act  on  a  body  in  one  plane,  to 
have  a  centre,  and  to  be  capable  of  reduction  to  a  single  force 
of  translation ;  then  if  t^e  body  is  turned  about  an  axis  perpen- 
dicular to  the  plane  of  the  forces,  and  if  the  forces  act  in  their 
former  points  of  application,  and  along  lines  of  action  parallel 
to  the  former  lines,  the  line  of  action  of  the  resultant,  whatever 
is  the  angle  through  which  the  body  is  turned,  will  always  pass 
through  the  centre ;  and  the  centre  of  forces  therefore  is  the 
point  at  which  it  may  always  be  applied,  and  about  which  its 
line  of  action  will  turn. 

53.]   (1)  Since     2. ru  =  2. p^  cos  a  +  5.py  sin  a, 
it  appears  that  the  central  moment  of  the  whole  system  is  equal 
to  the  sum  of  the  central  moments  of  the  two  systems  of  the 
resolved  forces  along  the  axes. 

(2)  It  is  evident  that  the  value  of  s.ru  is  not  altered,  if  the 
origin  remains  the  same,  whatever  is  the  position  of  the  coordi- 
nate axes. 

(3)  Let  the  origin  be  moved  to  the  point  (a,  b) ;  so  that 

then    s.ru  =  a.p(5?'co8a-f  y'sina) +  0  2.PC08a  +  A5.P8in  a 
=  s.rV-f  a2.PC0sa-f  As.psin  a;  (75) 

the  central  moment  therefore  varies  as  we  pass  from  one  origin 
to  another. 

Suppose  (a,  b)  to  be  a  point  at  which  the  central  moment 
vanishes;  that  is,  at  which  2./u'=0;  then 

•a2.PCOsa-f-Axpsino  =  j.ru;  (76) 

and  as  this  is  the  only  relation  to  which  a  and  b  are  subject,  it 
is  the  equation  to  a  straight  line;  and  therefore  at  any  point 
in  .this  straight  line  the  central  moment  vanishes.  The  line  is 
called  the  line  of  central  moments. 
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The  equation  of  the  line  of  action  of  the  resultant  of  the 
system  by  reason  of  (62)  is 

a?Y— yx  =  o, 
and  as  the  equation  to  the  above  line  is 
xx^yY  =  3.ru, 
it  follows  that  the  line  of  central  moments  is  perpendicular  to 
the  line  of  action  of  the  resultant.     The  centre  of  the  forces  is 
evidently  the  point  in  which  these  two  lines  intersect ;  and  we 
have  therefore^  if  ^o^o  ^re  its  coordinates, 

^0  =  ji ,         yo  =  j3 .  (77) 

If  the  lines  of  action  of  the  impressed  forces  are  paraUel  to  each 

^^^^>  a.pa?  a.py 

^0  = ,        yo  =  — - ' 

If  the  resultant  of  translation  =  0^  from  (75)  it  follows  that  the 
central  moment  is  the  same  for  all  points  in  the  plane  of  the 
forces. 

The  centre  of  two  forces  acting  in  a  plane  on  two  given  points 
is  determined  in  the  following  manner  by  a  geometrical  con- 
struction. Let  the  forces  be  p^  q^  and  let  their  points  of  appli- 
cation be  A  and  b  ;  let  the  lines  of  action  of  the  forces  meet  in 
o ;  describe  a  circle  passing  through  o,  a^  b  ;  and  let  oc  be  the 
line  of  action  of  the  resultant  r^  and  let  it  cut  the  circle  in  c ; 
then  c  is  the  centre  of  r,  q.  Whatever  is  the  position  of  o  in 
the  circumference  of  the  circle  between  a  and  b^  and  suppose 
it  to  be  at  o',  the  angles  ao'b^  bo'c^  co'a  are  equal  serrerally 
to  AOB,  Boc,  coa;  and  as  the  equilibrating  relation  between 
p^  Q,  B  depends  on  these  angles  only,  it  is  the  same  whatever  is 
the  position  of  o":  but  in  aU  cases  c  remains  the  same;  there- 
fore c  is  the  centre  of  the  forces. 


Section  2. — CompoMion  and  resohUion  of  forces  acting  on  a  rigid 
body  or  system  of  material  particles  in  any  directions. 

54.]  We  proceed  now  to  the  most  general  case  of  statical 
pressures  acting  in  any  directions  on  a  rigid  body;  and,  as  a 
preliminary  of  the  investigation^  to  the  composition  of  couples 
whose  rotation-axes  have  any  positions  in  space. 

Let  all  the  forces  of  the  couples  be  brought  into  one  or  other 
of  three  planes  which  are  perpendicular  to  each  other;  and  let 
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all  the  coaxal  ones  be  compounded  into  a  single  resultant 
couple :  so  that  there  will  be  three  couples  whose  rotation-axes 
are  perpendicular  to  each  other.  Let  these  three  lines  meet  at 
the  point  o^  fig.  34,  and  form  a  system  of  rectangular  coordinates 
in  space :  and  let  the  moment-axes  along  the  axes  of  x^  y^  and 
z  severally  be  l,  m,  n  ;  then  compounding  l  and  m  according  to 
the  law  of  Article  44,  and  calling  their  resultant  moment-axis  a", 

and  compounding  q'  and  n,  which  are  perpendicular  to  each 
other,  and  calling  the  resultant  moment-axis  o,  we  haye 
o^  =  g'^  +  n^ 

=  L>-f  M*  +  N>.  (78) 

Let  X,  fi,  V  be  the  direction  angles  of  o :  then  by  the  law  of 
Article  44$, 

L  =  G  cos  X,         M  =  G  cos  jUt,         N  =  G  COS  V 'y  (79) 

L  M  N 

.-.      C08X=:-,        COSU  =  — ,         C08j;=-;  (80) 

g'  '^       g  g  ' 

so  that  if  L,  M,  N  are  given,  we  can  find  g  and  the  direction  of 
its  axis ;  and  if  a  moment-axis  is  given,  we  can  resolve  it  into 
three  component  and  rectangular  moment-axes. 

55.]  Composition  of  many  forces  acting  on  a  rigid  body  in 
space. 

Let  any  point,  either  of  the  body,  or  rigidly  connected  with 
it,  be  taken  as  the  origin,  and  at  it  let  a  system  of  rectangular 
coordinate  axes  originate.  Let  the  forces  be  Fi,  Fa, ...  Pn ;  the  di- 
rection-angles of  their  lines  of  action,  aifiiyi,  02^2)^21  •••Oni^nyn; 
the  coordinates  to  a  point  in  the  line  of  application  of  each, 
^i^i^ii  ^iyt^ii'-'^nVn^n}  the  pcrpcudiculars  from  the  origin 
on  their  lines  of  action,  pi, pt,...pn\  and  of  these  quantities  let 
the  types  be  p,  a^y,  xyz^  p.  At  the  origin  o,  fig.  35,  let  there 
be  introduced  a  pair  of  equal  and  opposite  forces,  each  of  which 
is  equal  to  p,  and  has  its  line  of  action  parallel  to  that  of  p  ; 
from  o  let  the  perpendicular  on  (=/>)  be  drawn  to  the  line 
of  action  of  p  :  then  instead  of  the  original  p,  we  have  p  at  o 
equal  to  the  former  force  and  acting  in  the  same  direction  along 
a  parallel  line  of  action,  and  a  couple  each  of  whose  forces  is  p, 
whose  arm  is  on,  and  whose  rotation-axis  is  perpendicular  to 
the  plane  podp  :  and  let  a  similar  process  be  performed  on  all 
the  other  forces.    As  to  the  forces  of  translation  at  0,  let  p  be 
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"^^,  (81) 

'»|,  (82) 

>'»|;  (83) 


resolved  into  three  components  p  cos  a,  p  cos  p,  p  cos  y  along  the 
axes  of  X,  y,  z  respectively ;  and  let  x^  y,  z  he  the  sums  of  the 
resolved  parts  of  all  the  forces  along  these  axes ;  then 

X  =  PiCOSai-l  P2C0Sa2  4-.... -|-PnC08( 

=  5.PC0sa 
Y  =  PiCos)3i-f  PaCOS^2+...-l-P»iCOS^„)  g 

=  5.PCOSj8  \'  ^      ^ 

z  =  Pi  COS  yi  +  P2  cos  72+  ...  -1^  Pn  COS  y„ 
=  2. P  cosy 

and  therefore,  if  e  is  the  resultant  of  the  three  forces, 

r2  =  x2+y24z*;  (84) 

and  if  a,  6,  e  are  the  direction-angles  of  the  line  of  action  of  r, 

X  Y  Z 

COS  a  =  -,      cos  A  =  - ,      cos  c  =  -  :  (85) 

R  R  R 

so  that  the  intensity,  the  line  of  action,  and  the  direction,  of  r 
are  known. 

As  to  the  couple  which  arises  from  p,  its  moment  is  Yp :  and, 
as  j9  is  the  perpendicular  distance  from  the  origin  on  a  line  pass- 
ing through  a  point  (.r,  y,  ^),  and  having  direction -angles  a,  /3,  y, 

^  =::  (ycosy--j2rcos^)2-|-(rcosa— J7COSy)2  4-(a?cos^— y  cosa)^   (86) 

and  as  the  rotation-axis  of  the  couple  is  perpendicular  to  the 
plane  passing  through  the  origin  and  containing  this  line,  its 
direction-cosines  are 

ycosy— ;2rcos^       r  cos  a— j?  cosy       a?cos/3— y  cosa       ^ 

P  P  P 

in  accordance  therefore  with  the  law  of  the  last  Article  let  us 
resolve  the  moment-axis  of  the  couple  along  the  three  coor- 
dinate axes;  then  the  resolved  parts  are  p  (y cosy— z cos ^), 
p  {z  cos  a— J?  cos  y),  p  (a?  cos  )3— y  cos  a),  which  are  the  moment- 
axes  of  the  three  component  couples,  and  whose  rotation-axes 
are  along  the  three  coordinate  axes.  Let  the  couples  corre- 
sponding to  all  the  impressed  forces  be  similarly  resolved,  and 
let  L,  M,  N  be  the  sums  of  the  moment-axes  of  those  couples 
whose  rotation-axes  are  severally  along  the  three  coordinate 
axes  :  so  that  by  reason  of  (30)  Article  42, 
L  =  Pi  (yi  cos  yi — Zi  cos  ^i)  +  • .  -  +  I'n  (y«  cos  y„  —  Zn  cos  ^„)    (88) 

L  =  2.p(y  COS  y— 2rcos/3)-^ 
similarly       m  =  2.p  (j?  cos  a— j?  cos  y)  I ;  (89) 

N  =  2.p(«rcos/3— y  cosa)J 
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and  if  o  is  the  resultant  moment-axis  of  these  three  couples^ 
by  reason  of  the  last  Article^ 

G«=  L^-fM^-fN^;  (90) 

and  if  the  direction-angles  of  the  resultant  rotation-axis  are 

cos  A  =  - ,      cos  u  =  — ,       COS  1;  =  -  ;  (91) 

g'  '^       g  g 

so  that  both  the  moment-axis  and  the  rotation-axis  of  the  re- 
sultant couple  are  determined.  It  appears  then  that  the  forces 
are  reduced  to  a  force  of  translation^  viz.  r  acting  at  the  origin, 
and  to  a  couple  g,  whose  moment-axis  is  determined  by  (90) 
and  (91). 

56.]  The  formulae  (89)  require  closer  consideration ;  the  right* 
hand  member  of  each  of  the  equations  consists  of  two  parts, 
one  of  which  is  affected  with  a  positive,  and  the  other  with  a 
negative  sign.  Thus  l  is  composed  of  two  sets  of  coaxal  couples, 
viz.  s.pycosy  and  —  s.pjsr cos/3;  the  former  of  which  is  the 
sum  of  a  system  of  couples,  the  force  in  each  of  which  is  the 
jsr-component  of  the  impressed  force,  and  the  arm  is  the  y-ordi- 
nate  of  its  point  of  application ;  and  in  the  latter  system,  the 
force  of  each  couple  is  the  y-component  of  the  impressed  force, 
and  the  arm  is  the  2r-ordinate  of  its  point  of  application. 
Imagine  therefore  the  force  p  to  be,  at  its  point  of  application, 
resolved  into  three  components  along  lines  parallel  to  the  coor- 
dinate axes;  and  let  these  be  pcosa,  pco8j3,  pcosy;  and  let 
couples  be  considered  positive,  which  having  for  their  rotation- 
axes  severally  the  coordinate  axes  of  jp,  y,  and  z,  tend  to  turn 
the  body  from  the  y-axis  to  the  jar-axis,  from  the  z-axis  to  the 
a?-axi8,  from  the  a?-axis  to  the  y-axis ;  and  let  those  couples  be 
negative  which  act  in  a  contrary  direction  :  which  arrangement, 
it  will  be  observed,  is  cyclical.  Now  consider  p  cos  y ;  and, 
fig.  36,  introduce  at  m  and  at  o  two  equal  and  opposite  forces, 
equal  to  it  and  acting  parallel  to  its  line  of  action ;  so  that  we 
have  a  parallel  and  equal  force  acting  at  o,  and  two  couples,  of 
one  of  which  the  arm  is  om,  and  of  the  other  the  arm  is  mn  ;  of 
which  the  former  has  the  axis  of  y  for  its  rotation-axis  and  is 
negative,  and  the  latter  has  the  axis  of  a:  for  its  rotation-axis 
and  is  positive ;  hence  p  cos  y  acting  at  p  is  replaced  by 
A  parallel  and  equal  force  =  p  cos  y  acting  at  o. 
And  a  couple  whose  moment  is  p  cos  y  y,  and  whose  rota- 
tion-axis is  the  axis  of  a?, 
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And  a  couple  whose  moment  is  —  pcosy^r^  and  whose  rota- 
tion-axis is  the  axis  of  y. 
By  a  similar  process  will  p  cos  a  and  p  cos  fi  be  replaced :  and 
the  same  process  having  been  performed  on  all  the  impressed 
forces^  we  have  ultimately 

3.P  cos  a  acting  at  o  along  the  axis  of  x, 

s.pcos^ y, 

2.PCOSy---------2rj 

and  the  couples  whose  moments  are 

2.P  (y  cos  y^z  cos  /3),  the  rotation-axis  of  which  is  the  axis  of  x, 

^.T {z COS  a^x cosy), y, 

XP(j7C06)3— ycosa),  -- z, 

which  results  are  the  same  as  those  investigated  in  the  preceding 
Article. 

The  principle  on  which  signs  are  affixed  to  couples  is  of  course 
arbitrary ;  we  have  chosen  the  order  which  is  most  natural ;  in 
the  preceding  Article  the  conventionality  of  the  sign  and  direc- 
tion is  involved  in  the  sign  of  p  in  (87)^  which  may  be  either 
positive  or  negative. 

57.]  Now  as  a  rigid  body  is  at  rest^  when  any  one  of  its  par- 
ticles is  at  rest,  and  when  there  is  no  tendency  to  rotation  about 
any  axis  passing  through  that  pointy  so  it  follows  that,  if  the 
point,  which  is  to  be  at  rest,  is  taken  as  the  origin,  a  =  0  and 
0  =  0;  and  therefore  by  (84)  and  (90) 

x  =  0,      Y  =  0,      z  =  0,  (92) 

L  =  0,      M  =  0,      N  =  0;  (93) 

or,        s.F  cos  a  =  0,       5.  p  cos  )3  =  0,       s.f  cos  y  =  0,        (94) 

2.P  (y  cos  y— J?  cos  )8)  =  0  ^ 

2.V  {z  cos  a— ^  cos  y)  =  0  I- ;  (95) 

2.p(a?cos^— ycoso)  =  0  J 

that  is,  the  sums  of  the  resolved  parts  of  the  forces  along  any 
three  rectangular  axes  vanish ;  and  the  sums  of  the  moments 
of  the  couples  whose  rotation-axes  coincide  with  the  axes  of 
any  system  of  rectangular  coordinates  also  vanish. 

Also  when  equilibrium  exists,  x  =  0,  y  =  0,  z  =  0;  and  mul- 
tiplying these  severally  by  undetermined  quantities  x,  y,  z  aud 
adding,  we  have         x^  +  ^y  +  ^^^O; 
and  replacing  x,  y,  z  by  their  equivalents 
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Pi  (a?  COS  ai  -f  y  cos  Pi  +  z  cos  yi) 
-h  Ps  (a?  cos  oj-f  y  cos  /32+^  cos  y2) 
-h 

-hPn(^COSan  +  yC08j3n  +  ;?COSy„)   =   0. 

Now  if  X,  y,  z  are  the  coordinates  of  any  point  in  space, 
X cos  ai -f  y  cos  ^i-^-z cos  yi  is  the  projection  on  the  line  of  action 
of  Pi  of  the  distance  of  (^,  y,  z)  from  the  origin ;  and  therefore,  as 
the  origin  also  is  an  arbitrary  point,  we  conclude  that  if  a  system 
of  forces  is  in  equilibrium,  the  sum  of  the  products  of  each  forces 
and  of  the  projection  of  a  line  joining  two  given  points  (fixed 
arbitrarily)  on  its  line  of  action  is  equal  to  zero. 

Also  L  =  0,  M  =  0,  N  =  0 ;  and  multiplying  these  severally  by 
a?,y,2rwehave  ^-,^.  My +  n^  =  0; 

and  expanding  these  we  have 
Pi  { (yi  cos  yi  —  Zi  cos  j8i)  X  +  (^1  cos  oi  —  Xi  cos  yO  y 

-f  (^1  cos  /3i  —  yi  cos  ai)  z) 
+ 

+  Pn  {  (Vn  COS  y„  -  Zn  COS  )8„)  X  -f  {Z^  COS  ttn  —  ^,,  COS  y„)  y 

-f  (.Tn  COS  Pn  -  yn  COS  a„)  z}  =  0. 

But  ii PuP%i..^Pn  {^re  the  lengths  of  the  perpendiculars  drawn 
from  the  origin  on  the  lines  of  action  of  the  forces,  then 

p^  =  (yi  cos  yi—Zi  cos  /3i)*  +  (Zi  cos  ai  — a?i  cos  yO^ 

-h  (j?i  cos  /3i  —  yi  cos  al)^ 

and  similar  values  for  p2"'Pnl  so  that,  in  the  preceding  expres- 
sion, the  coeflScients  of  Pi,  Pj, ...  Pn  severally  divided  hj  pi,p2, 
..,pn  are  the  perpendiculars  from  the  point  (x,  y,  z)  on  the  plane 
passing  through  the  origin,  and  containing  the  lines  of  action  of 
Pi,P2,...P»,  and  of  which  the  equation  corresponding  to  Pi  is 

(yi  cos  yi  —  Zi  cos  Pi)  X  -f  (Zi  cos  ai  —  Xi  cos  yi)  y 

-f  (^1  cos  /^i  —  yi  cos  tti)  z  =  0 ; 
let  these  perpendiculars  be  di,  ^2, ...  d„;  the  equation  becomes 

PlJ»l8i-f  P2j32^2-|-...-|-Pn;>n^n  =  0. 

Suppose  that  along  the  lines  of  action  of  the  forces  lengths  are 
taken  proportional  to  the  intensity  of  the  forces,  and  thus  pro- 
portional to  Pi,  P2, ...  Pn^  then  pp  is  twice  the  area  of  the  tri- 
angle whose  vertex  is  at  the  origin,  and  of  which  the  base  is 
the  straight  line  represented  by  p  :  and  as  d  is  the  perpendicular 
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distance  from  {Xy  y,  z)  on  this  plane  the  above  equation  may  be 
geometrically  interpreted  as  follows : 

If  a  system  of  forces  is  in  equilibrium,  and  any  two  points 
taken  anywhere  in  space  are  joined  by  a  straight  line^  the  sum 
of  the  tetrahedra  which  have  for  one  edge  lines  along  the  lines 
of  action  of  the  forces  and  proportional  to  the  forces^  intensity, 
and  for  the  opposite  edge  the  given  straight  line,  is  equal  to  zero. 

58.3  In  Article  55  the  forces  acting  on  a  rigid  body  are  re* 
duced  to  a  force  of  translation,  viz.  a  acting  at  an  arbitrary 
point,  the  origin,  and  along  a  given  line  whose  direction-cosines 
are  given  by  equations  (85),  and  to  a  couple  whose  moment  is 
G,  and  whose  rotation-axis  is  determined  by  (91).  Let  us  in^ 
vestigate  the  conditions  under  which  the  forces  may  be  reduced 
to  a  force  of  translation  only. 

Let  R  be  the  single  force  of  translation,  (a?,  y,  z)  its  point  of 
application,  a,  &,  c  the  direction-angles  of  its  line  of  action,  r  the 
perpendicular  distance  from  the  origin  on  that  line ;  so  that 

r^=s(y  cos  c— jzr  cos  b)^  -f  (z  cos  o — a?  cos  c)*  -f  (x  cos  i — y  cos  a)^.  (96) 

Let  there  be  introduced  at  the  origin  two  equal  and  opposite 

forces,  each  of  which  is  equal  to  r,  and  whose  line  of  action  is 

parallel  to  that  of  r  :  so  that  we  have  now  r  acting  at  the  origin, 

and  a  couple  whose  moment  is  ar;  and  resolving  each  of  these 

along  the  three  coordinate  axes,  and  equating  the  resolved  parts 

to  the  corresponding  parts  of  the  aggregate  of  the  impressed 

forces,  we  have 

R  cos  a  =  2.F  cos  a  =  X 

Rcos  *  =  2.Pcos/3  =  y  [.;  (97) 

RCOS  C  r=  2.PC0S  y  : 

.-.     Ra  =  xa  +  Y»  +  z»;  (98) 

R(y  cose— J? cos  ft)  =  L  =  zy—YZ 

'.  (Z  COS  ( 
R  (X  COS  i 

and  if  these  last  three  equations  coexist,  we  may  multiply  them 
severally  by  x,  y,  z,  and  we  have 

LX-f  MY  +  NZ  =  0;  (100) 

and  this  relation  must  be  satisfied  if  the  forces  are  reducible  to 
a  single  resultant  of  translation. 

Let  us  consider  the  meaning  of  the  condition ;  l,  m,  n  are 

L  z 
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\  C  —  Z  COS  J)  =  L  =  zy—YZ  ^ 

I  a—x  cos  c)  =  M  =  Xjzr— za?  I ;  (99) 

I  i— y  cos  o)  =  N  =  Yx—xy  J 
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proportional  to  the  direction  cosines  of^the  rotation-axis  of  the 
resultant  couple  o ;  and  x^  y^  z  are  proportional  to  the  direction- 
cosines  of  the  line  of  action  of  the  resultant  of  translation,  viz.  a ; 
and  therefore,  by  reason  of  (100),  these  twoj  lines  are  perpen- 
dicular to  each  other ;  or,  in  other  words^^he  line  of  action  of 
the  resultant  force  of  translation  isjin  the{  plane  of  th^forces  of 
the  resultant  couple.  Now  as  the  arm  of  this  couple  jmay  be 
turned  round  in  its  own  plane,  let  it  be  so  arranged  that  the 
line  of  action  of  each  of  its  forces  may  be  parallel  to  that  of  k  ; 
so  that  if  b'  is  a  force  such,  and  a  an  arm  such,  that  R'a  =  6,  we 
shall  have  three  parallel  forces  r^  —  r',  and  r  acting jn  one  and 
the  same  plane,  and  these  manifestly  are  capable  of  being  re- 
duced to  a  single  resultant,  whose  magnitude  is  r. 

And  as  x,  y,  z  in  (99)  are  the  coordinates  to  any  point^n  the 
)ine  of  action  of  r,  (99)  are  the  equations  to  that  line ;  and  the 
equations  may  be  put  into  the  following  form : 

M— N  =  x(y-f  2r)  — ^(Y  +  z) 

=  x(^  +  y-f  ^)  — ^(x  +  Y  +  z); 

M  — N 


«P-f 


x-fY-fz       x-^y-hz 


X  X  +  Y-l-Z' 

and  therefore  from  the  symmetry  of  the  right-hand  member 

M  — N  N— L  L  — M 

X  +  Y-f  Z  _  ^         X-fY  +  Z  _  X  +  Y-fZ  ^Qj 

X  Y  Z  *  ) 

Or  the  equations  (99)  may  be  put  into  the  following  form :  mul- 
tiplying the  second  by  z  and  the  third  by  y,  and  subtracting, 
we  have 

MZ  — NY  =  X(Z2r-f  Yy)  — (Z^-f-Y*)^? 

=  x(xj?-f  Yy-f  Z2r)  — j?(x*  +  y2-|-z2) 
=  x(xaf-\-Yy-\-zz)  —  xB,^; 

MZ  — NY 

^+  « 

r'       __  xx-\-Yy-\-zz ^ 

X  R* 

MZ  — NY  NX  — LZ  LY  — MX 

.-.       ^ =   ^A_=  JL_;         (102) 

and  either  system,  (101)  or  (102),  is  that  of  the  equations  to  the 
line  of  action  of  the  single  resultant,  which  is  plainly  parallel  to 
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tbe  line  of  action  of  b  acting  at  the  origin.  If  l  =  m  =  n  =  0» 
that  is,  if  6  =  0,  the  line  of  action  of  the  resultant  passes  through 
the  origin. 

59.3  If  the  lines  of  action  of  the  impressed  forces  are  parallel, 
the  equations  (81)... (83)  and  (88),  (89)  undergo  the  following 
modifications.  Let  us  suppose  the  forces  to  be  applied  at  given 
points  (a?i,yi,Zi)  (;r2,y2,Z2)...(a?a,y»,-?n),  and  01  =  02  =...  =  0^= a  ; 
A=A=.-.=^»=^j  yi=y2=...=yn=y;  then 


X  =  2.P  cos  a  =  COS  a  2.p  ^^ 

Y  =  2.PCOS/3  =  COSjSS.F    I;  (103) 

z  =  2.P  COS  y  =  cos  y  2.P  J 

.-.     r2  =  x>  +  y^H-z* 

=  (J.P)^ 

.-.     B  =  5.p;  (104) 

and  therefore  from  (85) 

cos  a  =  -  =  cos  o,      cos  i  =  cos  j3,      cos  c  =  cos  y,      (105) 

that  is,  the  resultant  of  translation  at  the  origin  is  equal  to  the 
sum  of  all  the  impressed  forces,  and  acts  along  a  line  which  is 
parallel  to  the  lines  of  action  of  the  components.    Again, 

L  =  cos  c  5.py— cos  b  2.rz  ^ 

M  =  cosas.P^r— cos  cs.po?  1 3  (106) 

N  =  cos  b  a.pj?— cos  a  2.vy  J 

.-.     G«  =  (2.pa?)*-f  (2.py)2-|-(2.P2r)^ 

—  {cosa2.p^  +  cos*2.py+cosc2.P2r}*;    (107) 
and  hereby  may  cos  A,  cos  ft,  cos  v,  equations  (91),  be  found. 
From  vl06)  we  have 

Lcosa+M  COS&  +  N  cose  =  0, 
and  therefore  from  (105) 

LX  +  MY  +  NZ  =  0;  (108) 

which  is  the  condition  requisite  that  the  forces  should  be  capable 
of  reduction  to  a  single  force  of  translation.  Let  r  be  this  force^ 
abc  the  direction-angles  of  its  line  of  action,  ^yz  the  coor- 
dinates to  its  point  of  application ;  then  introducing  at  the 
origin  two  equal  and  opposite  forces,  each  of  which  is  equal  to 
a,  and  acts  along  a  line  of  action  parallel  to  that  of  r,  we  have 
a  force  acting  at  the  origin  equal  to  b,  and  in  a  parallel  direc- 
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tioQ,  and  a  couple  each  of  whose  forces  is  k,  and  whose  arm  is 
r,  where 
r^  =  (y  cos  c—z  cos  i)2  -|-  (z  cos  a—x  cos  i)*  -f  (i  cos  i — y  cos  a)\  (109) 
and  the  direction-cosines  of  the  rotation-axis  of  which  are 
ycosc  — ^cosi      rcoso— ^cosi      ^  cos  d  —  ^ cos  a     ,^-ir\y. 

then,  as  this  system  is  to  produce  the  same  effect  as  the  aggre- 
gate of  all  the  impressed  parallel  forces,  we  have 

Rcosa  =  cos  a  2. p  ^ 

RCOS  &  =  C0S/9  2.F   I;  (111) 

RCOS  C  =  cos  y  2.P  J 

therefore  squaring  and  adding, 

r2  —  (2.P)*,  and  therefore  r  =  2.p.  (112) 

Also      cos  a  =  cos  a,      cos  b  =  cos  ^,      cos  c  =  cos  y, 

a  — a,      b  =  p,      c  —  y.  (113) 

Also 
L  =  R(ycosy— Jcos)9)  =  cosy  5.py  — cos)8  2.P2r 
M  =  B  (r  COS  a—w  cos  y)  =  cos  a  S.PZ  — cos  y  5.P^  ^  .    (114) 
N  =  r(Scos/3— ycosa)  =  C08)3  2.pa?— cos  as.py 

Prom  (112)  and  (113),  as  well  as  from  general  reasoning, 
it  is  manifest  that  the  magnitude  and  direction  of  the  line  of 
action  of  the  resultant  of  translation  is  independent  of  the  di* 
rection-angles  of  the  lines  of  action  of  the  impressed  forces,  and 
that  both  remain  the  same,  whatever  those  direction-angles  are. 
For  this  reason  the  point  of  application  of  the  resultant  is  called 
the  centre  of  parallel  farces;  see  Article  46.    Now  from  (114), 

rS  — 2.P^  _   Ry  —  S.Py  _  RZ—2.VZ  niK\ 

cos  a       ""       cos /3       ""       cosy      ' 
but  as  a,  )9,  y  are  by  the  preceding  reasoning  indeterminate,  each 
of  the  numerators  must  be  equal  to  zero ;  therefore 

R^  =  5.pa?,        Ry  =  5.py,        b,z  =  ^,tz; 

.-.     a?  = ,       y  =  -,       2r  =  ;  (116) 

3.P   '         ^  2.T  2.P 

and  these  are  the  coordinates  to  the  point  of  application  of  the 
resultant  of  many  parallel  impressed  forces. 

60.]  Examples  of  the  preceding  formulse. 

Ex.  1.  Four  parallel  forces  2^  4,  6,  8  act  at  the  angles  of  a 


}■ 
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square^  the  length  of  whose  side  is  2a;  it  is  required  to  deter- 
mine the  magnitude,  line  of  action,  and  the  coordinates  to  the 
point  of  application  of  the  resultant. 

Let  the  plane  of  the  square  be  taken  for  the  plane  of  xy,  and 
the  origin  be  at  the  centre  of  it :  let  the  direction-angles  of  the 
parallel  lines  of  action  of  the  forces  be  a,  )3,  y :  these  are  there- 
fore the  direction-angles  of  the  resultant. 

Let  R  be  the  resultant;  therefore  by  (104) 

R  =  2.p  =  2+4+6  +  8 
=  20. 
and  let  the  point  of  application  of  the  force  2  be  (a,  a,  0),  of 
4  (—a^a,  0),  and  so  on :  so  that 

2.PJ7  =  2a— 4a— 6a  +  8o 

=  0, 
2.py  =  2a  +  4a— 6a— 8a 

=  -8a, 
l.vz  =  0; 

.-.     5  =  0,       y=— -a,       r  =  0. 

Ex.  2.  Three  planes,  wbose  equations  are 
AiX-^Biy  +  CiZ  =  0, 

AzX-^BiV  +  CiZ  =  0, 
A3^+B3y  +  C3«  =  0, 

meet  at  the  origin,  and  support  between  them  a  heavy  sphere 
of  weight  w :  determine  the  pressure  on  each  of  the  planes. 

Let  the  axis  of  z  be  taken  in  a  vertical  direction ;  and  let  the 
pressures  on  the  planes  be  Ri,  R2)  B9 ;  the  lines  of  action  of  which 
are  of  course  normal  to  the  planes ;  and  let  the  equations  of  the 
planes  be  such  as  to  satisfy  in  each  the  condition,  a^  +  b^  +  c^=  1 : 
then  (94)  become 

RlAi  +  BaAa  +  RsAs  =  0 

R1B1  +  R2B2  +  R8B8  =  0 
R1C1  +  R2C2  +  R8C3  =  w; 
from  which  we  have,  using  the  notation  of  Art.  150,  Vol.  II, 

_   S.  +  A2B3  _    2.+A3B1  2.+A1B2 

Rl  =  W = ,        R2  =  W ;= ,         R3  =  W  — 


and 


2.+A1B2C3'  5.  +  A2B3C1  2.±A3BiCa 

Rl Rg  _  R3 

A2B3  — B2A3  A3B1  — B3A1  A1B2  — B1A2* 
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61.]  The  material  body  or  system  of  material  particles,  which 
receives  the  pressures  considered  in  the  preceding  Articles,  has 
been  supposed  to  be  free  from  all  constraint ;  let  us  investigate 
the  modifications  required  in  the  general  results  when  the  sys- 
tem is  subject  to  certain  given  constraints. 

Firstly,  suppose  one  point  of  the  body  to  be  fixed ;  let  this 
be  taken  for  the  origin :  it  is  evident  that,  because  it  is  fixed, 
it  will  bear  any  pressure  of  translation  acting  on  it,  and  that  the 
body  will  not  move  owing  to  that  pressure ;  but  the  effects  of  a 
pressure  of  rotation  about  a  rotation-axis  passing  through  that 
point  are  not  affected  by  the  fixedness  of  the  point ;  the  im- 
pressed forces  therefore  must  be  so  related  that  g  =  0;  and 
therefore  that,  Art.  57, 

L=:0,       M  =  0,       N  =  0;  (117) 

which  three  conditions  are  requisite,  so  that  a  body,  of  which  one 
point  is  fixed,  should  be  at  rest.  And  these  three  conditions,  it 
will  be  observed,  satisfy  equation  (108),  and  therefore  indicate 
that  the  impressed  pressures  may  be  compounded  into  a  single 
force  of  translation :  that,  viz.  which  passes  through  the  fixed 
point. 

And  the  pressure  on  the  fixed  point,  and  the  direction  of  its 
line  of  action,  may  thus  be  found :  let  r  be  the  pressure,  and 
a,  b,  c  the  direction-angles  of  its  line  of  action ;  let  the  impressed 
forces  be  Pi,  P2,...p»,  and  the  direction-angles  of  their  lines  of 
action  aijSiyi,  &c. ;  then 

R  cos  a  =  2.P  cos  a  "| 

Rcosi  =  j.pcos^  I;  (118) 

RCOS  c  =  2.PC0S  y  J 
.-.     R*  =  (s.PC0Sa)2-f  (2.pcos/3)2-f  (2.pcosy)2;         (Hgj 
and  therefore  by  (118)  a,  A,  c  are  known. 

62.]  Secondly,  suppose  two  points  of  the  body  to  be  fixed ; 
and  let  the  axes  of  reference  be  such,  that  the  axis  of  z  may  pass 
through  the  two  points,  and  the  origin  may  be  at  the  middle 
point  of  the  line  joining  them ;  and  let  the  ;:;-ordinates  to  the 
points  be  -{-Zi  and  —z^ ;  then  it  is  manifest  that  the  body  cannot 
have  any  motion  of  translation,  and  can  have  motion  of  rotation 
about  the  axis  of  z  only.  The  impressed  forces  therefore  must 
be  so  related  that  the  rotation-pressure  about  the  axis  of;:;  should 
be  equal  to  zero ;  therefore  the  necessary  condition  is 

N  =  0.  (120) 
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And  the  pressures  on  the  two  points  may  be  determined  in  the 
following  manner:  let  them  be  represented  by  Ri  and  R2,  and 
let  the  direction-angles  of  their  lines  of  action  be  aibiCi^  (h^c^; 

then 

Ri  cos  01  +  B2  cos  03  =  2.P  cos  a  "^ 

RlCOs6i  +  B2COS^  =  2.PCOS/3    I,  (121) 

Rl  COS  Ci  -h  R2  COS  Ca  =  2.P  COS  y  J 

L  +Bi«i  COS  fti-Ra^fi  COS  Aj  =  0  1  22) 

M— Ri;riCosai  +  B3^cosa2  =  0  J  * 
From  the  first  two  of  (121),  and  from  (122),  we  have 

.  J2ri2.PC08)3  — L 


J»l   VUO  VI 

2z, 

Rj|COSd| 

= 

ZlXPCOS)3  +  L 

2^1 

Rl  COS  ai 

= 

ri2.P008O+M 

2zi 

R«cosa2 

1. 

Zii.vcoaa—u 

and  thus  the  pressures  on  the  fixed  points,  which  are  parallel  to 
the  axes  of  x  and  y,  are  determined :  bat  the  pressures  along  the 
axis  of  js  are  involyed  in  only  the  third  equation  of  (121),  which 
shews  that  the  sum  of  the  pressures  is  equal  to  s.p  cos  y,  and 
therefore  that  each  pressure  is  indeterminate :  now  this  is,  at 
first  sight,  a  startling  fact,  and  has  been  urged  heretofore  as  an 
argument  against  the  truth  of  our  mechanical  results  and  prin- 
ciples; because  certainly  in  nature,  when  a  body  is  supported 
in  the  manner  assumed  in  the  problem,  say  a  gate  or  a  door  on 
its  two  hinges,  the  vertical  pressures  are  determinate  and  may 
be  experimentally  determined  at  both  hinges ;  our  mechanical 
formulae  therefore  ought  to  yield  a  corresponding  result.  In 
reply  to  this  objection,  I  say,  that  in  nature  the  pressures  are 
determinate,  and  may  be  determined  by  mechanical  means :  but 
the  bodies  which  are  the  subjects  of  the  experiments  are  more 
or  less  compressible  and  extensible:  they  are  not  rigid;  and 
therefore  do  not  satisfy  the  conditions  required  in  the  preceding 
theory,  however  nearly  they  may  approach  to  them ;  thus  if  to 
a  door,  being  in  a  horizontal  position,  two  ^^  eyes'^  are  attached, 
which  correspond  to  two  hooks  fixed  in  a  vertical  doorpost,  and 
if  the  distance  between  the  eyes  when  the  door  is  horizontal  is 
equal  to  that  between  the  hooks  in  the  vertical  doorpost ;  then 
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doubtless^  if  the  body  were  perfectly  rigid  and  inextensible,  and 
were  attached  by  the  eyes  to  the  hooks^  either  one  or  the  other 
hook  would  be  sufBdent  to  bear  the  vertical  pressure ;  and  we 
should  be  unable  to  determine  whether  one  or  the  other  carried 
the  whole  weighty  and  whether  it  was  distributed  between  them, 
and  in  what  proportion ;  yet  as  such  a  door  is  extensible^  both 
hooks  would  bear  a  part  of  the  weighty  and  the  respective  pro- 
portions will  depend  on  the  extensibility  and  the  elasticity  of 
the  material.  Thus  if  the  distance  between  the  eyes  is  greater 
than  that  between  the  hooks,  the  pressure  will  for  the  most 
part  be  on  the  lower  hook,  although  the  compression  of  the 
material  due  to  its  weight  may  cause  the  eyes  so  to  approach 
each  other,  that  some  of  the  pressure  may  be  brought  upon  the 
upper  hook ;  and  a  similar  effect  may  occur  at  the  lower  hook, 
when  the  distance  between  the  hooks  is  greater  than  that  be- 
tween the  eyes.  Thus  it  appears  that  the  determinateness  of 
the  pressures  is  due  to  the  extensibility,  compressibility  and 
elasticity  of  the  material  which  is  in  nature  the  subject  of  the 
experiment ;  and  the  truth  of  the  result  which  is  arrived  at  in 
(121)  for  a  rigid  body  is  not  affected :  for  be  it  remembered 
that  we  have  nothing  in  nature  of  perfect  rigidity.  We  shall 
see  a  further  example  of  indeterminateness  of  the  same  kind  in 
dynamics. 

Again,  suppose  the  circumstances  of  constraint  to  be  such, 
that  the  body  is  capable  of  sliding  along,  as  well  as  of  turning 
about,  the  axis  passing  through  the  two  fixed  points ;  then  the 
points  will  be  able  to  bear  the  pressures  arising  from  the  forces^ 
and  which  are  resolved  at  right<angles  to  the  axis,  and  parallel 
to  the  axes  of  x  and  y ;  but  will  not  offer  any  resistance  to  those 
along  the  axis  oi  z:  if  therefore  equilibrium  exists,  the  forces 
must  satisfy  the  conditions, 

2.P  cos  y  =  0,  N  =  0. 

63.]  And  lastly,  if  three  or  more  points  of  the  body  are  fixed, 
and  if  all  these  are  not  in  the  same  straight  line,  it  is  evident 
that  the  body  is  fixed ;  and  therefore  whatever  are  the  impressed 
forces  as  to  intensity,  point  of  application,  line  of  action,  and 
direction,  the  body  is  in  equilibrium,  if  we  suppose  the  fixed 
points  of  it  to  be  capable  of  bearing  the  pressures  which  are  due 
to  the  impressed  forces. 

And  it  is  evident  by  the  following  reasoning  that,  if  these 
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points  are  fixed,  the  body  is  also  fixed.  For  suppose  the  body 
to  consist  of  n  particles,  then  each  of  these  particles  is  at  rest, 
if  the  forces  (including  the  tensions,  mutual  reaction,  &e.)  act- 
ing on  it  satisfy  the  three  conditions  (69),  Article  28 :  and  there- 
fore if  all  are  at  rest,  3n  conditions  are  required.  Now  if  three 
points  of  a  body  are  fixed,  the  mutual  distances  of  them  are 
also  fixed,  and  hereby  we  have  three  conditions;  also  as  the 
body  is  rigid,  the  distances  of  each  of  the  remaining  n  — 3  par- 
ticles from  each  of  the  three  fixed  points  are  given,  and  thus 
we  have  3n  — 9  conditions;  and  as  the  equations  of  equilibrium 
of  a  rigid  body  are  six,  we  have  six  more  conditions :  and  thus 
altogether  we  have,  as  before,  3n  equations.  If  the  three  fixed 
points  are  in  one  and  the  same  straight  line,  one  of  the  con- 
ditions is  lost,  and  the  number  is  insufficient  for  equilibrium. 

64.]  Another  form  in  which  a  body  under  the  action  of  im- 
pressed forces  may  be  in  constraint  is,  when  it  rests  with  points 
of  it  on  a  plane,  or  against  any  surface. 

Let  us  consider  first  the  more  simple  case  of  a  smooth  plane : 
and  let  us  suppose  the  plane  to  be  that  of  xy^  and  n  points  of 
the  body  to  rest  on  it,  which  are  {xi,  yi),  {x%^  yi)^ ...  (Xn,  yn)» 
and  let  the  pressures  at  these  points  be  Ri,it2,  ...Rn;  the  lines 
of  action  of  which  are  parallel  to  the  axis  of  z :  thus  the  equa- 
tions of  equilibrium  become 

3.pcosa  =  0,      i.pcos/3  =  0,      5.P  cosy— 2.e  =  0,      (123) 
L—x.Ry  =  0,      M  +  2.Ra?  =  0,      N  =  0.  (124) 

Here  are  six  equations,  of  which  only  three  involve  the  pres- 
sures against  the  plane  and  the  coordinates  of  their  points  of 
action ;  there  are  always  therefore  three  independent  conditions 
to  be  fulfilled  by  the  impressed  forces. 

Now  if  only  one  point  of  the  body  is  in  contact  with  the 
plane,  the  pressure  at  that  point  will  be  given  by  the  third  equa- 
tion, and  the  impressed  forces  must  be  such  as  to  fulfil  the  other 
five. 

If  two  points  are  in  contact,  the  pressures  at  them  may  be 
determined  by  either  two  of  the  third  fourth  and  fifth  equations, 
and  the  forces  must  satisfy  the  remaining  four  conditions. 

But  if  three  points  are  in  contact,  the  pressures  at  them  may 
be  determined  by  means  of  the  three  equations  which  involve 
the  pressures,  and  the  other  three  equations  must  be  satisfied 
by  the  impressed  forces. 

M  2 
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If  more  than  three  points  are  in  contact^  the  pressures  are 
indeterminate^  because  there  is  not  a  sufficient  number  of  equa- 
tions whereby  to  determine  them. 

In  all  cases  the  pressure  which  the  plane  has  to  bear  is  given 
by  the  third  equation  of  (123) ;  and  for  the  existence  of  equi- 
librium, if  the  body  only  presses  against  the  plane,  it  is  neces- 
sary that  the  s.p  cos  y  should  act  towards,  and  not  from^  the 
plane ;  it  is  also  necessary  that  the  line  of  action  of  this  pres- 
sure should  pierce  the  plane  of  xy  st  some  point  within  the 
area  determined  by  straight  lines  joining  the  points  of  contact 
of  the  body  and  the  plane :  otherwise  the  rotation-pressure  of 
the  ;2;-force  will  cause  the  body  to  turn  about  one  of  the  bound- 
ing lines  of  this  area. 

And  as  to  the  indeterminateness  of  the  several  pressures^ 
which  act  at  the  points  of  contact,  when  more  than  three  points 
are  in  contact  with  the  plane,  an  explanation  similar  to  that  of 
Article  62  is  apposite.  Suppose  a  heavy  body  to  rest  on  a  hori- 
zontal table,  and  to  be  in  contact  with  it  at  many  points ;  the 
sum  of  all  the  pressures  is  doubtless  equal  to  the  weight  of  the 
body ;  but  if  the  points  of  contact  are  more  than  three,  each 
pressure^  so  far  as  the  preceding  theory  enables  us  to  determine 
it,  is  indeterminate ;  and  so  it  would  be  in  nature,  if  the  table 
were  accurately  plane,  and  it  and  the  body  were  perfectly  rigid ; 
but  such  a  table  and  such  a  body  nature  does  not  give  us ;  and 
so  our  results  when  applied  to  flexible  and  compressible  matter 
are  not  true.  If  however  we  knew  the  laws  of  flexibility  and 
elasticity,  and  could  thus  bring  into  calculation  all  the  con- 
ditions of  the  problem,  the  result  would  be  determinate  and 
true^  and  thus  it  seems  that  the  non-applicability  of  the  me- 
chanical principles  is  only  apparent,  and  is  due  to  the  omission 
of  certain  data  which  the  true  solution  of  the  problem  requires. 

65.]  Again,  suppose  the  body  to  be  in  contact  with  surfaces 
whose  equations  are  Pi=0,  F2  =  0,  ...  p„  =  0;  and  the  mutual 
pressures  between  the  body  and  the  several  surfaces  to  be  Ri, 
B2,  ...Rn;  the  direction-angles  of  the  lines  of  action  of  these 
to  be  ai^iCi,  (hb2C%,,..anKcn ;  and  the  coordinates  of  the  points 
of  contact  to  be  XiyiZu  a?ay2^2,...^nyi»^i»;  then  employing  our 
ordinary  notation,  see  Article  29, 

u  ,       V  w 

cos  O  =  -  ,         cos  6  =r  -  ,         COS  C  =  — : 
Q  Q  q' 
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and  the  eqaations  of  equilibrium  become 

2.F  COB  a  +  2.R  coa  a  =  0  -^ 

2.PC08)3-f S.RCOSft  =  0   I,  (125) 

S.PCOSy  +  S.BCOSC  =  0  J 

L  -1-5. K  (y  coa  c— j?  coa  A)  =  0  ^ 

M-h5.ii(j8rco8a— ^coac)  =  0  l.  (126) 

N-|-2.E(a?co8i— ycoaa)  =  0  J 

To  which  equations^  aa  to  the  number  of  pointa  in  contact  be- 
tween the  body  and  the  aurfacea,  the  remarka  of  the  laat  three 
Articlea  are  applicable. 

One  point  however  requirea  further  elucidation  :  auppoae  that 
the  aurface  of  the  body  on  which  the  forcea  act  meeta  n  given 
and  fixed  pointa;  then  the  equationa  (125)  and  (126)  contain 
n  undetermined  preaaurea  which  act  at  these  points.  Now  as 
the  equations  are  six  in  number,  if  n  =  6,  the  six  pressures  at 
the  points  may  be  determined ;  and  the  directions  of  their  lines 
of  action  will  be  along  the  normala  to  the  aurface  of  the  body 
at  the  pointa ;  if  n  is  greater  than  6,  n  —  6  of  the  pressures  may 
be  indeterminate,  and  when  they  receive  given  values,  the  other 
6  will  be  known :  and  when  n  is  less  than  6,  the  pressures  at 
the  given  pointa  may  be  eliminated  from  the  preceding  equa- 
tiona,  and  the  remaining  6  — n  conditiona  must  be  fulfilled  by 
the  impressed  forcea  acting  on  the  body.  And  hence  we  infer 
that  generally  a  body  under  the  action  of  given  forcea  ia  in  equi- 
librium and  fixed,  if  the  bounding  surface  of  it  passes  through 
six  given  and  fixed  points  * ;  and  that  the  mobility  of  it  is  not 
taken  away,  if  the  surface  has  to  pass  through  fixed  points  in 
number  less  than  six. 

66.]  And  hereby  I  am  led  to  another  subject :  viz.  to  the  in- 
vestigation of  the  conditiona  requisite  that  many  bodiea  aubject 
to  given  preaaurea,  and  in  contact  with,  or  under  mutual  action 
from,  each  other,  ahould  be  in  equilibrium. 

Let  the  number  of  bodiea  be  n;  let  Pi,  Pa,...P||  be  the  types 
of  the  forcea  which  act  on  the  firat,  second, ...  nth.  body  respect- 
ively ;  let  a  be  the  general  type  of  the  reacting  pressures  at  the 
points  of  contact,  and  a,  &,  c  the  direction  angles  of  its  line  of 

*  Vor  various  other  properties  of  this  kind  let  me  refer  the  reader  to  Mo- 
bins,  Lehrbuch  der  Stafik,  Zweiten  Theil,  Erstes  Kapitel;  Leipzig,  1837. 
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action,  and  (<r,  y,  z)  the  point  of  its  application ;  LiMiNi,  ]:^M2N2, 
...  the  moment-axes  of  the  component  couples  which  act  on  the 
several  bodies ;  then  the  conditions  of  equilibrium  for  the  several 

bodies  are  ^  «  «^„      ,  *  «  ^^*  ^        n  ^ 

2.P1  cos  ai  -f  2.R1  cos  ai  =  0  "^ 

2.P1  cos  /3i  -1-2.K1  cos  Ai  =  0  I ,  (127) 

2.P1  cos  yi-|-2.Ri  cos  Ci  =  0  J 

=0}, 

=  0  J 


Li  -f  S.Ri  (jfi  COS  Ci  —Zi  COS  bi) 

Ml  H-  5.R1  {Zi  COS  «! — a?i  COS  Ci)  =  0  ^ ,  (128) 

Ni  +  2.R1  {wi  COS  fti — yi  COS  fli)  = 


=0}, 

=  0  J 


S.Pn  COS  On  +  S.Rn  COS  0^ 

2.PnC0S)3n  +  2.R„C0S*n  =  0    ^  ,  (129) 

2.PnC0Syn-f2.R„C0SCn 
Ln  +  2.Rn  (y»  COS  Cn^Z^  COS  A„)  =  0  ^ 

Mn 4-  26.R„ (J?«  COS  ««  — ^n  COS  C„)  =  0    I  .  (130) 

N„  +  5.Rn  (Xn  COS  A„—y«  COS  a„)  =  0  J 

Now  if^  of  all  these  groups  of  equations^  all  the  first  of  the  first 
sets  are  added,  s.rcos  a  will  disappear^  because^  the  reactions  of 
the  several  bodies  being  equal  and  opposite,  the  same  quantity 
will  appear  twice,  and  with  different  signs;  so  that  we  shall 
finally  obtain  s.p  cos  a  =  0 ;  similarly,  by  adding  all  the  second 
equations  of  the  first  set  in  each  group,  and  by  adding  all  the 
third  equations  of  the  first  set,  we  shall  have 

2.P  cos  /3  =  0,  2.P  cos  y  =  0. 

In  the  same  way,  by  adding  the  several  equations  of  the  second 
sets  of  the  groups,  we  shall  obtain  equations  free  from  the  r^s^ 
and  shall  have  ultimately 

L  =  0,       M  =  0,       N  =  0; 

and  thus  the  equations  of  condition  necessary  for  the  equili- 
brium of  a  system  of  rigid  bodies  are  of  the  same  form  and  of 
the  same  number  as  those  required  for  the  equilibrium  of  a 
single  rigid  body. 

67.]  Examples  illustrative  of  the  preceding. 

Ex.  1.  A  heavy  uniform  beam  is  fixed  by  a  hinge  to  a  given  in- 
clined plane :  between  the  beam  and  the  plane  a  heavy  sphere  is 
in  equilibrium ;  determine  its  position  and  the  several  pressures. 

Let  fig.  37  represent  a  vertical  section  of  the  system  made  by 
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the  plane  of  the  paper:  poBsa;  poq  =  2^;  OG=:GA=a;  cp 

=  CQ  =  c ;  Yf  —  the  weight  of  the  beam ;  w  =  the  weight  of  the 

sphere ;  R  =  reaction  existing  between  the  beam  and  the  sphere ; 

B'=the  pressure  of  the  sphere  on  the  inclined  plane.    And  let 

ns  consider  separately  the  conditions  of  equilibrium  of  the  sphere 

and  of  the  beam. 

For  the  equilibrium  of  the  sphere,  resolving  the  forces  along 

the  plane^  we  have 

ti;  sin  a  =  R  sin  2  d. 

For  the  equilibrium  of  the  beam,  taking  moments  about  o^  we 

have 

wacos(a  +  2^)  =  rxoq 

=  R  c  cot  6, 
.•.     wacos(a  +  2d)  sin  2^  =  w^csinacot^; 
whence  may  6  be  determined ;  and  thence  r  ;  and  since 

e'  =  t£?  cos  a-i-R  cos  2^, 
b'  may  also  be  found. 

Ex.  2.  Two  heavy  beams  oa  and  oa'  of  equal  lengths  are 
connected^  fig.  38^  at  o  by  a  hinge,  and  at  a  a'  by  a  string  of 
given  length ;  between  them  a  heavy  sphere  is  placed^  and  the 
string  remains  horizontal ;  determine  the  tension  of  the  string 
and  the  pressure  against  the  beams. 

Let  length  of  each  beam  be  2a,  weight  of  each  beam  =  w; 
2  c  =  length  of  string ;  t  =  the  tension  of  the  string ;  b  =  the 
radius  of  the  sphere ;  w  =  the  weight  of  the  sphere ;  a  =  the 

c 
angle  aob  =  sin"^  jr- ;  then  for  the  equilibrium  of  either  of  the 

beams^  taking  the  moments  of  the  forces  about  o,  we  have 

T  2a  cos  a  =  wasin  a-f  R&cot  a; 

and  for  the  equilibrium  of  the  sphere,  taking  vertical  forces,  we 

^^^e  tt;  =  2R8ina; 

^  J.  b  w  .  ,, 

.'.     T  =  irtan  a-\ r  (cosec  ar. 

2  a  4  ^ 


Section  3. — On  Friction, 

68.]  All  the  surfaces,  which  we  have  imagined  to  be  in  con- 
tact in  the  preceding  Articles,  are  supposed  to  be  smooth,  and, 
as  sach,  to  offer  no  resistance  to  the  motion  of  the  points  in 
contact  with  them  in  directions  perpendicular  to  the  normal  at 
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the  pomts;  and  therefore  the  reaction  arising  firom  the  contact 
acts  along  the  common  normal  line  only.  In  natnre  however 
we  have  no  surfaces  perfectly  smooth ;  the  constitution  of  all 
bodies  is  such^  that  on  their  bounding  surfaces  are  small  eleva- 
tions and  depressions,  arising  as  it  seems^  from  their  constituent 
molecules  not  being  continuous  and  in  perfect  contact :  so  that 
if  the  surfaces  of  two  bodies  are  pressed  against  each  other,  the 
elevations  of  one  fit^  at  least  in  a  measure,  into  the  depressions 
of  the  other,  and  the  surfaces  interpenetrate  each  other ;  and 
the  mutual  penetration  is  of  course  greater,  if  the  pressing  force 
is  greater ;  much  of  this  roughness  may  be  removed  by  polish- 
ing, and  the  effect  of  much  of  it  may  be  destroyed  by  lubrica- 
tion: all  however  cannot  be,  and  there  still  remains  a  resist- 
ance due  to  it,  when  force  is  applied  so  as  to  cause  one  body  to 
move  or  to  have  a  tendency  to  move  on  another  with  which  it 
is  in  contact.  This  resistance  is  called  friction^  and  is  of  two 
kinds ;  either  of  sliding  or  of  rolling ;  the  first  is  that  of  a  heavy 
body  dragged  on  a  plane  or  other  surface ;  of  an  axle  turning 
in  a  fixed  box ;  of  a  vertical  shaft  turning  on  a  horizontal  plate, 
or  of  a  millstone  turning  upon  another  concentric  stone  about 
a  vertical  axis.  Friction  of  the  second  kind  is  that  of  a  wheel 
rolling  along  a  plane ;  the  resistance  however  of  which  seems  to 
arise  from  the  necessity  of  the  wheel  overcoming  small  obsta- 
cles which  are  successively  in  its  path.  It  is  of  friction  of  the 
first  kind  only  that  I  shall  state  the  laws  and  give  examples; 
and  first  as  to  its  line  of  action :  it  is  manifestly  along  that  tan- 
gent line  of  the  surfaces  at  the  point  of  contact  which  is  the 
line  of  the  tendency  to  motion ;  and  its  direction  is  opposite  to 
that  of  the  line  of  motion.  Suppose  therefore  many  forces  to 
act  on  a  material  particle  which  is  in  contact  with  a  rough 
surface ;  and,  the  lines  of  action  of  the  forces  being  unaltered, 
their  magnitudes  to  change,  so  that  motion  is  on  the  point  of 
taking  place  (1)  in  one  direction,  and  (2)  in  an  opposite  direc- 
tion :  the  line  of  action  of  friction  is  in  both  cases  the  same ; 
but  the  direction  of  it  in  the  former  case  is  contrary  to  that  of 
it  in  the  latter.  Also  the  magnitudes  of  the  forces  may  evi- 
dently vary  within  certain  limits,  and  the  particle  may  still  be 
at  rest.  Examples  of  the  determination  of  these  limits  are  given 
in  the  following  Article. 

In  our  ignorance  of  the  constitution  of  bodies,  and  of  their 
molecular  action,  the  laws  of  friction  must  be  deduced  from 
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ezperimeiit;  and  therefore  I  shall  enunciate  those  only  which 
are  necessary  for  our  purpose^  and  refer  the  reader  to  the  Trea- 
tise by  M.  Morin*^  wherein  he  will  find  the  subject  investigated 
in  all  its  completeness. 

I.  Friction  is  proportional  to  the  normal  pressure^  when  the 
materials  of  the  surfaces  in  contact  are  the  same* 

II.  Friction  is  independent  of  the  extent  of  the  surfaces  in 
contact. 

III.  Friction  is  independent  of  the  velocity  of  motion. 

As  to  law  I ;  suppose  r  to  be  the  normal  pressure  between 
two  surfaces,  and  f  to  be  the  friction,  then  r  =  /x  a,  where  fi  is 
a  constant  quantity  for  the  same  materials  and  is  the  value  of 
F  when  K  r=  1 ;  /x  is  called  the  coeffidetd  of  friction.  And  this 
law,  it  may  be  observed,  appears  to  arise  out  of  the  preceding 
theory  of  friction ;  because  the  greater  is  the  pressure,  the 
greater  is  the  interpenetration  of  the  molecules  at  the  surface 
of  the  bodies,  and  the  greater  is  the  resistance  to  be  overcome^ 
when  motion  is  just  about  to  take  place. 

As  to  law  II;  it  signifies  that  if  the  pressure  remains  the 
same,  and  the  surface  in  contact  increases,  the  total  resistance 
is  still  the  same,  whilst  the  pressure  on  each  element  and  the 
friction  corresponding  to  that  element  are  diminished  in  the 
inverse  ratio  of  the  surface  in  contact. 

The  treatise  of  M.  Morin  will  be  found  to  contain  a  complete 
account  of  the  modes  of  determining  ^  for  different  substances ; 
but  the  following  manner  of  considering  the  subject  is  suffi- 
ciently general  for  our  purpose,  and  deserves  insertion. 

Let  a  given  heavy  body  rest  with  a  plane  face  of  a  finite  area 
on  a  horizontal  plane;  and  let  the  plane  be  turned  about  a 
horizontal  line  in  it,  so  that  it  becomes  inclined  to  the  hori- 
zontal plane,  that  is,  becomes  tilted :  the  body  will  begin  to  slide 
when  the  inclination  has  reached  a  certain  limit ;  and  this  in- 
clination will  manifestly  depend  on  the  friction  which  exists 
between  the  body  and  the  plane,  and  may  be  determined  as 
follows.    See  fig.  39. 

Let  w  be  the  weight  of  the  body ;  /x  =  the  coefficient  of  fric- 
tion ;   a  =  the  angle  between  the  inclined  and  the  horizontal 

*  Noavelles  Experiences  sur  le  frottement  faites  a  Metz,  impriniees  par 
ordre  de  rAcad^mie  des  Sciences;  3  voll.  in  4to.  1 832-1 835. 
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planes  just  as  motion  is  b^inning  to  take  place ;  b  =:  the  pres- 
sure on  the  plane ;  so  that 

f  =  ,ir;  (131) 

and  resolving  along^  and  perpendicular  to,  the  plane, 
r  =  w  sin  a,  k  =  w  cos  a, 

.•.     tan  a  =  /bt,  a  =  tan-^fu  (182) 

a  is  called  ^'the  angle  offiiciion"  and  **the  angle  of  repose.^* 
The  body  will  rest  on  the  plane  when  the  angle  of  inclination 
is  less  than  the  angle  of  friction,  and  will  slide,  if  the  angle  of 
inclination  exceeds  that  angle. 

69.]  Various  problems  inyolving  friction. 

Ex.  1.  A  small  ring  under  the  action  of  known  pressures  is 
capable  of  sliding  on  a  rough  curved  material  line  in  space ;  it 
is  required  to  determine  the  limits  of  the  forces,  so  that  the  ring 
may  be  at  rest. 

Let  the  resolved  parts  of  the  impressed  forces  along  the  coor- 
dinate axes  be  x,  y,  z,  of  which  let  the  resultant  be  r  ;  so  that 
if  X,  y,  z  are  the  coordinates  to  the  position  of  the  ring  on  the 
curve,  the  whole  impressed  force  along  the  tangent,  which  we 

Let  N  =  the  normal  pressure :  then 

=  X*  +  Y*  +  Z*, 

Now  in  order  that  motion  should  not  take  place. 


•   •       B»  l-hfi^ 

<  (sina)^  see  equation  (132); 

/xdx-\-Ydy  +  zdz\^     ,  .      .,  ^_^  .^ 

•' '     V bS /  ^  ^^^^ ""^  '  ^     ^ 

and  if         ^ =  ±  sm  a,  (185) 

the  particle  will  begin  to  slide ;  the  +  sign  assigning  the  limits 
within  which  the  forces  are  to  be  confined. 
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Ex.  2.  As  an  example^  let  as  take  the  helix  whose  equations  are 
;rs=aco8<^,        y  =  asin^,        z  =  ka<l>i 

and  let  the  force  which  acts  on  the  ring  be  its  own  weight,  and 
=  w,  and  have  its  line  of  action  parallel  to  the  axis  of  z :  then 
z  =  R  =  fC7:  and 

-r-  = T=+8ino,  .•.     *=+tana; 

that  is,  the  angle  of  inclination  of  the  thread  of  the  helix  to  the 
horixontal  plane  is  eqnal  to  the  angle  of  friction. 

Ex.  3.  To  determine  the  limits  of  the  pressures,  so  that  a  par- 
ticle under  the  action  of  them  may  be  at  rest  on  a  given  rough 
snrfiace. 

Let  ¥(x,y,z)=zO  be  the  equation  to  the  surface:  then  em- 

ploying  the  ordinary  symbols, are  the  direction-cosines 

of  the  normal  at  the  point  {Xj  y^z):  if  therefore  n  =  the  normal 
pressure,  t  =  the  tangential  force,  and  r  =  the  resultant  of  the 
acting  forces,  of  whidi  the  resolyed  parts  along  the  coordinate 
axes  are  x,  t,  z, 

XU-f-YV+ZW  •  «         • 

therefore  that  the  particle  should  be  at  rest 

.-.       , ^-= r.  <  1  +fi«  (136) 

(XU  +  YV  +  ZW)2  '^  ^         ' 

<  (seca)*; 

QB 

and  therefore  if      =  +  sec  a,  (137) 

XU+TV+ZW  — 

the  particle  will  just  begin  to  move;  the  +  sign  assigns  the 
limits  of  the  impressed  pressures.  As  an  example  let  us  take 
the  following : 

Ex.  4.  An  ellipsoid  has  its  least  axis  in  a  vertical  direction ; 
determine  on  the  surface  the  curve,  on  all  points  within  which 
a  heavy  material  particle  being  placed  shall  remain  at  rest. 

In  this  case       x  =  0,       t  =  0,       z  =  b; 

a»  "^  A»  "^  c»  ""     ' 

N  % 
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^2  yt  ^% 

""  a*  ^  ft*  ^  c*  ' 
therefore  (137)  becomes 

which  is  the  equation  to  a  cone,  whose  vertex  is  at  the  centre  of 
the  ellipsoid ;  and  the  line  of  intersection  of  which  with  the 
ellipsoid  is  the  required  bounding  curve. 

Ex.  5.  A  heavy  particle  rests  on  a  rough  inclined  plane^  and 
is  acted  on  by  a  given  force  in  a  vertical  plane  which  is  perpen- 
dicular to  the  inclined  plane ;  determine  the  limits  of  the  force, 
and  the  angle  at  which  the  least  force  capable  of  drawing  the 
particle  up  the  plane  must  act. 

Let  fig.  40  represent  a  vertical  section  of  the  inclined  plane^ 
and  containing  the  force  f  ;  let  the  inclination  of  the  plane  to 
the  horizontal  plane  be  i ;  and  let  Q  be  the  angle  between  the 
inclined  plane  and  the  line  of  action  of  f  ;  fx  =  coefficient  of 
friction :  and  let  us  first  suppose  the  tendency  to  motion  to  be 
down  the  plane,  so  that  friction  is  a  force  acting  up  the  plane : 
then  resolving  along^  and  perpendicular  to^  the  plane, 

F  +  Fcos^  =  wsini,         r  +  f  sind  =  wcosi,        f  =  /xr; 

sin  i  —  /x  cos  i  ,,  oq. 

F  =  w —Jl—       .  (138) 

cos^  — fismd 

And  if  F  is  increased  so  that  motion  up  the  plane  is  just  be- 
ginning, F  acts  in  an  opposite  direction^  and  therefore  the  sign 
of  /x  must  be  changed^  and  we  have 

cos^-f/xsmd 

Now  to  determine  Q  in  this  latter  case,  so  that  p  shall  be  the 

least.         >  .    ^  >, 

'        flF  ,  .    .  .,    sin  ^  —  u  cos  Q 

-r-  =  w (sm  «-|-a cos  i) , — '——. — — ^  =  0, 

de  ^        ^^         ^  (cos  0 -f  ^  sm  d)»        ' 

if    tan  ^  =  fx ; 

that  is,  if  Q  is  equal  to  the  angle  of  friction.  Hence  we  infer  that 

A  given  power  acts  to  the  greatest  advantage  in  dragging  a 

weight  up  a  hill^  if  the  angle  at  which  its  line  of  action  is  in- 


Digitized  by  VjOOQ  IC 


69.]  FRICTION.  93 

dined  to  the  hill  is  equal  to  the  angle  of  friction  of  the  hill. 
And,  similarly,  a  power  acts  to  the  greatest  advantage  in  drag- 
ging a  weight  along  a  horizontal  plane,  if  its  line  of  action  is 
inclined  to  the  plane  at  the  angle  of  friction  of  the  plane. 
Hereby  also  may  we  determine  the  angle  at  which  the  "  traces'' 
of  a  drawing  horse  should  be  inclined  to  the  plane  of  traction. 
The  preceding  results  are  those  which  are  a  priori  to  be  ex- 
pected, because  some  part  of  the  power  ought  to  be  expended 
in  lifting  the  weight  firom  the  plane,  that  friction  may  be 
diminished. 

Ex.  6.  Also  let  us  consider  the  case  of  a  rough  cylindrical 
axis,  on  which  given  forces  act  and  produce  a  pressure  of  rota- 
tion, capable  of  turning  within  a  rough  hollow  coaxal  cylinder. 

Let  fig.  41  be  a  section  perpendicular  to  the  axis  of  the  cylin- 
der ;  the  smaller  and  interior  circle  being  a  section  of  the  cylin- 
drical axis,  and  the  larger  circle  of  the  hollow  cylinder ;  let  c 
be  the  point  of  contact  of  the  two  cylinders,  and  at  which  of 
course  the  resultant  of  all  the  impressed  forces  acts :  let  this 
force  =  p,  and  let  B  be  the  angle  between  the  lines  of  action  of 
K  and  p :  then 

R  =  p  cos  ^,  p  =  p  sin  ^, 

P  =  piR;  .-.     tand  =  jui; 

therefore  0  is  equal  to  the  angle  of  friction.  If  therefore  the 
angle  between  r  and  p  is  less  than  the  angle  of  friction,  the 
cylinder  wiD  continue  at  rest;  and  if  it  is  greater,  it  will  move. 

Ex,  7.  A  heavy  circular  shaft  rests  in  a  vertical  position,  with 
its  end,  which  is  a  circular  section,  on  a  horizontal  plate ;  deter- 
mine the  resistance  due  to  friction  which  is  to  be  overcome, 
when  the  shaft  bejgins  to  revolve  about  a  vertical  axis. 

Let  a  be  the  radius  of  the  circular  section  of  the  shaft ;  and 
let  the  plane  of  r,  6  be  the  horizontal  one  of  contact  between 
the  end  of  the  shaft  and  the  plate ;  and  let  the  centre  of  the 
circular  area  of  contact  be  the  pole ;  now  the  vertical  pressure 
on  each  element  of  this  area  manifestly  varies  as  the  area,  and 
therefore,  if  r  dr  dO  is  the  area-element  and  k  is  the  coefiScient 
of  variation,  since,  by  law  III,  friction  is  independent  of  the 
velocity  of  motion, 

,  Pressure  on  element  =  krdrdO; 
.-.     Friction  of  the  element  =  iikrdrdd/, 
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.-.     Moment  of  firiction  about  vertical  axis  through  the  centre 

=  fxkr^drdS; 
.  • .     Moment  of  firiction  of  area  of  contact 


Jq     Jo 


likr^drde 

0    Jo 

_  2fikTta^ 

~        3       ' 
and  therefore  yaries  as  the  cube  of  the  radius.     Hence  arises 
the  advantage  of  reducing  to  the  smallest  possible  dimensions 
the  area  of  the  base  of  a  vertical  shaft  revolving  upon  its  end  on 
a  horizontal  bed. 

Similarly  may  the  friction  of  the  upper  millstone  moving  on 
the  nether  one  be  calculated. 


Section  4. — Further  researches  into  the  composition  and  resolu- 
tion of  pressures  acting  on  a  rigid  body  in  space, 

70.]  In  Section  2  we  arrived  at  the  following  general  results 
as  to  many  pressures  acting  in  space  on  a  rigid  body :  What- 
ever point  is  taken  as  the  origin,  the  pressures  can  generally  be 
reduced  to  (1)  a  single  force  of  translation  acting  at  the  origin^ 
of  a  definite  magnitude,  with  a  definite  line  of  action,  and  in  a 
definite  direction,  and  such  that  if  r  is  its  magnitude,  and  a,  d,  c 
the  direction- angles  of  its  line  of  action, 

R«=  x»-f-Y»-fzS-  (140) 

cos  a  =  - ,      cos  A  =  - ,      cos  c  =  -  :  (141) 

a  r'  r  ^      ' 

and  to  (2)  a  couple  whose  moment-axis  and  rotation-axis  are 

definite,  and  such  that  if  o  is  the  moment  axis,  and  A,  /x,  v  are 

the  direction-angles  of  the  rotation-axis, 

G»=  L»-|-M3-i-N»;  (142) 

cos  \  =  - ,      COS  a  =  — ,      cos  1^  =  -  •  (143) 

We  proceed  to  further  researches  into  the  properties  of  these 
two  resultants. 

Let  it  be  observed  that  the  position  of  the  origin  is  arbitrary, 
the  only  condition  to  which  it  is  subject  being  that  it  is  rigidly 
connected  with  the  body:  and  at  whatever  point  it  is  taken, 
the  magnitude,  direction  of  the  line  of  action,  and  direction  of 
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the  force  of  translation  r  are  always  the  same ;  this  is  evident 
from  the  equations  (140)  and  (141),  because  they  do  not  iuTolve 
the  coordinates  of  the  points  of  application  of  the  forces. 

Imagine  now  a  system  of  forces  acting  on  a  rigid  body  to  be 
reduced  to  a  single  force  of  translation  b  acting  at  the  arbi- 
trarily chosen  origin,  and  to  a  couple  whose  moment-axis  is  a, 
and  in  which,  if  a  is  the  length  of  the  arm  and  r'  is  the  force, 
ji'a  =  o ;  and  let  one  of  these  forces  act  at  the  origin :  also 
imagine  the  arm  of  the  couple  to  be  so  situated  that  it  may  be 
perpendicular  to  the  line  of  action  of  r  ;  then  the  forces  are 
reduced  to  (1)  r  and  r'  acting  at  the  origin,  with  their  lines  of 
action  inclined  to  each  other  at  an  angle,  which  is  the  comple- 
ment of  the  angle  between  the  line  of  action  of  r,  and  the  rota- 
tion-axis of  o ;  let  this  latter  angle  =  ^,  so  that 

LX-l-MY-f-NZ 

COS  <()  = — ;  (144) 

and  to  (2)  another  force  r'  which  does  not  meet  either  of  the 
former  forces :  now  the  resultant  of  the  former  two  forces  is 

equal  to  {RaH-2RR'8in<^  +  R'2}*,  (145) 

and  therefore  the  system  is  reduced  to  two  forces  of  translation 
acting  in  space  and  along  lines  of  action  which  do  not  meet 
each  other. 

And  this  reduction  may  in  general  be  arranged  so  that  the 
lines  of  action  of  the  two  forces  shall  be  perpendicular  to  each 
other.  Thus,  as  before,  let  the  arm  of  the  couple  be  perpen- 
dicular to  the  line  of  action  of  r;  and  let  r  be  resolved  into  two 
parts  R  sin  ^  and  r  cos  ^  respectively  in  and  perpendicular  to 
the  plane  of  the  couple:  so  that  there  are,  (1)  three  forces  r', 
— B^  R  sin  ^  in  the  plane  of  the  couple,  the  lines  of  action  of  all 
of  which  are  parallel  and  are  perpendicular  to  the  arm  of  the 
couple,  and  the  resultant  of  which  is  r  sin  <^,  which  acts  in  the 
plane  of  the  couple,  at  right-angles  to  its  arm,  and  at  a  distance 
r  from  the  origin  along  the  arm,  such  that  Rrsin<^  =  G;  and 
(2)  the  force  r  cos  ^  whose  line  of  action  is  perpendicular  to  the 
plane  of  the  couple.  Of  this  latter  the  magnitude  is  by  (144) 

LX  +  MY-I-NZ  ,_.-^ 

R  COS  ^  =  ;  (146) 

that  is,  is  equal  to  the  sum  of  the  pressures  along  the  coordi- 
nate axes  resolved  along  the  rotation-axis  of  the  resultant  couple. 
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Now  the  equations  to  these  lines  of  action^  which  are  perpen- 
dicular to  each  other,  are^  to  the  latter 

I  =  i  =  5' 
and  to  the  former 

^  -  ^2  (NY-MZ)  y  -  -Zl  (I-Z-NX) 


T» 


G*X  — L  (LX  -f  BfY  -f  NZ)  O^Y  —  M(LX  +  MY  -f-  NZ) 

t  — LY) 

(148) 


g2 


""   G*Z  — N(LX-|-MY-f-N2)' 

where         r^  =  (ny— mz)*-|-(lz— nx)2-|-(mx— ly)*  (149) 

=  R*G*(8in<^)*. 

If  ^  =  90°,  we  fall  back  on  the  case  of  Art.  58,  and  (148)  be- 
come the  equations  (102),  because  LX  +  MY-fNz  =  0,  and  r* 
=  o^R^.  And  if  <^  =  0,  r  =  00 ,  and  the  forces  do  not  admit  of 
being  reduced  to  two  forces  of  translation  whose  lines  of  action 
are  perpendicular  to  each  other. 

As  subsequent  investigations  will  cast  considerable  light  on 
the  relations  between  the  lines  along  which  two  forces,  which 
equivalently  replace  a  system  of  forces,  act,  I  must  reserve  other 
theorems  to  a  future  part  of  the  course. 

71.]  Also  the  value  of  o  changes  when  the  origin  is  changed, 
because  l,  m,  and  n  are  functions  of  the  coordinates  of  the  point 
of  application  of  each  force :  this  change  I  propose  to  investigate. 

First  however  let  it  be  observed,  that  of  all  axes  passing 
through  a  given  point  that  corresponding  to  o  is  the  one  whose 
moment  or  moment-axis  is  the  greatest ;  for  the  moment  of  the 
impressed  couples  with  respect  to  a  rotation-axis  inclined  at  an 
angle  6  to  that  of  o  is  o  cos  6,  as  is  plain  from  the  law  of  reso- 
lution of  such  moment-axes,  which  has  been  investigated  in 
Article  44 ;  and  as  a  cos  6  is  less  than  o,  it  follows  that  of  HI 
lines  passing  through  a  given  point,  the  rotation-axis  of  the  re- 
sultant couple  is  that  with  respect  to  which  the  moment-axis  is 
the  greatest.  For  this  reason  g  is  called  the  complete  or  prin^ 
cipal  moment'Ojns  with  reference  to  the  point  which  is  called 
the  moment-centre.  Hence  also  we  infer  that  the  moment-axis 
is  the  same  for  all  axes  at  a  given  moment-centre  which  are  in- 
clined at  the  same  angle  to  the  axis  of  the  principal  moment ; 
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that  is,  all  axes  of  eqnal  moment  form  a  right  circular  cone 
which  has  the  axis  of  principal  moment  for  its  axis  of  figure. 

Now  let  the  origin  be  changed  to  a  point  (^o^  Vo,  ^o)>  the  new 
axes  being  parallel  to  the  former  ones ;  and  let  Lo,  Mo,  No^  Go  be 
the  values  of  l^  m^  n^  g  referred  to  the  new  origin ;  then 

Lo  =  2.P  {(y — yo)  cos  y—iz—zo)  cos  /8} 

=  2.p(y  cos  y—z  cos  /3)— yo  2.f  cos  y-^zo  2.p  cos  p, 

Lo  =  L  — Zyo  +  YZo^ 

Mo  =  M— xzo+za^o  y;  (150) 

No  =  N—Y^o  +  xyo  J 

.-.       LoX-l-MoT  +  NoZ  =  LX  +  MY  +  NS;  (151) 

that  is,  the  quantity  lx+my  +  nz  is  the  same  whatever  point  is 
the  origin,  provided  that  the  axes  of  coordinates  remain  parallel 
to  their  original  directions.  And  the  same  quantity  is  also  in- 
variable when  the  directions  of  the  axes  are  changed.  Let  of, 
y^,  y  be  the  new  coordinates,  and  let  them  be  related  to  x,  y,  z 
by  the  following  scheme  of  direction-cosines : 


X 

y 

z 

y 

a 

b 

c 

y' 

fli 

h 

Cl 

y 

Oa 

b. 

C2 

and  let  x',  y',  z',  l',  m',  n'  be  the  new  values  of  x,  y,  z,  l,  m,  n,  so 

y  =  Ax'  +  Aiy'  +  A2z'  L 
z  =  cx'-hCiv'+Caz'  J 


(152) 


l'  =  flL  +  Am  +  CV    "I 

m' =  fliL  +  iiM+CiN    I; 
n'  =  OsL-f  ft2M-hC2N  J 


(153) 


.-.     LX  +  MY  +  NZ  =  (ax'  +  aiY'  +  a2z')L-|-  ... 

=s  x'(aL-f  ftM  +  CN)  -h  ... 

=  xV-hyV+zV. 
This  quantity  therefore  is  also  invariable  whatever  are  the  direc-' 
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(154) 
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tions  of  the  ooordinate  axes.    Also  since  the  magnitude^  and  di- 
rection of  the  line  of  action  of  b  is  constant, 

X         Y  z  ^     , 

L--f-M-  +  N-  =  a  constant ; 

E  E  R 

.* .     L  COS  a  +  M  cos  6  +  N  COS  c  =s  a  constant ;         (155) 

that  is,  whatever  point  is  the  origin,  and  whatever  are  the  coor- 
dinate axes^  if  the  moment-axes  of  the  couples  whose  rotation- 
axes  are  the  coordinate  axes  are  resolved  along  the  line  of  action 
of  the  resultant  of  translation^  their  sum  is  constant. 
And  replacing  l,  m  and  n  from  (143)^  (155)  becomes 
G  {cos  a  cos  A  +  cos  b  cos  fi  4  cos  c  cos  v}  =  a  constant ; 

so  that;  if  (jy  is  the  angle  between  the  rotation-axis  of  g  and  the 
line  of  action  of  r^ 

G  cos  <f>  =:  a  constant ;  (156) 

therefore  the  resolved  part  of  every  principal  moment-axis  along 
the  line  of  action  of  r  is  constant. 

Also  from  (150)  we  infer  that  if  x  =  t  =  z  =  0,  that  is,  if  the 
resultant  of  translation  is  equal  to  zero,  Lo  =  l,  m©  =  m,  Nq  =  n, 
and  therefore  Gq  =  g  ;  and  thus  the  principal  moment-axis  is  the 
same,  both  in  intensity  and  direction,  for  all  points  of  space. 

72.]  Now  since,  in  reference  to  any  given  moment-centre,  a 
corresponds  to  that  line  whose  moment-axis  is  the  greatest  of 
all,  but  since  this  maximum  moment-axis  changes  as  we  pass 
from  one  point  to  another  in  space,  it  is  desirable  to  investigate 
those  points  the  principal  moment-axes  corresponding  to  which 
have  a  minimum  value :  the  result  of  the  last  Article  shews 
(1)  that  there  is  such  a  minimum  value,  because  g  cos  <^  =  a 
constant,  and  therefore  that  g  is  a  minimum  when  cos  <^  is  a 
maximum,  that  is,  when  <f>  =  0 ;  and  that  therefore  the  rotation- 
axis  of  such  a  minimum  principal  moment  is  parallel  to  the  line 
of  action  of  r  ;  and  (2)  that  o  cannot  have  an  absolutely  maxi- 
mum value,  because  it  becomes  larger  and  larger  as  <^  increases, 
and  ultimately  is  infinite  when  </>  =  90^;  and  the  position  of  the 
point,  or  points,  which  are  moment -centres  of  the  minimum 
principal  moment-axis  may  be  found  in  the  following  manner : 

Let  x\  y\  z'  be  the  coordinates  of  the  moment-centre  for 
which  G  is  a  minimum :  then  in  reference  to  the  origin  chosen 
arbitrarily,  if  g',  l',  m',  n'  are  the  moment-axes  in  reference  to 
the  new  origin,  ^.^  ^  l'H  m'^  +  n'*; 
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and  therefore^  by  reason  of  (150)^ 

G'«=(L-zy'  +  Yy)«  +  (M-X2r'-f  z^')2-f(N-Yj?'  +  xy')«;    (157) 

wherefore,  diflFerentiating,  we  have 

o'.dg'=  {z(M-xar  +  »a?')-Y(N-Ya?'+xy')}ite'  +  . ..  +  ...  (168) 

=  (ZM'-YN')AB^+(XN'-ZL')dy'+(YL'-XM')di';    (159) 

and  as  the  right-hand  member  of  this  equation  must  vanish, 
and  as  no  relation  is  given  between  a/,  y\  s!,  the  coefficients  of 
dx'y  dy\  dsi  must  separately  vanish ;  therefore 

NY— Mz  =  a<(Y*-fz*)  — x(Yy'-f-zy) 

=  y  (x»  -h  Y«  -f  z«)  -  X  (x^  +  Yy'  H-  z/) 

^_NY--liZ 

K*        __  TLX  -\-\y'  '\-zz' 
X  E* 

and  therefore  from  the  symmetry  of  the  right-hand  member 

J        NY  — MZ  ,        LZ  — NX  ,        MX— LY 

af —       ^ 5 —       z » — 


^    : ;       (160) 

X  Y  Z 

which  are  the  equations  to  a  straight  line  parallel  to  the  line  of 
action  of  k.  At  all  points  therefore  of  this  straight  line,  the 
principal  moment-axis  is  a  minimum  of  all  points  in  space ;  and 
as  the  line  is  thus  the  locus  of  the  centres  of  minima  principal 
moments,  it  is  called  the  central  axis ;  also  from  (159) 

Jl  =  1^  =  2ll ;  (161) 

X  Y  Z 

so  that  the  rotation-axis  of  the  least  principal  moment  is  parallel 
to  the  line  of  action  of  b,  and  coincides  with  the  central  axis. 

Let  the  moment-axis  of  this  least  principal  moment  =  k,  then 
as  K  is  equal  to  the  sum  of  the  parts  of  l,  m,  n  resolved  along 
the  direction  of  k,  t x4-my-4- nz 

and  K  is  constant  for  all  points  in  the  central  axis.  Hereby 
then  the  forces  are  reduced  to  (1)  a  force  of  translation  r  acting 
along  the  central  axis  whose  equations  are  (160),  and  (2)  to  a 
couple  whose  moment-axis  is  given  by  (161)  and  whose  rotation- 
axis  is  the  central  axis ;  and  we  have  the  following  results  : 

(1)  If  any  point  of  the  central  axis  is  taken  as  the  moment- 
centre^  of  all  axes  of  rotation  passing  through  that  point,  that 
coincident  with  the  central  axis  has  the  greatest  moment. 

o  a 
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(2)  And  with  respect  to  moment-centres  taken  at  any  point 
in  space,  the  moment  of  the  rotation- axis  coincident  with  the 
central  axis  is  the  least.  On  account  of  these  theorems  k  is 
called  the  ''minimum  maximorum^^  moment. 

If  it  is  proposed  to  find  the  moment-centre  corresponding  to 
the  greatest  and  least  principal  moments  of  all  points  on  a  given 
surface,  f{x\  y',  s!)  =  0,  then  dx\  dy\  ds!  in  the  right-hand  mem- 
ber of  (159)  are  not  independent,  but  are  subject  to  a  condition 
which  is  determined  by  the  differential  of  the  given  function, 
and  we  have  a  problem  of  relative  maxima  or  minima,  which  is 
to  be  solved  in  the  usual  manner. 

73.]  Of  this  most  important  result  it  is  desirable  to  give  fur- 
ther illustration.  In  fig.  42,  let  o  be  the  original  moment-centre ; 
OR  the  line  of  action  of  the  force  of  translation  acting  at  it ;  00 
the  moment- axis  of  the  resultant  principal  couple  at  o :  let 
60M=:<f>,  so  that 

co3<»=:"+"^  +  '^';  (168) 

^  OR 

resolve  00  into  two  parts,  one  along,  and  the  other  perpen- 
dicular to  or;  then  the  part  along  or  is  a  cos  ^,  and  that 
perpendicular  to  or  is  Gsin<^;  the  rotation- axis  of  o  cos  <^ 
is  OR,  and  that  of  o  sin  <^  is  a  line  in  the  plane  containing 
OG  and  or:  at  o  draw  of  perpendicular  to  this  plane,  and 
take  OF  of  a  length  such  that  r  x  op  =  g  sin  </> ;  at  f  introduce 
two  equal  and  opposite  forces,  each  of  which  is  equal  to  r,  and 
whose  line  of  action  is  parallel  to  that  of  r  :  then  the  couple 
whose  arm  is  of,  and  whose  force  is  r,  neutralizes  the  couple 
whose  moment-axis  is  on;  and  there  remain  (1)  the  force  r 
acting  at  p,  and  in  a  line  parallel  to  the  original  line  of  action 
of  R,  and  (2)  a  couple  whose  moment-axis  is  g  cos  <^,  and  whose 
rotation-axis  is  along  or.  Let  the  rotation-axis  be  transferred 
parallel  to  itself  so  as  to  pass  through  f,  and  we  have  finally  a 
force  of  translation  r  acting  along  fr,  and  a  couple  whose  rota- 
tion-axis is  along  the  line  of  action  of  r,  and  whose  moment- 
axis  is  K,  where 


K  =  G  cos  <f> 

LX-f  MY-f  NZ 


(164) 


R 

Now  as  OP  is  perpendicular  to  og  and  or,  if  a,  j3,  y  are  its  direc- 
tion-angles, we  have 
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COS  a              cos)3              cosy  1  ,,  .^,      ,-^-. 
=  ^^  =  ^—  =  -,  see  (149),     (165) 


(166) 

MX  — LY 

—^--  ;      (167) 


NY  — MZ            LZ  — NX 

MX  — LY 

and 

OP  =  -  Sin  0 
R         ^ 

T 

therefore  the  equations 

to 

PR  are 

NY— MZ 

y 

LZ  — NX 

""               R* 

R» 

\\>  <^^> 


X  Y 

which  are  the  equations  to  the  central  axis. 
74.]  Hence  if  op  ^^,  we  have 

R^  =  G  sin  <^  ^ 
K  =  G  cos  4>  \ 
.'.    Ga  =  RV+B^^;  (169) 

therefore  g,  the  principal  moment  at  a  point,  is  the  same  at  all 
points  equally  distant  from  the  central  axis ;  and  therefore  the 
locus  of  all  moment-centres,  at  which  the  principal  moments 
are  equal,  is  a  circular  cylindrical  surface,  of  which  the  central 
axis  is  the  axis  of  figure ;  and  at  all  points  along  the  same  gene- 
rating line  of  this  cylinder,  the  rotation-axes  of  the  principal 
moments  are  parallel,  and  all  therefore  lie  in  the  plane  touching 
the  cylinder  along  the  generating  line;  but  the  directions  of 
the  rotation-axes  change  as  we  pass  from  one  generating  line 
to  another;  for  since  </>  is  the  angle  between  the  central  axis 
and  the  rotation-axis  of  the  principal  moment  corresponding  to 
a  moment-centre  at  a  distance  p  from  the  central  axis  we  have 
from  (168) 

tan</)=5?;  (170) 

and  this  is  therefore  constant  for  all  points  of  the  cylindrical 
surface  mentioned  above;  and  as  the  direction-cosines  of  the 
central  axis  are  proportional  to  x,  y,  z,  and  those  of  the  rotation 
axis  of  the  principal  moment  g  to  l,  m,  n,  these  lines  in  general 
do  not  meet :  and  therefore  if  a  section  is  made  of  the  cylin- 
drical surface  mentioned  above  by  a  plane  perpendicular  to  the 
central  axis,  and  the  principal  moment-axes  are*drawn  for  the 
moment-centres  situated  in  the  circular  section,  they  will  form 
a  hyperboloid^of  revolution  of  one  sheet,  having  the  central  axis 
for  its  axis  of  figure.    See  Ex.  1,  Article  319,  Vol.  I. 
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Also  if  Go  refers  to  a  moment-centre,  the  perpendicular  dis- 
tance &om  which  on  the  central  axis  is  equal  to  poy  then  from 

therefore  subtracting  we  have 

G*  —  Go*  =  a*  (p^  —p^)' 

I  may  observe  that  if  k  =  0^  g  =  k  ;  and  therefore  the  principal 
moment  is  the  same  for  all  points  in  space ;  and  as  tan  <^  =  0, 
all  the  principal  rotation-axes  are  parallel. 

If  the  impressed  forces  admit  of  a  single  resultant^  then 
0  =  90° ;  and  therefore  from  (164)  k  =  0 ;  the  "  minimum  maxi- 
morum^^  therefore  of  the  principal  moments  is  equal  to  zero. 

From  (169)  it  also  follows  that  g  increases  as  p  increases,  that 
is^  as  the  moment-centre  is  removed  further  from  the  central 
axis ;  and  as  such  increase  is  infinite^  there  cannot  be  a  '^  maxi- 
mum maximorum.^^  Also  from  (170)  it  appears  that  as  the 
moment-centre  is  removed  further  from  the  central  axis^  the 
angle  between  the  central  axis  and  the  corresponding  principal 
rotation-axis  approaches  nearer  and  nearer  to  a  right-angla 

75.3  And  the  equation  to  the  cylindrical  surface  which  is 
the  locus  of  all  moment-centres  of  equal  moment  may  thus  be 
found. 

Let  the  origin  be  taken  at  a  definite  point  on  the  central  axis, 
so  that  the  equations  to  the  central  axis  are 

^  =  ?^=-;  (171) 

X      y       z 

and  let  {xq,  y^,  Zq)  be  the  moment-centre  at  a  distance  p  from 

the  central  axis,  and  in  a  plane  perpendicular  to  the  central 

axis  and  passing  through  the  origin;  so  that  the  equations  to 

a  generating  line  of  the  cylinder  are 

-7--—;—-^—.  (i7^) 

and  we  have  also 


^0*  +  yo^  +  Zi?  =  p^ 

g2-K* 


(173) 


a* 
where  g  is  the  principal  moment  at  {xq,  yo,  Zq)  ;  also 

x4?o  +  Yyo  +  z^o  =  0;  ^  (174) 

therefore  from  (172) 


Digitized  by  VjOOQ  IC 


75-]  LOCUS-SUBFACE  OF  ROTATION-AXES.  103 

X       "~       y       "~       8       ~  R*  ' 

and  sabatituting  in  (173), 

(a?* +y«  +  «2)  (x*  +  Y«  +  z*)  —  {XX  +  Yy  +  z  J?)'  =  o'  —  k*, 

(y«— zy)*  +  (zar— x;^)*H-(xy— YJ?)*  =  o«— k^.    (175) 

which  is  the  equation  to  the  required  cylindricid  surface. 

We  may  also  in  the  following  manner  determine  the  equation 
to  the  surface  of  the  hyperboloid  which  is  the  locus-surface  of 
the  rotation-axes  of  the  principal  moments  relative  to  a  section 
of  the  preceding  cylinder  by  a  plane  perpendicular  to  its  axis  or 
to  the  central  axis. 

Let  {xq,  yo,  Zq)  be  the  moment-centre  to  which  the  rotation- 
axis  of  the  principal  moment  is  referred^  and  let  p  be  the  per- 
pendicular distance  from  it  on  the  central  axis,  and  suppose  the 
origin  to  be  at  the  point  where  p  meets  the  central  axis ;  then 
the  equations  to  the  rotation-axis  are 

^Zf!^  =  l!:=y!>  =  £=:£•;  (176) 

L  M  N 

also  we  have       l^-|-m'+n'  =  o^  (a  constant)^ 
^o*  +  yo^  +  ^o*  =  j?«  =  ^  7a^   > 

R 

xa?o  +  Yyo  +  z^o  =  0, 
L^o+Myo-f  Njzro  =  0,  (177) 

LX  +  MY  +  NZ  =  BOCOS<^  =  RK; 

of  the  last  three  equations^  the  first  expresses  the  condition 
that  p  is  perp^idicular  to  the  central  axis,  the  second  that  p  is 
perpendicular  to  the  rotation-axis  of  the  principal  moment^  the 
third  that  the  rotation-axis  is  inclined  at  an  angle  <f>  to  the  cen- 
tral axis.    Now  from  (176)  we  have 

x-xq  _  y—yo_  z—Zo_  {a?»-f-y»-i-;g^-h;?»-2(a?j;b-f-yyo  +  ^^o)}* 

L  M  N  O 

=  ^^±iy±^.  (178) 

RK 

Also  multiplying  the  terms  of  (177)  severally  by  those  of  the 
equality  (176),  we  have 

a?^o+yyo+«^«o  =  ;^, 

therefore  from  the  last  terms  of  (178)  we  have 

(a?»4.y«+««)E«K2-(o«-K>)K«  =  {xX'^Yy^zz)^Q^,    (179) 
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which  is  the  equation  to  a  hyperboloid  of  revolution  of  one 
sheet,  the  central  axis  being  the  axis  of  figure. 

And  if  the  central  axis  is  the  coordinate-axis  of  5?,  x  =  0,  y  =  0, 
z  =  R,  in  which  case  (179)  becomes 

a?3 + y2  -  ;?;*  (tan  <t>)^  =  p^.  (180) 

Also  for  all  moment-centres  on  a  straight  line  perpendicular 
to  the  central  axis,  the  corresponding  rotation-axes  are  on  the 
surface  of  a  hyperbolic  paraboloid. 

Let  the  central  axis  be  the  coordinate  axis  of  z ;  and  let  the 
plane  in  which  the  given  straight  line  is  be  that  oi  xy;  and  let 
the  moment-centre  be  the  point  (j?o>  yo)-  Then  if  x,  y,  z,  l,  m,  n 
refer  to  the  origin  as  the  moment-centre,  and  Lo>  ^o,  Nq  to  the 
given  moment-centre,  x  =  0,  y  =  0,  z  =  r,  and  by  reason  of 

^         ^  Lo  =  L  — Ryo>         Mo  =  M-fRa?o,         Nq  =  N  ; 

so  that  the  equations  to  the  rotation-axis  through  {xq,  yo)  are 
x—xq  _    y— yo   _  z 

L  —  Ryo  ~   M  -I-  KXo  ""  N  " 

Also  let  the  equation  to  the  given  straight  line  on  which  the 
moment-centre  is  be  a^r-f-iy  =  0;  so  that  we  have 

IJXo^VLZyo  +  LZ'—NX  =  0  ^ 

R;:?a7o  +  Nyo  +  M;2— Ny  =  0  U 
axo-{byo  =  0  J 

whence  by  cross-multiplication,  and  after  reduction,  we  have 
R(iL— aM);?2-|-oRNy2;— ARN2;a?  +  N*(aa?-f-iy)  — (aL-f  Am)n;»  =  0; 

which  is  the  equation  to  a  hyperbolic  paraboloid,  and  on  the 
surface  of  which  therefore  all  the  rotation-axes  are  found. 

76.]  And  let  us  further  investigate  certain  properties  of  mo- 
ment-centres situated  anywhere  in  space. 

Suppose  (xq,  yo,  Zq)  to  be  the  moment-centre  of  which  Go  is 
the  principal  moment,  and  of  which  Lo,  Mo,  No  are  the  resolved 
moments  along  the  coordinate  axes ;  and  l,  m,  n  to  be  the 
resolved  moments  along  the  coordinate  axes,  of  o,  which  is  the 
principal  moment  with  reference  to  the  origin ;  then^  by  equa- 
tions (150)  ^  ^  L-zyo  +  Y^o  •) 

Mo=M  — X^O+Z^O    >',  (181) 

No  =  N— Ya^o+xyo  J 
and  let  us  call  the  plane  which  passes  through  (j'o,  yo^  Zq),  and  is 
perpendicular  to  the  rotation-axis  of  the  principal  moment  at 
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the  point  the  momenial  plane  *,  so  that  the  equation  to  the  mo- 
mental  plane  corresponding  to  the  moment-centre  (xq,  yo,  Zq)  is 

(j?~ro)  Lo+  (y-yo)  Mo+  (Z-Zo)  No  =  0, 

«r,    (L— zyo+Y«6)a?-|-(M~x«o  +  zJPo)y  +  (N— Y^o  +  xyo)« 

==  Lj?o+Myo+N;8o;  (182) 
and  as  this  expression  is  always  possible  and  definite,  we  con- 
clude that  every  point  in  space  may  be  a  moment-centre ;  and 
hare  a  momental  plane  which  is  unique  for  that  point. 

Hence  also  the  equation  to  the  momental  plane  corresponding 
to  the  origin  as  the  moment-centre  is,  as  is  otherwise  evident, 

LX+My-^fiZ  =  0. 

Suppose  moreover  that  the  equation  to  a  plane  is 

AJ?-f  By  +  cj2r  =  D,  (183) 

and  that  it  is  required  to  find  in  it  the  point  which  is  its  mo- 
ment-centre ;  then  comparing  (183)  and  (182),  we  have 


L-'Zyo-\'YZo  _  M—XZo-\^ZXo_  N  — Y«ro-t-Xyo  _  LJ?o  +  MyoH>Ngb 


(184) 


J?o  = 


yo  = 


^0  = 


__  LX  +  MY  +  NZ^ 
"~   AX  +  BY  +  CZ  ' 

DX-f  BN— CM 

AX-I-BY  +  CZ 

DY  +  CL  — AN 


AX-fBY-f-CZ 
nZ  +  AM  — BL 


>; 


(185) 


AX  +  BY  +  CZ 

and  as  these  quantities  are  possible  and  definite,  every  plane 
may  be  a  momental  plane,  and  will  accordingly  have  a  moment- 
centre  in  it  and  corresponding  to  it,  and  whose  coordinates  are 
given  by  (185). 

The  coordinates  of  the  moment-centres  of  the  three  coordi- 
nate planes  are  therefore. 

Of  the  plane  yz,      j?  s=  0,  y 


N 


z  = 


Of  the  plane  zs, 
Of  the  plane  xy, 


M 


L 

y  =  -. 


z=0; 


*  Mobtns  calls  this  plane  '*  Null-ebene/'  as  being  that  with  respect  to 
wUcb  the  moment  at  thei  given  point  vanishes. 

P 
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all  which  points  evidently  lie  in  the  plane  whose  equation  is 

La?-f  My-f  Na?  =  0, 
and  which  is  the  momental  plane  of  the  origin ;  and  hence  also 
we  infer  that  the  moment-centres  of  the  three  coordinate  planes 
lie  in  a  plane  passing  through  the  origin  of  coordinates. 

And  the  locus  of  the  moment-centres  of  a  system  of  parallel 
planes  is  a  straight  line  which  is  parallel  to  the  central  axis; 
and  of  which  the  equations  are 

a?(AX-f  BY  +  CZ)-f  CM  — BN    _^   y  (AX-f  BY  +  CZ)  +  AN  — CL 
X  ~  Y 

5?(AX-f  BY-f  C2)-f  BL  — AM 


Z 

these  following  immediately  from  (185).    This  line  is  of  course 
a  generating  line  of  the  cylinder  (175). 

Also  if  Go  is  the  principal  moment-axis  with  reference  to  the 
point  (xo,  yo,  Zq),  equations  (185),  then 

(A2  +  B«-hc2)* 

Go  =  KR. 

AX  +  BY  +  CZ 

77."}  Also  the  perpendicular  on  the  central  axis  from  the  mo- 
ment-centre (xo,  yo,  Zo)  is  at  right  angles  to  the  rotation-axis  of 
the  principal  moment  in  reference  to  that  moment-centre. 

Let  us  suppose  the  origin  to  be  on  the  central  axis ;  then  the 

equations  to  it  are  ^       «.       « 

^  =  ?^  =  -,  (186) 

X  Y  Z' 

and  the  equations  to  the  line  passing  through  (xq,  yof  ^)  t^d 
perpendicular  to  and  meeting  the  central  axis  are 

^—xq y— yo 

^oE*— x(xa?o-hYyo-f  z«b)  ""  yo**— Y(x^o-hYyo  +  z;K6) 

__  ^     ^ .  n87\ 

;5oR*— z(xa?o  +  Yyo-|-z«b) 
and  the  equations  to  the  rotation-axis  of  the  principal  moment 
in  reference  to  the  moment-centre  (xq,  yo,  Zq)  are 

^Zf!L=  yzl!!>  =  £Z£»;  *  (188) 

Lo  Mo  No 

and  the  sum  of  the  products  of  the  corresponding  denominators 
of  (187)  and  (188)  is 

Lo  {a?oR*— x(xa7o+Yyo-|-z;2ro)}  +  ...  + ... 

=  E«(Loaro-f-Moyo-hNo;2ro)  — (X^O  +  Yyo  +  Z2ro)(LoX-|-MoY  +  NoZ) 

=  R*(La?o  +  Myo  +  N2ro)  — (x^o+Yyo+zj2ro)(LX+MY-|-Nz)    (189) 
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by  reason  of  (150)^  and  wherein  l,  m,  n  refer  to  the  central  axis ; 
and  therefore  we  have 

?:  =  ??  =  ?  =  ?,  (190) 

X  Y  Z  R 

SO  that  (189)  becomes 

KK  (xj?o  +  Yyo  +  z^o)  —  (xa?o  +  Yyo  +  z  ^o) »  K, 
and  which  vanishes ;  and  therefore  the  rotation-axis  of  the  prin- 
cipal moment  corresponding  to  (xo,  yo,  Za)  is  perpendicular  to  the 
line  drawn  from  the  moment-centre  at  right  angles  to  the  cen- 
tral axis ;  and  therefore  also  the  perpendicular  from  the  moment- 
centre  to  the  central  axis  is  the  shortest  line  between  the  cen- 
tral axis  and  the  principal  rotation-axis  at  that  moment-centre. 
Hence  if  <^  is  the  angle  contained  between  the  central  axis 
and  the  rotation-axis  of  the  principal  moment  through  the  mo- 
ment-centre (a?o>  yo,  «o)> 

^-^  LoX-l-MoY-l-NoZ 

COS  <p  = 

OoR 

_   LX-f-MY-fNZ 

~  GoR 

_^     K 

the  same  result  as  (168). 

78.]  Now  let  us  consider  the  relations  that  exist  between 
principal-moments^  their  projections  on  the  coordinate  axes  and 
their  rotation-axes  in  reference  to  two  di£ferent  moment-centres 
(^05  VQi  ^o)  smd  (xi,  yi,  Zi).  And  let  us  suppose  the  origin  to  be 
on  the  central  axis;  and  let  the  symbols  carry  the  subscript 
O  or  1^  according  as  they  refer  to  the  former  or  the  latter  mo- 
ment-centre.   Then  we  have 

Lo  =  L  — Zyo  +  YZo  Li  =  L  — zyi-f  Y2ri  ^ 

Mo  =  M  — XZo-hZ^O  Ml  =  U^XZi  +  ZXi  I,  (IW) 

No  =  N— Ya?o  +  Xyo  Ni  =  N  — Ya?i-f-Xyi  J 

.-.     Li-Lo  =  Y(2ri  — 2ro)-z(yi-yo)  1 

Mi-Mo  =  z(Xi—Xo)  —  xiZi-Zo)  I;  (192) 

Ni-No  =  x(yi-yo)-Y(a?i— a?o)J 
,    (Li-Lo)(a?i-a?o)  +  (Mi— Mo)(yi-yo)  +  (Ni-No)(2ri-2ro)=0.  (198) 
Now  the  momental  plane  of  the  moment-centre  (xq,  yo,  Zq)  is 
Lo(a?— a?o)  +  Mo(y-yo)  +  No(j?-2ro)  =  0;  (194) 


P  2 
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and  the  momental  plane  of  the  moment-centre  (Xi,  yi,  ^1)  is 

Li(a?-j?i)  +  Mi(y-yi)-f  Ni(z-;2ri)  =  0.  (195) 

Suppose  (o!^i,yi,Zi)  to  be  in  the  plane  (194),  then  we  have 

Lo  (a-^o)  +  Mo(yi  -yo)  +  vo(zi  -Zq)      0 ;  (196) 

80  that  from  (193)  we  have 

Li(ro--a?i)  +  Mi(yo-yi)  +  Ni(2ro-2ri)  =  0,  (197) 

and  therefore^  by  reason  of  (195),  the  momental  plane  of  the 
moment-centre  (^1,  yu  ^1)  contains  the  moment-centre  {xq,  yo,  Zo). 
Hence  we  infer 

The  momental  planes  of  all  moment-centres  in  any  given 
plane  pass  through  the  moment-centre  of  that  plane : 

If  a  straight  line  drawn  in  a  given  plane  through  the  moment- 
centre  of  that  plane  is  called  a  ray  of  the  plane,  it  follows  that 
the  momental  planes  of  all  moment-centres  in  that  ray  inter* 
sect  in  the  ray. 

And  such  a  ray  may  also  be  considered  as  lying  in  another 
plane  which  intersects  the  given  momental  plane  along  that 
ray ;  and  therefore  the  momental  planes  of  all  moment-centres 
along  this  line  pass  through  the  moment. centre  of  this  other 
plane,  and  therefore  this  latter  moment-centre  lies  in  the  given 
ray  i  and  therefore  a  ray  of  any  plane  is  the  locus  of  the  mo- 
mentK^entres  of  all  planes  passing  through  the  ray. 

79.3  And  as  to  the  conditions  requisite  that  a  given  straight 
line  should  be  the  principal  rotation-axis  with  reference  to 
9ome  moment-centre  on  itself,  let  the  equations  to  the  given 
straight  line  be 

^  =  ^  =  ^  =  M-y);  (198) 

and  let  the  moment-centre  on  it  be  (x,  y,  z) :  then  the  direction- 
cosines  of  this  line  must  be  proportional  to  l,  m,  n  which  refer 
to  the  moment-centre  (d?,  y,  z) ;  let  Lo,  Mo,  Nq  refer  to  the  mo- 
ment-centre (^0*  yoi  Zq)  ;  BO  that 

L  =  Lo-z(y-yo)+Y(5J-«o),     m=...,     n=...;       (199) 

.         Lo-Z(y-yo)+Y(g-g6)    _    Mo-X(g~-go)4-Z(37-~3?o) 
*   '  A  B 

=  No-Y(;g~a'o)4-x(y~yo) 
therefore  by  means  of  (198), 
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Lo  — P(B«  — CY)   _   Mo-"p(CX  — AZ)   _   No— p(AY  — BX) 
A  ""  B  ^  C 

—   ALo-fBMo-fCNo   _   XLp-f  YMo4-ZNo 
""        A*-|-B*-fc2^        "~      AX  +  BY  +  CZ 

= — ;  (201) 

AX4-BY-fCZ 
.-.       (ALo  +  BMo-f  CNo)(AX  +  BY-f  CZ)  =  KK  {A^ -{  B*4  C*),        (202) 

which  is  the  required  condition ;  and  if  0  is  the  angle  between 
the  rotation-axis  of  the  principal  moment  Qq  and  the  given 
straight  line,  and  if  <^  is  the  angle  between  the  given  straight 
line  and  the  central  axis^  (202)  becomes 

Go  cos  d  cos  <^  =  K.  (203) 

One  property  of  this  equation  is  worth  notice ;  if  the  line 
which  is  to  be  the  rotation-axis  is  perpendicular  to  the  central 
axis^  if>  =  90^,  and  therefore  x  =  0 :  that  is,  the  system  of  forces 
is  reducible  to  a  single  resultant  of  translation.  Hence,  con- 
versely^ if  a  system  of  forces  is  reducible  to  a  single  resultant^ 
the  only  straight  lines  which  can  be  rotation-axes  with  respect 
to  any  moment-centres  on  themselves  are  those  which  intersect 
at  right  angles  the  line  of  action  of  the  single  resultant ;  and  if 
the  forces  do  not  admit  of  a  single  resultant,  no  straight  line 
which  is  perpendicular  to  the  central  axis  can  be  a  rotation-axis 
with  respect  to  a  moment-centre  on  itself. 

Also  the  coordinates  of  the  moment-centre  are  thus  deter- 
mined: operate  on  the  successive  terms  of  the  equality  (201) 
with  the  factors  bz— cy,  cx— az,  ay— bx,  then  the  sum  of  the 
denominators  vanishes,  and  therefore  the  sum  of  the  numerators 
also  vanishes ;  whence  we  have 

_    Lo(BZ-CY)-hMo(CX— AZ)H-No(AY~BX)  ^ 
^  (BZ-CY)a-f-(CX-AZ)«  +  (AY-BX)«         '  ^         ^ 

and  therefore  from  (198) 

a?  =  aro-f-pA,    y  =  yo-hf>B,    «f  =  «o+pc,  (205) 

and  these  are  the  coordinates  to  the  moment-centre.  If  these 
values  are  substituted  in  (199),  the  principal  moment  with 
respect  to  the  determined  moment-centre  may  be  found  in 
terms  of  the  principal  moment  at  the  given  point  {Xq,  yo,  Zq) 
and  other  known  quantities. 

In  application  of  these  results,  if  the  axis  of  j7  is  a  rotation-axis 
with  respect  to  a  moment-centre  on  itself^  that  is,  if  b  =  c  =  0, 
equation  (202)  becomes 
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MoY-f-NoZ  =  0, 

and  if  the  point  {ivq,  yo,  ^o)  is  the  origin^  then  from  (205) 

No  Mo 

0?  =  = , 

Y  Z 

and  therefore  the  principal  moment  at  the  point  is  Lq. 

By  a  similar  process  we  may  determine  the  conditions  that 
the  other  two  rectangular  coordinate-axes  may  be  rotation-axes 
with  respect  to  moment-centres  on  themselves;  and  also  the 
coordinates  to  the  required  moment-centres.  It  is  evident  by 
reason  of  the  required  condition  that  all  three  cannot  simul- 
taneously be  rotation-axes  of  the  given  nature. 

80.]  And  another  inquiry  suggests  itself;  to  what  relations 
are  all  momental  planes  subject^  whose  moment-centres  are  on 
a  given  straight  line  ? 

Let  Li^  Mi^  Ni  refer  to  the  point  (^i^  yi,  Zi)  as  a  moment-centre ; 
so  that  the  equation  to  the  qorresponding  momental  plane  is 

Li(^-^i)  +  Mi(y-yi)  +  Ni(2;-;»i)  =  0;  (206) 

and  suppose  the  moment-centre  to  be  on  a  straight  line  whose 
equations  are 

fi=£«  =  JJlZK?  =  £1Z^  =  p  (say),  (207) 

ABC 

where  (<ro>  yos  ^o)  is  a  fixed  point  on  the  line :  then 

^i  =  ^o+Ap,      yi  =  yo+Bp,      ^  =  «o+cp;         (208) 
and  if  Lq,  Mq,  No  refer  to  the  fixed  point  (^o^  yo,  ^u)> 
Li  =  Lo-z(yi— yo)  +  Y(^— ;?o)  1 
Ml  =  Mo— x(;2;i— 5;o)-|-z(j?i— ^o)  V;  (209) 

Ni  =  No-Y(4?i-^o)  +  x(yi-yo)J 
and  if       bz— CY  =  a,      ex— az  =  )3,      ay— bx  =  y,         (210) 
we  have  from  (208)  and  (209) 

Li  =  Lo-pa,       Mi  =  Mo-p)3,       Ni  =  No-py;        (211) 
so  that  (206)  becomes 
(Lo— ap)  (ar— a?o— Ap)  -f-  (Mo-/3p)  (y-yo—Bp) 

+  (No-yp)(^-^o-cp)=0;  (212) 

and  therefore  since       Aa -f-  b/3 -h cy  =  0,  (213) 

we  have 

ho  (x—xo)  +  Mo  (y — yo)  +  No  («— «o) 
— p{a(ar— ^o)-h)3(y— yo)  +  y(;2— ;2o)  +  ALo-f  BMoH-CNo}=0;  (214) 
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which  equation,  it  will  be  observed,  consists  of  two  linear  ex- 
pressions of  the  first  degree,  the  second  of  which  is  multiplied 
by  the  yariable  factor  p :  and  therefore  we  conclude  that  all  the 
momental  planes,  whose  moment-centres  are  on  the  straight 
line  (207),  pass  through  a  line  which  is  the  intersection  of  the 
two  planes 

Lo  (a?~a?o) +Mo  (y — yo)  +  No  (z-zq)  =  0 ) 
a{jr— ;Po)+i3(y— yo)-fy(^— ^)+ALo  +  BMo  +  CNo  =  Oi  ' 
The  direction-cosines  of  this  last  line  are  proportional  to 

Moy— No)3,        Nott  — Loy,        LoiS— Moa, 
that  is,  if  Q  =  ALo  +  BMo  +  CNo,  (216) 

to         ARK  — XQ,         BRK— YQ,         CRK  — ZQ; 

and  if  we  substitute 

<tt  =  Lo(i3— y)-f  Mo(y-a)-|-No(a-^) 

r=  RK(A  +  B  +  C)-Q(x-fY  +  Z), 

the  equations  (215)  may  be  put  into  the  form 

Q  Q  Q 

x—Xo (Mo— No)        y— yo (No— Ih))        Z—Zo (Lo" Mo) 

^ = ^? = " ,  (217) 

ARK  — XQ  BRK  — TQ  CRK  — ZQ 

or, 

Q  Q  Q 

X—Xo (Mo— No)         y— yo (No  — Lq)         Z—Zq (Lo  — Mo) 

CD  CO  CO 

Moy— Noi3  ~  Noa— Loy  ""  LojS— Moa         ' 

and  this  line  therefore  is  that  through  which  pass  all  the  mo- 
mental planes  whose  moment-centres  are  on  the  line  (207). 

81.]  Let  us  however  consider  the  converse  problem  of  the  pre- 
ceding :  viz.  to  find  the  locus  of  the  moment-centres  of  a  series  of 
planes  passing  through  the  line  whose  equations  are  (207). 

The  equation  to  any  such  plane  is  evidently  of  the  form 

/  (x-^xo)  +  m  (y-yo)  +  »  (z—Zq) 

+  f>{r(d?-aro)+w'(y-yo)+n'(^-«o)}  =0,    (218) 
where  p  is  an  arbitrary  constant,  and  where 
/A-f-mB  +  nc  =  Oj 
/'A  +  m'i 
and  if  ((,  17,  ()  is  the  moment-centre,  the  direction-cosines  of  the 
rotation-axis  of  its  principal  moment  are  proportional  to 
Lo-z(T;-yo)  +  Y(i'-2;b),   ...,    ... ; 
and  to     I -{-pi',    m-\-pfn\    n-j-pn';  therefore 


'"^"■r^^^h  (219) 

n'B  +  n'c  =  Or 
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l-\-pf  m'\^pfn! 

=  No-Ttf-a^o)  +  x(,-yo) .  ^^^^^ 
n-\-  pn 
and  since  (^,  77, 0  is  in  the  plane  (218),  we  have 
(/+^0  (f  ~^o)  -h  (w+P'w')  (»;-yo)  +  (»4  p»')  (C-^o)  =  0;  (221) 
and  from  (219) 

(/  +  pO  a -f  (m-i  pi»')  B  +  (»-f  pn')  c  =  0 :  (222) 

so  that  operating  on  the  terms  of  the  equality  (220),  we  have 

Lo(f-^o)  +  Mo(»?--yo)  +  No(f-«o)  =  0,  (223) 

a(f-^o)  +  i3(»7-yo)  +  y(C-^)+ALo  +  BMo  +  CNo=  0,  (224) 
and  which  are  the  same  equations  as  (215) ;  and  therefore  the 
locus  of  the  moment-centres  of  all  momental-planes  passing 
through  the  line  (207)  is  the  line  of  intersection  of  the  two 
planes  whose  equations  are  (223)  and  (224).  Hence,  to  rcca* 
pitulate  the  results. 

If  a  moment-centre  moves  along  a  line  whose  equations'  are 

ABC 

all  the  momental-planes  pass  through  the  line  (217),  which  is 
formed  by  the  intersection  of  the  two  planes 

Lo(a?— .ro)-fMo(y— yo)4-No(«— ^)  =  0,  -| 

(BZ - CY)  {X -a?o)  +  (ex  - AZ)  iy  -yo)  +  (ay  - bx)  (« -  «o)       U  (226) 

-f-ALo-f  BMo-f  CNo  =  OJ 

and  if  a  moment-centre  moves  along  the  line  of  intersection  of 
these  two  planes,  all  the  momental  planes  pass  through  the  line 
whose  equations  are  (225).  These  lines  are  for  an  obvious  rea- 
son called  reciprocal  lines^  (Gegen-linien)  * ;  (207)  and  (217)  are 
therefore  reciprocal  lines. 

I  may  observe  that,  if  k  =  0,  that  is,  if  the  system  of  forces  is 
reducible  to  a  single  resultant  of  translation,  (217)  are  inde- 
pendent of  A,  B,  and  c ;  and  that  the  line  is  parallel  to  the  line 
of  action  of  the  resultant  of  translation :  hence  we  infer  that 
under  these  circumstances  this  latter  line  is  reciprocal  to  every 
line  in  space. 

♦  See  Schweins,  Crellc  Vol.  XXXVIII,  pp.  40-76;  Mobius,  Statik,  §  86, 
Enter  Theil^  Leipzig,  1837;  and  Steichen,  Crelle  Vol.  XXXVIII,  pp.  377-330 ; 
and  Vol.  XLIV,  pp.  181-219. 
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Let  U8  briefly  consider  the  geometrical  position  of  two  recipro- 
cal lines ;  let  the  origin  be  placed  at  the  point  {xq,  yo>  ^o)  on  the 
line  (225) :  then  the  first  plane  of  (226)  is  the  momental-plane 
with  respect  to  that  point  as  the  moment-centre;  and  the 
second  plane  is  parallel  to  the  plane  containing  the  first  reci- 
procal line  and  the  line  of  the  resultant  of  translation  at  the 
origin ;  also  if  <^  is  the  angle  between  the  line  (225)  and  the 
line  of  action  of  the  resultant  of  translation^  then 

.                     (BZ-CY)a-KcX--A2)«-h(AY-BX)^ 
^''°*>    =  (A>  +  B^  +  C«)E« ' 

and  the  perpendicular  from  the  origin  on  the  second  plane  of 
(226)  is  equal  to 


Rsin<^{A*  +  B*  +  c*}* 

82.3  The  two  reciprocal  Unes  are  perpendicular  to  each  other^  if 

a{Mo(aY  — BX)  — No(CX  —  AZ)}  -f  ...  +  ...  =  0,  (227) 

(A«-fB*-|-C«)(LX  +  BfY-fNZ)  — (AX  +  BY  +  CZ)(ALo-f-BMo  +  CNo)=0,  (228) 

which  is  the  same  as  (202),  and  expresses  the  condition  that  the 
line  (225)  should  be  the  rotation-axis  of  the  principal  moment 
with  reference  to  some  moment-centre  on  itself.  And  when  this 
condition  is  fulfilled,  (226)  is  also  the  rotation-axis  of  the  prin- 
cipal moment  with  reference  to  some  moment-centre  on  itself. 

For  comparing  the  direction-cosines  of  this  latter  line  as  de- 
rived from  (199)  with  those  derived  from  (226),  we  have 

Lo-z(y-yo)+Y(2r>-^o)    ^       ^ 

Mo(AY  — BX)  — No(CX  — AZ) 

of  which,  when  operated  on  with  the  factors  a,  b,  c,  the  sum  of 
the  numerators  vanishes  by  reason  of  (226) ;  and  therefore  the 
sum  of  the  denominators  also  vanishes :  and  this  latter  equation 
is  that  marked  (227),  so  that  the  proposition  is  proved. 

And  as  reciprocal  lines  which  are  perpendicular  to  each  other 
are  rotation-axes  of  the  principal  moments  with  reference  to 
moment-centres  on  themselves,  so  if  (<ro>  yoy  Zq)  and  (xi,  pi,  Zi) 
are  the  moment-centres,  the  equations  to  the  lines  are 

x—xq  _  y—yo  _  z—Zq 
Lo       —      Mo      ^      No     ' 

x—xi  _  y— yi  _  z-^zi 
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Now  K  =  G  COS  <f>,  see  equation  (168) :  therefore  if  <f>o  and  ^1 
are  the  angles  between  the  central  axis  and  the  reciprocal  lines 

K  =  Go  cos  ^  =  Oi  cos  <^i, 

.         1      .     1     _    (CO9(t>0)^  +  (COS<t>i)^  ^ 
•   •      Go>  "*"  Gi«   "  K« 

but  as  the  reciprocal  lines  are  perpendicular  to  each  other^ 
^-1- <^  =  90°,  therefore 

Also  two  reciprocal  lines  are  parallel,  if 

ARK— XQ    _    BKK  — YQ    __    CRK  — ZQ 
A  ""  B  ""  C  ' 

that  18,  if  -=-=-; 

ABC 

that  is,  when  each  line  is  parallel  to  the  central  axis ;  and  also 
when  Q  =  0,  in  which  case  the  reciprocal  lines  coincide  with  each 
other,  and  with  the  central  axis,  every  point  of  which  is  of  course 
a  moment-centre  with  respect  to  the  line  which  is  the  principal 
rotation-axis  with  respect  to  it. 

83.3  The  equations  to  the  line  of  shortest  distance  between 
two  reciprocal  lines  are  found  in  the  following  way : 
For  convenience  of  symbolization  let 

Moy— No)3  =  a',       Noa— Loy  =  B',       LojS— Moa  =  c',       (230) 

so  that  the  equations  to  the  reciprocal  lines  are,  firom  (207)  and 
(217), 

ABC 
Q  Q 

a?— a?o (Mo  — No)  y—yo (No  — Lo) 


= }, =  /;  (232) 

and  let  cos  A,  cos  fi,  cos  v  be  the  direction-cosines  of  the  shortest 
line;  then,  as  we  know  that  the  shortest  line  intersects  both 
the  above  lines  at  right  angles,  we  have 

A  cos  A  +  B  cos  )Ul-{-  C  cos  ]/  =  0  )  /Mox 

a'cOS  A  +  b'cOS  )UI-|-C'C08  V  =i  0} 
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RECIPROCAL 

LINES. 

COS 
BC^- 

X 
b'c 

= 

COS/bl 

ca'-ac' 

= 

cosy 
ab'-a'b 

coa 

X 

C08/bl 

cos  v 

_mii_  ^     —  ^-     =     .  (284) 

BZ  — CY  CX  — AZ  AY  — BX 

Let  {,  ri,  C  be  the  current  coordinates  of  the  shortest  line ; 
and  (x,  y,  z)^  {pf^  %f^  z')  the  points  where  it  intersects  severally 
(231)  and  (283) ;  then^  by  reason  of  its  being  perpendicular  to 
(281)  and  to  (282),  we  have 

(f-jp)  A  -f-  (17-y)  B  +  (C-2r)  0  =  0, 
(f-a?)A'+(,,-y)B'+((:-2r)c'  =  0, 
.-.     (f-*o)A+(i7-yo)B  +  (f-;8o)c  =  (AHB«  +  c«)r, 
(f-a?o)A'+(iy-yo)B'+(C-«D)c'=:  (AA'  +  BB'  +  cc')r; 
whence  eliminating  r,  we  have 

(f-d?o)  {a(aa'  +  bb'  +  cc') -aV  +  b«+c«)}  + ...  +  ...  =0;  (285) 
and  if  we  operate  in  a  similar  manner  on  (282),  we  shall  have 

{f-a?o-  ^  (Mo-No)}  {a'(Aa'  +  BB'  +  Cc')-a(a'«  +  b'«  +  c'»)} 

+  ...  +  ...=0;    (236) 
and  if  we  substitute 

Loa-f-Mo/S  +  Noy  =  *| 

after  obvious  reductions  these  equations  become  respectively 

(f-^o)  (Ci3-By)-h(»7-yo)  (Ay-ca)  +  (C-;8ro)  (sa-A^)  =  0, 
(f-^o)  (a*-Lop*)  +  (i7-yo)  03*-Mop») 

+  iC-Zo)  (y*-Nop»)-hQ*  =  0;   (288) 

and  the  shortest  line  is  the  line  of  intersection  of  these  two 
planes. 

To  find  its  equations ;  firom  the  preceding  equations  let  ^— ^o> 
»J— yo»  f— ^0  be  successively  eliminated;  whereby  we  have 

(i?-yo)y-(i'-^o)/3  =  -^(c/3-By) 

(f-2ro)a-(f-a?o)y  =  -^{jLj^oa)  ^;  (289) 

P 

k 
(f-a?o)i3-(t;-yo)a  =  --^(Ba-A^) 

whence  we  have 

Q  2 
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{(^-^o)a+()y-yo)i8  +  tf-2ro)y}a-(f-a?o)fi« 

=  -_{A^2  +  Ay«-Ba^-cay} 

* 
=  --y{^«A-a(Aa  +  B^  +  cy)} 

=    —  *A. 

Therefore  from  the  symmetry  we  haye 

kx  kB       ^  Arc 

f-^o--~a        ^-yo--^       (-^o-'-i 

— ^  =  — r^  =  — 7^^      (^> 

and  these  are  the  equations  to  the  shortest  line  between  a  pair 
of  reciprocal  lines. 

Now  with  regard  to  the  central  axis,  it  is  in  the  first  place 
plain  that  the  line  whose  equations  are  (240)  is  perpendicular 
to  it :  for  the  direction-cosines  of  the  central  axis  are  (see  equa- 
tions (167))  proportional  to  x,  y,  z ;  and 

ax-fiSv-f  yz  =  x(bz— CY)-f  y(cx--az)  +  z(ay— BX) 
=  0; 
therefore  the  shortest  distance  between  two  reciprocal  lines  is 
perpendicular  to  the  central  axis.    And  it  also  meets  the  central 
axis ;  for  writing  the  equations  (167)  of  the  central  axis  in  the 
form 

NqY  — MqZ  LoZ  — NqX  J,  MqX  — LqY 

f-a?o -a v-Vo ri C-^o -5 


,(241) 


X  Y 

and  applying  to  them^  and  to  the  equations  (240),  the  ordinary 
conditions  that  two  straight  lines  should  be  in  the  same  plane, 
we  have 

/*A         NoY  — MoZ\  /*B         LqZ  — NoX\  . 

(7 Ji2— )  (/3z-yv)  -h  (-^ ^^—)  (yx-az) 

/Arc         MoX  — LoY\  ,  ^    , 

fkx         NqY  — MoZ\   f     ,  .  V  01 

(^ -5 )  {x(ax  +  by  +  cz)-ar»}  -h  ...  +  ...  = 

'  p  B>  ^ 

-2-{(AX-f  BY  +  CZ)2  — (A2  +  B*-|-c2)R2}-f.A(NoY  — MqZ) 

+  B(LoZ  — NoX)  +  C(MoX  — LoY)  = 

—  *-hLoa+Mo)3-hNoy  =  0; 


2  {a^-h/3^-hy^}  +  Lo(BZ  — CY)  +  Mo(CX— AZ)  +  No(AY  — BX)  = 
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whence  we  conclude  that  the  shortest  distance  also  meets  the 
central  axis. 

84.]  We  are  now  able  to  resume  the  discussions  of  Art.  70, 
and  to  investigate  other  properties  of  two  forces,  which,  applied 
at  definite  points,  along  definite  lines  of  action,  and  in  definite 
directions,  equivalently  replace  a  system  of  forces  acting  on  a 
rigid  body  in  space ;  and  the  preceding  properties  of  reciprocal 
lines  will  aid  us  much  in  the  investigation. 

Let  the  two  forces  be  Fo  and  Pi,  of  which  let  the  points  of 
application  be  (^0^  yo,  ^o)  and  (^1,  yi,  Zi) ;  and  which  may  also  be 
considered  to  be  the  current  coordinates  of  their  lines  of  action : 
and  let  the  components  along  the  coordinate  axes  be  xoTqZo^ 
XiTi  Zi ;  so  that  we  have  the  following  equations :  viz. 

x  =  Xo+Xi,       Y  =  yo  +  Yi,       z  =  Zo  +  Zi,  (242) 

L  =  yi^i-ziYi  +  yoZo—znYo  -^ 

M  =  jSTiXi— a?iZi-fj2roXo— ^oZo  f',  (243) 

N  =  ^iYi-yiXi  +  a?oYo— yoxo  J 

and  let  Lo,  Ho,  No  be  the  moment-axes  of  the  original  impressed 

couples  about  the  coordinate  axes  at  the  point  (o^oi  yo,  ^0) ;  so  that 

L  =  Lo  +  Zyo—YZo^ 

M  =  MoH-xzo— za?o  [•;  (244) 

N  =  No  +  Y^o  — Xyo  J 

and  substituting  these  in  (243),  and  replacing  Xo,  Yq,  Zo  from 
(242),  we  have 

Lo  =  Zi(yi— yo)— Yi(zi— 2ro)  -j 

Mo  =  xi  («i  -Zo)  —  zi  (^1  - a?o)  I ;  (245) 

No  =  Yi(a?i-aro)-Xi(yi-yo)  J 
from  which  equations  <ri,  yi,  Zi,  the  coordinates  of  the  point  of 
application  of  Pi,  are  to  be  determined;  but  as  the  equations 
involve  the  equation  of  condition 

LoXi  +  MoYi  +  NqZi   =  0, 
or,       LoXo+MoYo-fNoZo  =   LX  +  MY  +  NZ 

=  RK,  (246) 

they  are  equivalent  to  only  two  independent  equations,  and  are 
therefore  the  equations  to  a  straight  line ;  and  may  be  put  into 
the  form 

MoZi-NoYi  NoXi-LpZi  .    LpYi-MpXi 

^1— j^oH- — —2 —     yi— yo+ — —2 —     ^1— -2^0+ — --2 — 

^ = ^ = ^ ,  (247) 

Xl  Yi  Zi 
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or. 


*> 


Mo  — No  No  — Lo  Lo— Mo 


Xl+Yi  +  Zi         "         "  Xi  +  Yi  +  Zi_  Xi  +  YiH-Zi^     g^g 


Xl  Yi  Zi 

and  therefore  the  point  of  application  of  Pi  may  be  anywhere 
in  this  line ;  and  as  the  direction-cosines  of  the  line  are  proper* 
tional  to  the  components,  along  the  coordinate  axes^  of  Pi,  we 
infer  that  the  line  of  action  of  Pi  is  coincident  with  the  line 
whose  equations  are  (247)  or  (248). 
Now  from  (245)  we  have 

Lo(a?i-a?o)  +  Mo(yi-yo)  +  M^-^)  =  0,  (249) 

and  also 
(YoZi— ZoYi)  (a?i— d?o)  +  (zoXi— XoZi)  (yi-yo) 

H-(XoYi— YoXi)  (;2fl— «6)  +  XoI'0  +  YoMoH-ZoNo  =  0,    (250) 
but  YoZi  — ZoYi  =  Yo(Z  — Zo)  — Zo(Y— Yo) 

^   YqZ- ZqYJ 

similarly  ZoXi— XqZi  =  ZoX— XoZ  ;  and  XoYi— YoXi  =  XoY— YoX; 
therefore  (250)  becomes 

(YoZ-ZoY)  (a?i-4?o)  +  (ZoX-XoZ)  (yi— yo)  +  (XoY-YoX)  (Zi  —  Zq) 

-f  XoLo  +  YoMo  +  ZoNo  =  0.    (251) 

If  therefore  the  equation  to  the  line  of  action  of  Po  is 

Xo  Yo  Zo  ^ 

the  line  of  action  of  Pi,  which  is  the  line  of  intersection  of  the 
two  planes  (249)  and  (251),  is  reciprocal  to  it,  as  is  manifest  on 
comparing  the  equations  with  (215)  in  Article  80.  Hence  also 
the  line  (247),  which  is  the  line  of  intersection  of  the  planes 
(249)  and  (251),  is  the  reciprocal  of  (252).  And  it  will  be  also 
found  on  reduction  that  the  general  form  of  the  reciprocal  line 
given  in  equations  (217)  assumes  in  this  case  the  form  (248). 

85.]  Hence  we  have  the  following  Theorem : 

If  a  system  of  forces  acting  on  a  rigid  body  is  equivalently 
replaced  by  two  forces,  one  of  which  acts  along  the  line  whose 
equations  are       ^_^^       ^_^^       ^_^^ 

-7-  -  -T"  -  -T-'  ^^^^ 

then  the  line  of  the  other  force  is  the  reciprocal  of  this. 

And  therefore  by  the  properties  of  reciprocal  lines^  proved 
above^  we  infer  that  the  lines  of  action  of  two  such  forces  are 
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perpendicular  to  a  line  which  passes  through^  and  is  perpen- 
dicular to^  the  central  axis  of  the  system. 

And  the  forces  acting  along  the  lines  may  thus  be  found. 
Let  Po  and  Pi  be  the  forces  and  xoToZq,  xiYiZi  their  components 
along  the  coordinate  axes;  let  (253)  be  the  equations  to  the 
line  of  action  of  Po ;  then  we  have 

Xo    _    Yo    _    Zo^  _   XoLoH-YoMo  +  ZqNo 
A     ""     B     "^     C     ""      ALo+BMo  +  CNo 

=  — ,  (254) 

ALo  +  BMo  +  CNo 

whence^  as  Lo^  Mo  and  No  are  given^  Xo^  Yq  and  Zo  are  given  in 
known  quantities.    Also  from  (242) 

Xi  =  X— Xo,         Yi  =  Y  — Yo,         Zi  =  Z  — Zo>  (255) 

so  that  XiYiZi  are  also  determined. 

If  the  lines  of  action  of  the  two  forces  are  in  one  and  the 
same  plane,  then  substituting  in  the  usual  equation  of  con- 
dition, that  two  straight  lines  may  be  in  the  same  plane,  from 
(247)  and  (252)  we  have 

(MoZi  — NoYi)  (YoZi-ZoYi)  +  (NoXi  — LqZi)  (ZoXi— XqZi) 

-f  (LoYi-MoZi)  (XoYi-YoXi)  =  0; 

and  therefore 

(toXo  +  MoYo  +  NoZo)  (Xi^  +  Yj*  +  Zj^) 

—  (XoXi  +  YoYi  -f  ZoZi)  (LoXi  +  MoYi  -f  NqZi)  =  0, 

the  second  part  of  which  expression  vanishes  by  reason  of 
(245),  and  therefore 

LoXo+MoYo  +  NoZo  =  0, 
or,  LX  +  MY-fNZ  =  0, 

which  is  the  condition  required ;  and  is  the  same  as  that  already 
determined,  so  that  the  forces  should  be  reducible  to  a  single 
force  of  translation. 

86.]  And  other  properties  of  this  system  of  double  forces 
may  be  thus  investigated.  Let  the  forces,  as  above,  be  Po,  ifu 
and  their  points  of  application  be  (^o^  yo,  ^o),  i^i,  t/u  ^i) ;  let  vq 
and  ri  be  the  lengths  on  the  shortest  distance  between  the  lines 
of  action  of  the  two  forces,  from  the  central  axis  to  the  respective 
lines  of  action ;  and  let  Oq,  0i  be  the  angles  between  the  central 
axis  and  the  lines  of  action ;  then 

Po  cos  ^0  +  Pi  cos  ^1  =  B,  (256) 

since  b  is  the  resultant  of  translation  along  the  central  axis. 
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Po  sin  $0  =  Pi  sin  Oi  =  — -— ,  (257) 

ro  +  n 

because  k  is  the  principal  moment-axis  about  the  central  axis, 

and  because  the  whole  resultant  of  translation  acts  along  that 

axis ;  and  therefore  also 

Poro  cos  ^0  =  ^in  cos  di,  (258) 

tan^^  tan^^_iL_ 

To  ry  RroTi 

If  the  lines  of  action  of  Po  and  of  Pi  are  perpendicular  to  each 
other,  then  ^o  +  ^i  =  90°»  and 

tan^otan(?i  =  1,  (260) 

.-.     rori  =  -3,      tan<?o  =  n-,      tan^i  =  ri-.         (261) 

R  K.  K. 

Also  let  Oo  and  Oi  be  the  principal  moment-axes  of  all  the  im- 
pressed forces  at  the  points  (^o>yoj^)  aiid  (^i,  yi,  «i);  then  by 
(168) 

^0  = TT 1       ^1  = :ri 

COsOo  C08(?i' 

and  since  sin  ^o  =  cos  ^i,  sin  0i  =  cos  Oq,  therefore  from  (257) 

|«=^  =  ro  +  n,  (262) 

Pi        Po 

l2.  +  ZL  =  J(ro-hrO,  (263) 

Pl  Po         K 

.-.     RK  =  PoPi(ro  +  ri), 

.-.      GoGi=:RK(ro+ri); 

and  from  (262), 

Go2  +  Gi«  =  (Po> + Pi«)  (ro  +  ri)» 
=  R*(ro+ri)2, 
since        r*  =  Po*  +  Pi*. 

Also  on  the  same  supposition  of  the  lines  of  action  of  the  two 
forces  being  perpendicular  to  each  other,  it  is  plain,  that  con- 
sistently with  the  condition  (261),  r©  +  ri  will  be  a  minimum  when 

ro  =  ri  =  5,  (264) 

R 

in  which  case  tan  ^o  =  tan  ^i ;  ^o  =  ^i  =  45*^ ;  Po  =  Pi  =  — r  *  ^^^ 

2* 
therefore  we  have  the  theorem :    A  given  system  of  forces 
acting  on  a  rigid  body  may  be  replaced  by  two  equal  forces 
whose  lines  of  action  are  perpendicular  to  each  other,  and  each 
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of  which  haa  a  line  of  action  inclined  at  46°  to  the  central  axis ; 
and  the  forces  act  perpendicularly  at  the  ends  of  an  arm  which 
is  bisected  at  right  angles  by  that  axis ;  the  magnitude  of  each 

a  2k 

force  is  equal  to  —j,  and  the  length  of  the  arm  is  — ;  and  no 

other  pair  of  forces,  having  lines  of  action  perpendicular  to  each 
other,  which  can  replace  the  ^system,  can  be  at  a  distance  less 
than  this. 

And  similarly,  if  the  lines  of  action  of  the  forces  are  inclined 
to  each  other  at  a  given  definite  angle,  say  2  a,  may  the  mini- 
mum distance  between  their  lines  of  action  be  determined ;  and 

we  shall  find  ^0  =  ^i  =  a,  p©  =  Pi  =  «  sec  a,  Vq  =  ri. 

And  if  the  lines  of  action  of  the  two  forces  are  parallel,  then 
the  system  of  impressed  forces  is  reducible  to  a  single  resultant 

of  translation  ;  p©  =  Pi  =  ^  ;  r©  =  ri  =  an  indeterminate  quan- 
tity ;  and  each  increases  infinitely,  when  Po  =  Pi  decreases  infi- 
nitesimally ;  and  the  line  of  action  of  each  force  is  parallel  to 
the  central  axis. 

If  the  forces  have  not  lines  of  action  inclined  to  each  other 
at  a  given  angle,  the  distance  does  not  admit  of  a  minimum ; 
the  limiting  case  is  that  of  two  forces  of  infinite  magnitude, 
bat  differing  by  a  finite  quantity,  which  act  along  one  line  in 
opposite  directions.  This  result  is  also  evident  from  the  mode 
by  which  in  Art.  70  it  is  shewn  that  a  system  of  forces  acting 
on  a  rigid  body  may  be  reduced  to  two  forces  of  translation. 

In  all  cases  the  two  forces  act  perpendicularly  at  the  ends  of 
an  arm  which  intersects  the  central  axis  at  right  angles. 

87.]  The  following  is  a  curious  geometrical  property  of  the 
two  forces  Po  and  Pi,  to  which  a  system  of  forces  acting  on  a 
rigid  body  may  be  reduced.  Along  the  lines  of  action  of  Pq  and 
Pi  let  lines  be  taken  severally  proportional  to  the  forces,  then 
the  content  of  the  tetrahedron  of  which  these  lines  are  opposite 
edges  is  constant,  whatever  is  the  position  of  the  lines  on  the 
lines  of  action  of  the  forces. 

Let  one  end  of  the  line-symbol  of  Po  be  (3^0,  yoyZo),  then  the 
other  end  is  (aro+Xo,  yo+Yo,  Zo  +  Zq);  and  let  one  extremity  of 
the  line-symbol  of  Pi  be,  in  virtue  of  equations  (247), 

l'^o+ — :^ ,    yo  +  — —^ — ,    ^«  +  ~^? — /' 

then  the  coordinates  of  the  other  end  are  the  same  quantities 

PRICE,  VOL.  III.  R 

Digitized  by  VjOOQ  IC 


122  THE  EQUILIBRIUM-AXIS.  [88. 

increased  severally  by  Xi,  Yi^  Zi ;  and  placing  the  origin  at  the 
point  (a?o,  ^o>  ^o)^  the  volume  of  the  tetrahedron  is,  according  to 

the  notation  of  Article  150,  Vol.  II,  equal  to    '""  ^  ^*^^f 

NoYi— MoZi  +  XiPi*  .       ,  .  ,  M    .  . 

=    gj4 {Yo(MoXi-LoYi)  — Zo(LoZi—NoXi) }+...+.. . 

__   LoXq+MoYq  +  NqZo 

6 
=  'J,  (265) 

and  this  is  a  constant  quantity;  and  therefore  the  content  of 
the  above-mentioned  tetrahedron  is  constant. 

If  the  volume  of  the  tetrahedron  vanishes^  the  two  forces  act 
in  the  same  plane,  and  the  system  is  reducible,  either  to  a  single 
force  of  translation,  or  to  a  couple :  that  is,  either  k  =  0,  or  r  =  0. 

Hence  also  it  is  evident  that  if  four  forces  are  in  equilibrium, 
the  volume  of  the  tetrahedron  constructed  on  the  line-symbols 
of  any  two  is  equal  to  that  of  the  tetrahedron  constructed  on 
the  line-symbols  of  the  other  two. 

Other  properties  of  a  similar  character  will  be  found  in  a 
memoir  by  M.  Chasles,  Liouville^s  Journal,  Vol.  XII,  p.  213. 

88.]  It  remains  for  us  to  investigate  for  forces  acting  in  space 
relations  analogous  to  that  which  was  discovered  in  Art.  52  for 
forces  acting  in  one  plane;  and  therefore  we  must  determine 
(1)  whether  at  all,  and  (2)  under  what  circumstances,  a  body 
which  is  in  equilibrium  under  the  action  of  many  forces  acting 
in  given  lines  and  at  given  points,  is  also  in  equilibrium,  when 
the  position  of  the  body  is  changed  in  the  most  geneitd  manner; 
and  when  the  forces  are  applied  to  the  body  in  its  displaced 
position  at  the  same  points  and  in  the  same  directions  as  before^ 
and  along  lines  of  action  parallel  to  the  original  ones. 

Let  the  body  be  referred  to  a  system  of  rectangular  axes,  in 
respect  of  which  p  is  the  type-symbol  of  a  force,  (a?,  y,  z)  is  its 
point  of  application,  a,  )3,  y  are  the  direction-angles  of  its  line 
of  action ;  so  that  the  conditions  of  equilibrium  are 

2.P  cos  a  =  X  =  0 

2.PCos/3  =  Y  =  0  y,  (266) 

2.PCOS  y 
a.p  (y  cos  y — r  cos  /3)  =  L  =  0  ■ 
a.p  (2r  cos  a— J?  cos  y)  =  M  =  0  ^ ,  (267) 

2.p(a?cosi3— ycosa) 


=  X  =  u-^ 

=  Y  =  0    L 

=  z  =  Oj 

f  —  ZCOSfi)  =r   L  =  U  ^ 
I— J?  cosy)  =  M  =  0   I. 
3— y  COS  a)  =  n  =  0  J 
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Now  let  the  body  be  displaced,  so  that  (1)  every  point  of  it 
receiyes  an  equal  lineal  displacement ;  and  which  is  compounded 
of  three  linear  displacements  parallel  to  the  three  coordinate 
axes :  viz.  those  of  Xq,  yo>  ^o  parallel  to  the  three  axes  of  ^,  y^  z 
respectively ;  so  that  hereby  the  former  origin  becomes  shifted 
to  the  point  (xoy  yo,  Zq)  :  and  (2)  let  the  body  be  turned  about  its 
new  origin,  with  reference  to  which  let  the  coordinate  symbols 
be  distinguished  by  an  accent,  and  let  the  direction-cosines  of 
the  two  systems  of  axes  be  related  by  the  following  scheme : 


(268) 


so  that  finally  we  have 

x'  =  Xo-\-ax-\-aiy-\-c^z  "j 

z^  =  zo'^caf  +  Ciy-\-CiZJ 

Then  because  the  forces  after  the  displacement  of  the  body  act 
on  the  same  points  of  the  body,  and  in  lines  of  action  parallel 
to  their  former  ones,  the  following  conditions  of  equilibrium 
must  hold  true  :  viz. 

5.p(y'cosy— /cos  j3)  =  0,       3.p(/cos  a— a?' cos  y)  =  0,  ^ 
2.P  (a?' cos  /3— y'cos  a)  =  0 ;  * 

and  therefore  substituting  for  x'  y'  ^  from  the  preceding  for- 
mulae, we  have,  for  the  first  of  these  conditions, 

0  =  j^o  s.p  cos  y—z^  a.p  cos  )3 

-I-  ft  5. par  cos  y  +  Ai  s.py  cos  y -|-  Aj  a.Pjgr  cos  y 

—  c3.parcos/3— Ci2.pycos/3— C23.pj8rcos)3  =  0.  (271) 

Of  the  right-hand  member,  the  first  two  terms  vanish  by  reason 
of  (266) :  and  to  abbreviate  the  expression,  let 

s.pycosy  =  a.P2rcos)3  =  D  ^  2.pa?cosa=  I '\ 

2.pj?co8a  =  s.p^cosy  =  £  L  3.pyco8)3  =  m  I,    (272) 

2.pj?cos^  =  3.pycoso=:  F  J  s.p^r  COS  y  =  n  J 

B  % 


(269) 


(270) 
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the  double  equivalents  of  d,  b,  f  following  from  (287) ;  »  Aat 

(271)  becomes  .^yg. 

(4i-Ci)D  +  4B-cF-Cim+M  =  0.  y*"  ' 

SimiUrly  from  the  second  and  third  of  (270)  we  have 

(C8-O)l!  +  CiF-ail)-O««  +  C/  =  0,  (         > 

As  both  the  systems  of  coordinates  are  rectangular,  their  di- 
rection-cosines are  subject  to  the  following  relations :  viz. 

i,c-ftc,  =  «,l       c,«-ca.  =  6xl        a^b-b,a  =  c,Y'    (^76) 

therefore  multiplying  (274)  by  A,  and  (275)  by  c,  and  adding, 
we  have  -.  ^    /277^ 

and  by  reason  of  (276) 

a^c—oib  =  c^a—bi—abi-k-ct 
=  (l4-a)(ca  — Ai), 
80  that  (277)  becomes 

(1  +  a)  (c,-*i)  D-(ai  +  aA)  e  +  (oj  +  ac)  p  +  aicm-<Hbn  =  0; 
and  multiplying  (273)  by  l  +  a,  and  adding  to  this  last  equa- 
tion^  we  have 

(5l.ai)B  +  (a,-c)p+(A,-Ci)(m+»)  =  On 
similarly     (ci-*,)  p  -h  (*-«i)  d  +  (c-o,)  (n  +  /)  =  O,  V      (278) 

(o,-c)  D  +  (Ci-Aa)  B  +  (fli-*)  ('+»»)  =  O,  J 
and  if  we  substitute  as  follows^ 

m-\-n  =  s.p  (y  cos /3  +  z  cosy)  =  ^  1 
11  +  /=  a.p(xrc08y  +  4?cosa)  =  V    >-,  (279) 

/+m  =  s.P(xcosa+ycosj3)  =  w  J 
we  have       u(ci— 4j)— p(ai— c)— e(A— ai)  =  O  ^ 

-F(ci-A,)  +  v(a2-c)-D(A-ai)  =  0  I;  (280) 

—  b(ci— 4j)  — D(ai— c)+w(A— ai)  =  0J 
and  from  these  we  have 

uvw— D*u— E»v~F»w— 2def  =  O,  (281) 

which  equation  expresses  the  relation  between  the  forces,  the 
direction-cosines  of  their  lines  of  action,  and  their  points  of 
application,  which  is  requisite  so  that  the  body  should  be  in 
equilibrium  in  both  positions. 


Digitized  by  VjOOQ  IC 


89.]  THE  EQUILIBBIUM-AXIS.  125 

It  will  be  observed  that  Xoy^Zo  bare  disappeared,  because 
they  enter  only  as  coefficients  of  s.p  cos  a,  s.f  cos  fi,  s.p  cos  y ; 
and  these  three  vanish ;  and  therefore  we  infer  that  no  lateral 
displacement  of  the  body  affects  the  condition  of  equiUbrium, 
so  long  as  the  forces  are  applied  at  their  former  points^  in  their 
original  directions^  and  along  parallel  lines  of  action :  (280)  and 
(281)  require  and  deserve  closer  consideration. 

From  (280)  we  have 

D*  — VW  E*  — WU  P*— UV  ^         ' 

and  these  two  equations  involve  only  six  out  of  the  nine  direc- 
tion-cosines^ and  therefore  give  only  two  conditions  of  relation 
amongst  them;  and  9ix  relations  have  been  given  heretofore; 
one  other  condition  is  therefore  required  ere  the  new  coordinate 
axes  become  fixed,  and  if  this  cannot  be  determined,  the  position 
of  them  is  indeterminate :  we  must  therefore  consider  this  sub- 
ject ;  and  in  the  course  of  it  we  shall  introduce  a  new  process 
of  transformation  of  coordinates ;  and  which  is  due,  so  far  as  I 
know,  to  M.  Olinde  Rodrigues,  and  was  published  by  him  in 
LionviUe's  Journal,  Vol.  V,  1840. 

89.]  Imagine  a  body  referred  to  a  system  of  rectangular  co- 
ordinate axes  to  rotate  through  an  angle  0  about  an  axis  passing 
through  the  origin,  and  of  which  the  direction-angles  are/,  g,  h : 
let  (a?,  y,  z)  be  any  point  of  the  body,  and  let  this  point  after  the 
rotation  be  (j?-f  a^,  y  +  Ay,  z-\-^z) :  let  as  be  the  distance  be- 
tween the  two  positions  of  this  point,  so  that 

(A«)«  =  (a^)2h-  (Ay)2+  (Az)a ;  (288) 

and  let  p  be  the  perpendicular  distance  from  {x,  y,  z)  to  the  axis 
of  rotation;  so  that  a«  is  the  chord  of  a  circular  arc,  of  radius 
p  and  angle  0,  described  by  {x,  y,  z)  revolving  about  the  axis 
of  rotation ;  and  therefore 

Q 

A«  =  2j»sin2.  (284) 

The  coordinates  to  the  middle  point  of  A «  are 

AX  Ay  AZ 

and  aa  aj?.  Ay,  az  are  the  projections  of  as  on  the  coordinate 
axes,  they  are  proportional  to  the  direction-cosines  of  as  ;  and 
therefore  as  As  is  perpendicular  to  the  rotation-axis,  and  also 
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to  the  line  through  the  origin  and  its  own  middle  point,  we 
Aa?  CO8/-1-  Ay  cos  ^  +  ^^  cos  A  =  0  "j 


Ad^(x  +  ^)+&y(y  +  ^)+&z(z. 


2 

AX 


Ay 


(y  +  -^)co8A-(ar+-^)co8^        (jr+^)cos/-(ar+^)cosA 


AZ 


( 


Aa?\ 


^  =  2tan|,  (286) 


^+-^)co8^-(y  +  ^)co8/      i>cos^ 

because  the  square  root  of  the  sum  of  the  squares  of  the  deno- 
minators is  the  length  of  the  perpendicular  on  the  rotation-axis 

from  the  point  {^+-^-9  V-^-^y  ^  +  "2")'  ^^^^^f*^"^® 


Aa?  =  2tan-|(y  +  ^)cosA-(^  +  ^)cos^| 
Ay  =  2tan- |(2f  +  ^^)cos/~(^  +  ^)cosA| 

A;2r  =  2tan||(^+^)cos^-(y4-^)cos/| 

In  these  expressions  let 

a  G  (i 

2  tan  ^  cosf=  A,     2  tan  ^  cos  ^  =  /ut,     2  tan  ^  cos  ^  =  r, 

.-.     4(tan|)'=Aa  +  ^2  +  ^; 


(287) 


(288) 
(289) 


(290) 


so  that  (287)  become 

2Aa?  — vAy-f/jtA;?  =  2(vy''fiz)  ^ 
j;Aa?-|-2Ay  — AA;5  =  2(A;8;— v^)   I; 
—  fxAa?-f  A.AyH-2A;s  =  2(fxa?— Ay)  J 
whence  we  have 
Aa?(4+A2H-/Li«H-i;2)  _  -2(fta  +  i^)^  +  2(AfH.  2 i;)yH- 2 (Ai;-2/x);c -j 
Ay(4  +  A»  +  M'  +  ^)  =  2(M^-2'')^-2(j^+^*)y  +  2(Mi'  +  2A);2    I;  (291) 
A;»(4  +  A»4-/ii*  +  »^)  =  2(yA  +  2fi)d?+2(i;fx-2A)y-2(A«+fx«)«  J 
and  these  are  the  quantities  by  which  a:,  y,  z  are  increased  by 
means  of  the  rotation  of  the  body  through  an  angle  0  about  an 
axis,  of  which  the  direction-angles  are/,  ff,  h.    And  if  we  replace 
A,  IX,  If  by  their  values  from  (288),  we  have 
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Ajr  =  sin  6  (y  COB  h^z  con  ff) 

+  2  ^sin  ^)  {co8/(^  cos/+  y  cos  ^  -f  2;  cob  A)  —  x} 
Ay  =  sin  (9  («  cos/— a?  cos  h) 

4-  2  ^sin  ^  j  {cos  y  (^  cos/-|-  y  cos  ^  +  2;  cos  A) — y  } 
A;5  =  sin  0  {x  cos  ^—  y  cos/) 

4-2^sinrt)  {cosA(^cos/-|-ycos^  +  .«co8A)  — ;r} 

But  we  shall  find  (291)  more  useful  to  our  present  purpose. 

Also  I  would  observe  that  if  the  body  is  turned  about  the 
axis  of  rotation  through  an  infinitesimal  angle^  then  from  (292) 
^Xy  Ay,  Az  become  infinitesimal ;  and  for  them  putting  dx,  dy, 
dz ;  and  neglecting  the  terms  in  (292)  involving  S^  we  have 

d^  =  ^  (y  cos  h—z  cos  g),       dy  =z  0(z  cos/— ^  cos  A), 

dz=:6(xcosff^y cos/).    (298) 

90.3  Imagine  now  two  systems  of  rectangular  coordinate  axes 
to  originate  at  the  origin,  and  to  be  coincident  ere  the  rota- 
tion about  the  axis  has  taken  place;  and  imagine  the  second 
system  to  be  fixed  in  the  body  and  to  move  with  it  during  the 
rotation;  then  if  x,y,  z  refer  to  the  coordinate  axes^  as  they 
are  in  their  original  position,  so  they  do  also  refer  to  the  system 
which  has  shifted  with  the  body.  Let  the  scheme  of  direction- 
cosines  of  this  system  in  reference  to  the  system  in  the  original 
position  be  that  indicated  in  Article  88,  (268),  so  that  we  have 

x  +  Ax  =  ax-{-aiy-\-aiZ  ^ 

y  +  Ay  =  *^+4iy-f  *2^  |-; 

z  +  Az  =  CX  +  Ciy-f  C2Z  J 

therefore       ax  =i  — (1  — a)a?-faiy-f  Oa^?  1 

Ay  =  Ao?-  (1  -  Ai)  y  +  ft2«        k  (294) 

Az  =  cx+Ciy^(l  —  C2)z      J 

and  these  are  identical  with  (291) ;  therefore 


fl  = 


A  = 


c  = 


2(pLX-2r) 


01  = 


Ai  = 


Ci  = 


2(XfA-f2y) 
4  +  A«-|-fx»-hj;*' 
4-ffAg-i;^— X« 
4  +  X2-fM*  +  i^' 

2(r^-2X) 
4-hA»  +  M*  +  i^' 


02  = 


A2=: 


C2  = 


2(Xy-2fL) 
4  +  xa  +  ;i3-fi;a 

2(fAi;  +  2X) 
4-fX«-ffx»-fi^ 
4-fi;g-X^-;i» 

4  +  X2-f  jLi*  +  i;a^ 


^,(295) 
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whereby  the  direction-cosines  of  the  new  axes  are  expressed  in 
terms  of  the  direction-cosines  of  the  axis  of  rotation^  and  of  the 
angle  through  which  the  body  has  been  turned  about  that  axis ; 
and  as  rational  functions  of  these  quantities.  And  also  in- 
versely^ k,  IJL,  V  can  be  determined  in  terms  of  the  direction- 
cosines  of  the  new  axes,  and  we  have 

The  changes  in  position  which  the  coordinate  axes  have  un- 
dergone are  represented  in  fig.  65^  wherein  xyz,  x'y'%'  are  two 
equilateral  right-angled  and  quadrantal  triangles  described  on 
the  surface  of  a  sphere,  whose  centre  is  supposed  to  be  at  the 
origin ;  and  r  is  the  point  on  the  surface  of  the  sphere^  where 
the  axis,  about  which  the  rotation  takes  place^  intersects  the  sur- 
face :  about  this  line  therefore  the  body  has  been  turned  through 
an  angle  0,  and  the  triangle  x'y'z',  which  was  coincident  with 
XTZ,  has  been  brought  into  its  present  position:  therefore  the 
arc  EX=Rx'=/  by=ry'=^,  rz=kz'=:A;  xRx'=YRy'  =  ZBa'  =  d. 
And  I  may  observe  that  the  relations  in  (295)  and  (296)  may 
b?  deduced  from  the  geometrical  figure^  by  the  ordinary  theo- 
rems of  spherical  trigonometry ;  see  a  paper  by  Mr.  Cayley,  of 
Trinity  College,  Cambridge,  in  the  Cambridge  Mathematical 
Journal,  Vol.  Ill,  p.  225. 

If  the  nine  direction-cosines  connecting  two  systems  of  rect- 
angular axes  are  given,  we  can  by  means  of  (296)  (288)  and 
(289)  determine  the  direction-cosines  with  respect  to  the  fixed 
system  of  the  axis  about  which  the  rotation,  to  which  the  dis- 
placement is  due,  has  taken  place ;  and  also  the  amplitude  (or 
the  angle  through  which  the  body  has  been  turned)  of  that  rotar 
tion :  and  as  these  quantities  are  always  possible,  whatever  is  the 
position  of  the  new  axes,  the  change  may  always  be  produced  by 
a  displacement  of  the  former  axes  about  a  determinate  straight 
line.  We  proceed  now  to  apply  these  results  to  the  mechanical 
problem  from  which  we  started. 

91.]  In  reference  to  the  equations  (282),  we  have  from 
(»95)>  ,  8X 


=  —  2  sin  ^  cos/  -^ 
oa— c  =  —  2sindcos^  L  (297) 

b—ai  =  —  2  sin  ^  cos  A  J 
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and  (280)  become 

— UCOe/-f  FC08^4-«C08A  =  0^ 

»  cos/— V  COB  ^  +  D  cos  A  =  0  I ;  (298) 

KC08/-f  DCOS^  — WCOS^  =  0  J 

and  these  are  the  relations  which  the  direction-cosines  of  an 
eqnilibrinm-axis  most  satisfy;  and  therefore  from  (282) 

(cos/)'     _     (COS^)«     _     (cos  A)« 1 ggg. 

»*— VW         B*— WU  P*  — UV  D*-f  E*4-F*  — (VW-f  WU-t-UV)' 

becanse  (sin  $)^  is  a  common  factor  in  each  numerator,  and 
divides  out.  We  have  then  the  following  results :  the  direction- 
cosines  of  the  axis  about  which  the  body  may  be  turned,  so 
that  it  may  be  in  equilibrium  in  its  new,  as  well  as  in  its  ori- 
ginal position,  are  given  by  (299) ;  and  as  this  axis  possesses 
some  remarkable  properties  in  reference  to  the  system  of  forces, 
it  is  convenient  that  it  should  bear  a  distinctive  name,  and  so 
it  has  been  called  the  equilibritan-ojns ;  but  as  0  is  not  involved 
in  these  last  expressions,  and  as  there  is  no  other  condition  for 
determining  it,  it  remains  undetermined,  and  therefore  the  nine 
direction-cosines  are  still  undetermined,  because  they  are  sub- 
ject to  only  eight  conditions;  and  therefore  if  there  is  an  equi- 
librium axis,  the  equilibrium  subsists,  whatever  is  the  amplitude 
through  which  the  system  is  turned  about  the  equilibrium-axis ; 
and  therefore,  combining  this  result  with  that  which  arises  from 
a  parallel  and  lateral  displacement  of  the  body,  we  infer,  that 

If  a  body  is  changed  from  one  position  into  another  by  means 
of  a  lateral  displacement  and  of  a  rotation  about  a  certain  axis, 
and  is  in  equilibrium  in  both  positions  under  the  action  of  forces 
which  act  on  the  same  points  and  in  invariable  directions  in 
both  positions ;  then  is  the  body  also  in  equilibrium  in  any 
third  position  into  which  it  can  be  brought  by  a  lateral  dis- 
placement and  by  a  further  rotation  about  the  same  or  a  parallel 
axis. 

If  ©»  =  vw,  E*  =  wu,  p*  =  uv,  /,  g,  h  are  indeterminate,  and 
the  body  is  in  equilibrium,  whatever  is  the  position  of  the  axis 
about  which  it  is  turned.  On  this  subject  more  is  said  hereafter. 

If  Ci— A8=a2— c=ft— 01  =  0,  then  from  (297),  sind  =  0;  and 
therefore  either  d  =  0,  or  d  =  7r:  in  the  former  case  the  body 
undergoes  no  displacement  by  means  of  rotation ;  in  the  latter, 
it  is  turned  through  180°,  and  the  position  of  the  equilibrium- 
axis  is  still  determined  by  means  of  the  equations  (299). 

PRICE,  VOL.  in.  s 
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92.]  The  relation  between  the  forces^  their  points  of  applica- 
tion and  their  lines  of  action^  which  is  inyolved  in  the  equation 
of  condition  (281)^  will  be  understood  more  easQy  by  the  fol- 
lowing process  than  it  would  be  if  interpreted  directly. 

Suppose  the  axis  of  z  to  be  the  equilibrium-axis,  so  that 
cos/=cos^  =  0;  then 

p  =  0,      E  =  0,      w  =  0,  (800) 

that  is, 

a.pycosy  =  0,  a.Parcosy  =  0,  a.p(4?cosa  +  yc08/3)  =  0;  (301) 
from  the  first  two  of  which  taken  in  combination  with  s.p  cos  y 
=  0,  we  infer  that,  if  the  forces  are  at  their  points  of  applica- 
tion resolved  in  directions  parallel  to  the  coordinate  axes,  those 
parallel  to  the  axis  of  z  are  in  equilibrium ;  and  from  the  last, 
combined  with  the  first  two  of  (266)  and  the  last  of  (267),  we 
infer  that  the  forces  whose  lines  of  action  are  parallel  to  the 
plane  of  xy  satisfy  the  conditions  required  for  a  centre,  see 
Art.  52,  and  are  therefore  in  equilibrium  when  the  body  is  turned 
through  an  angle  about  the  axis  of  z.  Hence  the  meaning  of 
the  condition  (281)  is, 

If  the  forces  acting  on  a  body  are  resolved  along  a  certain 
straight  line,  and  in  planes  perpendicular  to  that  line ;  then  the 
forces  parallel  to  the  straight  line  are  in  equilibrium,  and  those 
in  the  planes  perpendicular  to  the  straight  line  satisfy  the  con- 
ditions required  for  a  centre. 

Again,  let  us  suppose  the  forces  to  be  such  that  the  coordi- 
nate axes  of  X  and  y  are  both  equilibrium-axes :  then  from  the 
equations  (298)  we  have 

D  =  B=rF  =  0,      u  =  v  =  0, 
and  therefore  also,  from  the  last  of  (280),  i— iii  =  0;  and  thus 
from  (297)  cos  A  =  0 ;  and  therefore  any  line  parallel  to  the 
plane  of  xy  may  ako  be  an  equilibrium-axis. 

And  to  investigate  generally  the  conditions  requisite  that  any 
two  lines  inclined  at  any  angle  to  each  other  should  be  equi- 
librium-axes ;  let  the  direction-angles  of  the  two  be  /,  g,  h, 
fi  9\  ^'  \  then  from  (298)  we  have 

— u  cos/-h  F  cos^  4-  B  cos  A  = 

Fcos/— vcos^r-f  DcosA  =  0  |-,  (302) 

B  cos/+ D  cos  ^  —  w  cos  A 

—  U  C0S/'4-  F  COS^+  E  COS  K  = 

pcos/'— vcos/-hDcosA'  =  0  J.;  (308) 

B  008/^+  D  cos/  — W  COS  K 


=  oJ 
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and  let  ooBgcosh'—coBhcosff'  ^  p') 

COB  h  cos/'— cos/cos  A'  =  y  I ,  (304) 

cos/cos/— cos  ^  cos/' =  rJ 
so  that  from  the  first  of  (802)  and  irom  the  first  of  (308)  we  have 

F  —V  D 


and  simikurly. 

p         q  r 


>'r  (305) 


p    "^    q   ^~ 
therefore      du  +  bf  =  0,     bv  +  fd  =  0,     fw  +  dbssO,      (806) 
and  also  n*  =  vw,       b*  =  wu,      f*  =  uv,  (807) 

and  therefore  cos  /  cos  jr,  cos  A  in  (299)  are  indeterminate ; 

and  sahstituting  from  (806)  and  (807)  in  any  of  the  equations 

(802)  we  have     ^^^  ^       ^.  ^        ^„  , 

-^  +  ^  +  ^  =  0;  (308) 

(vw)'       (wu)*       (uv)' 

and  similarly  from  any  of  (308)  we  have 

^  +  ^+^  =  0;  (309) 

(vw)*       (wu)»       (uv)» 

and  therefore  a  condition  of  the  same  kind  has  to  be  fulfilled 

by  each  of  two  axes^  if  they  are  equilibrium-axes ;  and  these 

conditions  are  satisfied  for  not  only  the  two  preceding  axes^  but 

also  for  all  axes  which  are  in,  or  parallel  to,  a  plane  whose 

equation  is 

— ^  +  — ^  +  — ^  =  0.  (810) 

(vw)*       (wu)*       (uv)* 

Hence  we  infer  that  a  body  which  is  in  equilibrium  for  two 
equilibrium-axes  which  meet  and  are  not  parallel  to  each  other, 
is  also  in  equilibrium  for  all  axes  parallel  to  the  plane  which 
contains  the  two  above-mentioned  equilibrium-axes.   And  hence 

If  a  body  has  three  equilibrium-axes  which  are  not  parallel 
to  one  and  the  same  plane,  so  has  it  also  any  fourth  equilibrium- 
axis.    And  therefore 

If  a  body  is  in  equilibrium  in  four  different  and  not  parallel 
positions,  so  is  it  also  generally  in  every  fifth  position. 

And  when  this  last  case  occurs,  D  =  E=rF=09  u=:v  =  w=:0; 
so  that  the  position  of  the  plane  (310)  becomes  indeterminate. 

S  2 
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93.  j  Although  a  system  of  forces  acting  on  a  rigid  body  and 
being  in  equilibrium  admits  of  an  equilibrium-axis,  only  when 
(281)  is  fulfilled^  and  therefore  not  generally;  yet  if  a  system  is 
in  equilibrium^  two  new  equal  forces  acting  at  certain  definite 
points,  along  the  same  line  of  action  and  in  opposite  directions, 
may  be  introduced  in  such  a  manner  that  the  system  thus  modi- 
fied may  have  an  equilibrium-axis  in  a  given  direction.  The 
new  forces^  it  will  b^  observed,  as  introduced  in  the  first  posi- 
tion of  the  body,  being  equal  and  opposite,  neutralize  each 
other,  and  do  not  disturb  equilibrium,  and  in  the  other  positions 
form  a  couple  which  equilibrates  with  the  impressed  forces  of 
the  system  in  their  new  positions. 

Let  us,  as  in  the  last  Article,  suppose  fyff,h  to  be  the  direc- 
tion-angles of  the  given  equilibrium-axis ;  v'  and  v"  to  be  the 
two  new  forces,  equal  and  opposite  to  each  other ;  (x\  y\  J\ 
(y,  y",  /')  their  points  of  application ;  /,  i»,  «  the  direction- 
cosines  of  their  common  line  of  action ;  r  the  distance  between 
their  points  of  application;  let  af'—af,  y"^yfi  z'^z'  be  posi- 
tive quantities ;  then  for  the  equilibrium  of  these  two  forces 

^®^*^®  p"-p'  =  0;  (311) 

also  we  have 

/  m  n  ^ 

and  if  the  accented  letters  refer  to  the  system  when  increased 
by  the  two  new  forces,  and  the  unaccented  letters  to  the  ori- 
ginal  system,  d' =  D  +  yV'n+yY» 

=  D  +  (y"-y')p''n, 

.•.     d'  =  D-hP'Vwn;  •\ 
similarly  e' =  E  +  p'Vn/,      I  (818) 

/=  F-fp'VZw,    J 

u'=u+p'V(m»-fn»),  v'ssv  +  p'VCn'+P),  w'=w  +  p'V(P+m»);  (814) 
and  substituting  these  values  in  the  conditions  (298)  which  are 
requisite  for  an  equilibrium-axis,  we  have  from  the  first  of  them 

—  ucos/-fFCosy-hB  cos  A 

=  p'V  { (m*  +  n*)  cos/—  /m  cos  ^ — /n  cos  A} 

=  p'V{cos/— /(/cos/+mcosy  +  ncosA)}.  (315) 

Let  ^  be  the  angle  between  the  line  of  action  of  y"  and  the 
equilibrium-axis;  then 
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COS  ^  =  /  co8/+m  COS  jT  4-n  cos  A;  (316) 

and  therefore  we  have 

—  UCOS/+FCOSy  +  EC08A  =  p'V  {cOS/— /  COS  ^}  =  tt  1 

Tcos/— vcosy  +  DCosA  =  p"r{co8y— mco8^}  =  V  V,  (817) 
Bco8/+DC08^— wcosA  =  p'V  {cos  A— ncos  ^}  =trJ 

employing  u,v,w  as  abbreviated  symbols  for  the  left-hand  mem- 
bers of  the  eqoations,  which  are  known  quantities. 
Hence  we  have 

«co8/+t;cos^+trcos  A  =  p'V{1  — (cos^)*} 

=  p'V(sin^)». 
Also         u^  +  v^-^w*  =  p"«r»{l-(cos<^)»}, 
=  p"»r«  (sin  4>)*, 

.'.     p  r  =  -ji 1 ,  ("Ao) 

ticos/+t;cos^+<^cosA 

^  («co8/+rco.j^+«>co,A)« 

and  therefore  firom  (317)  we  are  enabled  to  determine  l,m,n; 
and  thus  the  direction  of  the  line  of  action  of  r"  is  completely 
determined.  The  intensity  of  v''  and  the  position  of  its  point 
of  application  is  involved  in  only  (318) ;  and  therefore  we  may 
take  any  two  points  on  the  line  defined  by  (/,  m,  n)  at  a  distance 
r  apart,  and  at  them  apply  two  equal  and  opposite  forces  p'  and 
p''  of  such  magnitude  that  v'^r  is  equal  to  the  constant  in  the 
right-hand  member  of  (318). 

From  the  preceding  it  appears  that  two  equal  forces^  acting 
originally  in  opposite  directions  along  the  same  line  of  action^ 
wiU^  when  the  body  is  turned  about  a  definite  axis^  equilibrate 
with  the  forces  of  the  system :  but  as  the  two  forces  in  this  dis- 
placed position  form  a  couple,  we  infer  that 

If  a  rigid  body,  on  which  a  system  of  forces  in  equilibrium 
acts,  is  turned  about  any  axis,  and  if  the  forces  act  on  the  same 
points  of  the  body  as  before  and  in  the  same  directions,  they 
are  generaUy  reducible  to  a  couple ;  and  in  the  particular  case 
when  the  condition  (281)  is  fulfilled,  the  moment  of  the  couple 
vanishes. 

94.]  If  a  system  of  forces  acting  on  a  rigid  body  is  not  in 
equilibrium,  it  can  always  be  reduced  to  either  a  single  force  of 
translation,  or  two  forces  (see  Art.  70) ;  and  this  last  reduction 
may  take  place  in  various  ways.    I  will  now  shew  that  into  a 
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qrBtem  of  forces  not  in  equilibrium  it  is  possible  to  introduce 
two  new  forces,  which  with  the  original  forces  shall  not  only 
produce  equilibrium^  but  shall  also  make  the  system  capable  of 
an  equilibrium-axis  of  a  given  direction :  or^  in  other  words,  it 
is  always  possible  to  reduce  a  system  of  forces  to  two  forces  of 
translation,  such  that  they  with  two  other  new  forces  shaU  be 
in  equilibrium,  and  also  shall  have  a  given  equilibrium-axis. 

Let  the  two  new  forces  be  f'  and  p";  let  a^y\  a'pl'y"  be 
the  direction-angles  of  their  lines  of  action ;  (a/,  y\  /),  (a!\  y'\  :i') 
their  points  of  application ;  then  for  the  condition  of  equilibrium 
of  these  two  new  forces,  with  the  former  forces  of  the  system, 
wehave  p'cosa'-hp"co8a"  +  x  =  0^ 

p'co8/3'+p"co8i8"+Y  =  0  l.  (820) 

p'cosy'-|-p"co8y'+z  =  0  J 
Also  let 

s.py  cos  y  =  d'  ^  2.p«  cos  /3  =  n"  ^ 

5.P2;  cos  a  =  e'  I  s.p^cos  y  =  b"  I ,  (321) 

3.PA^cos)3  =  f'  J  s.pycosa  =  f"  J 

2.P  (y  cos  )3-|-2?cos  y)  =  u,      a.p  (2;cos  y +^cos  o)  =  v, 

3.p(^cosa-f yco8/3)  =  w;  (322) 

then,  as  the  three  expressions  for  the  moment-axes  of  the  couples 
about  the  coordinate-axes  are  to  vanish,  we  have 

p'y'  cos  y  +  p"y"  <»«  / '  +  *>' 

=  pVcos/3'  +  p'V'cosj8"-|-d"=  D(say) 
FVcosa'  +  ^V'cosa"  +  B'  .      ^^^_ 

=  fV  cos  /+  f'V  cos  y"+  b"  =  B  (say)  f  '  ^^^^ 
fV  cos  i3'  +  P' V  cos  /3"  +  f' 

=  p'y'  cos  a  -f  p'V'  cos  o"  -|-  f"  =  f  (say)  - 
also  let 

fVcos  iS' + «"  cos  /)  +  F"(y"co8  /3"  +  z"  cos  y ') + u  =  u'  ^ 
F'(/cosy'  +  a<cosa)  +  p"(;»"c08y"-f<coso")-fv=  v'  U  (324) 
F'(ycoso'  +  y'cos/3')  +  p"(y'coso"+y"co8/3")  +  w=w'J 

and  therefore,  if  the  direction-angles  of  the  given  equilibrium- 
axis  are  /,  g^  h,  the  conditions  required  are,  see  (298), 

— u'cos/4-Fcosy  +  B  cosA  =  0^ 
Fcos/— v'cosy-l-Dcos A  =  0  I;  (325) 

BcosZ-fDcosy— VcosA  =  oJ 
and  these  are  all  the  conditions  which  are  requisite  for  the 
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existence  of  an  equilibrium-axiB :  vis.  the  equations  severally 
of  (320),  (823),  and  (825),  and  of  which  the  whole  nnmber  is 
nine;  and  they  contain  twelve  undetermined  quantities:  viz. 
p'cos  a ,  p'cos  jS*, ...  p" cos  y",  x\  y', .../';  of  these  therefore  nine 
may  be  eliminated,  and  there  will  remain  a  condition  involving 
the  other  three :  the  elimination  however  is  so  long  and  tedious 
that  I  shall  only  state  results.  If  we  eliminate  the  forces  p',  p'', 
the  direction-angles  of  their  lines  of  action,  and  the  coordinates 
of  the  point  of  application  of  one  of  them  (say  a!'%/'7l\  it  will 
be  found  that  the  resulting  equation  is  of  the  second  order  in 
terms  of  x'y'i! ;  and  will  therefore  represent  a  surface  of  the 
second  order :  and  it  will  ako  be  found  that  the  point  of  appli* 
cation  of  the  other  force  is  also  upon  the  same  surface^  and  also 
that  every  point  in  the  line  joining  the  two  points  is  on  the 
same  surface :  the  surface  is  therefore  an  hyperboloid  of  one 
sheet,  the  line  joining  the  points  of  application  of  the  forces 
being  one  of  the  generating  straight  lines  of  the  surface ;  and 
the  equilibrium  axis  is  the  imaginary  axis  of  the  surface.  And 
hence  we  conclude  that  to  a  system  of  forces  which  is  not  in 
equilibrium  two  forces  may  be  introduced,  so  that  the  system 
thus  modified  may  be  in  equilibrium  and  may  also  have  an  equi- 
librium-axis ;  and  the  points  of  application  of  these  two  forces 
may  be  at  such  points  on  the  surface  of  a  certain  hyperboloid 
of  one  sheet,  that  the  line  joining  them  lies  wholly  on  the  sur- 
£Eioe ;  and  when  these  points  of  application  are  given  the  lines 
of  action  of  the  forces  are  also  determined. 

95.]  The  two  forces,  to  which  a  system  of  forces  not  in  equi- 
librium and  acting  on  a  rigid  body  may  be  reduced,  generally 
undergo  a  change  when  the  body  is  turned  about  a  given  axis; 
and  therefore  the  two  forces^  which  may  be  introduced  into  the 
qratem,  and  which  so  modify  it,  that  it  is  both  in  equilibrium, 
and  also  has  an  equilibrium-axis^  also  undergo  a  corresponding 
change.  If  however  the  two  forces  and  the  axis  about  which 
the  rotation  takes  place  are  so  related  that  their  points  of  appli* 
cation  are  on  the  axis,  then  their  effects  continue  the  same, 
whatever  is  the  angle  through  which  the  body  is  turned :  this 
axis,  which  has  a  definite  relation  to  the  system  of  forces,  it  is 
convenient  to  call  by  a  specific  name,  and  therefore  I  shall  call 
it  the  jmnc^Ni/  oaBia  qf  rotation, 

JjK^fgh  be  the  direction-angles  of  this  definite  axis ;  (^,  y\  J\ 
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{Qi\  y'\  t!')  the  points  at  which  the  forces  are  applied ;  then,  if 

r  is  the  distance  between  these  points, 

x"^tx!      t/''-v'      Tl'^fi 

^      ^  (826) 


=  r. 


>.  (328) 


)>;(329) 


cos/     ~     cosy     ~*     COS* 

and  we  have  from  the  last  Article,  and  from  this  equation 

p'cosa  =  — {x  +  p"cosa"}  ar' =  a<'  — r  cos/ ^ 

p'  cos  /S'  =  -  { Y  +  p"  cos  /3"}  y'  =  y"-  r  cos  y  L  (327) 

p'  cos  y'  =  —  {z  -h  p"  cos  y"}  /  =  2^'— r  cos  A  J 

and  substituting  these  in  d^  e,  f^  and  in  i/,  v^^  V,  we  have 

D  =  a(r  cosy— y")  +  rp"cos  y"cosy-fD' 

=  Y  (r  cos  A— 5^')  +  r  p"  cos  /3"  cos  A  4  n" 
s  =  X  (r  cos  A— 2^')  -i-rp"  cos  a"  cos  A  +  e' 

=  z  (r  cos/— a/')  -f  rp"  cos  y"  cos/+  b" 
F  =  Y  (r  cos/— a?^')  +  r  p"  cos  )3"  cos/-h  f' 

=  X  (r  cosy— y")  -h  rp"  cos  a"  cos  y  +  f" ^ 

u'=  Y(rco8y— y")  +  z(rcosA— /') 

+  p"r  (cos  /3"  cos  y  -f  cos  y"  cos  A)  -f  u 
V  =  z  (r  cos  A— /')  +  x  (r  cos/— ar") 

+  p"r  (cos  y"  cos  A  +  cos  a"  cos/)  +  V 
w'  =  X  (r  cos/— a<')  +  Y  (r  cos  y — y") 

+  p"r  (cos  o"  cos/+  cos  )3"  cos  y)  -f  w 
and  substituting  these  in  (325)  we  have 
(Yy"-|- zjzr" — u)  cos/+  (f'  — a<'Y)  cosy  +  (b"—  ar"z)  cos  A  =  0 
(f"  -  y"x)  cos/  +  (zy  +  xa<' — V)  cos  y + (b' — y"z)  cos  A  =  0 
(b' — J't)  cosf-^  (d"  -  /' Y)  cos  y + (xa?"  +  Yy" — w)  cos  A  =  0 . 
Also  from  (328)  we  have 
(d'-  d"  + Y;^'-zy")  COS/+  (e'-  b"  +  zar"-x;»")  cosy 

+  (F'-  f" -f  xy"- Y^')  cos  A  =  O.  (331) 
To  abbreviate  the  preceding  expressions^  let 

—  ucos/-f  F'cosy+E"cos  A  =  «  ") 
f'cos/— vcosy  +  n'cosA  =  t>  I;  (882) 

e' cos/h- d"  cos  y — w  cos  A  =  tt?  J 
also  let  (d' — n")  cos/-|-  (e'  —  e")  cos  y  +  (p  —  p")  cos  A  =  f,  (883) 
«" cosy —y" cos  A  =  f,  a?" cos  A— 3?"cos/=  17,  y" cos/— ar" cosy  =  (;  (884) 
whence  we  have        f  cos/+iy  cosy +{* cos  A  =  0;  (835) 

and  therefore  from  (880) 


} 


(330) 
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r  +  zf-xC=0  I;  (336) 

w  +  Xr;— Y^  =s  0  J 
and  therefore  ux-\-vy-j-wz  =  0.  (337) 

Also  (331 )  becomes    xf+Yi7  +  zC=*;  (338) 

and  from  (336)  we  have 

w  cos  y — t?  cos  A  =  (x  cos/-h  Y  cos  ff-\  z  cos  A)  f  1 
u  cos  h^w  cos/  =  (x  cos/h-  y  cos g-\-z  cos  A) »?  >- ;     (339) 
r  cos/— M  cosy  =  (xco8/-|-Ycosy  +  zcosA)f  J 
and  multiplying  these  severally  by  x^  y^  z,  we  have 
X  {w  cosy —t?  cos  A)  4-  Y (ti  cos  A— u;  cos/)  +  z  (r  cos/— «  cos  y) 

=  (xcos/H-Ycosy  +  zcos  A)«;  (340) 
and  these  equations  may  be  interpreted  in  the  following  manner  : 
u^  V,  w  and  s  are^  as  appears  from  (332)  and  (333),  linear  func- 
tions of  cos/  cos  y,  cos  A ;  so  that  (337)  is  a  homogeneous  equa- 
tion of  the  first  degree^  and  (340)  of  the  second  degree  in  terms 
of  cos/  cos  ff,  cos  A.  Imagine  then,  for  an  instant^  a  line  to  be 
drawn  through  the  origin^  whose  direction- angles  are  f,  ff,  h; 
and  a  point  to  be  taken  on  this  line  at  a  distance  r  from  the 
origin,  and  of  which  the  coordinates  are  a^,y,z;  so  that 
cos/  __  cosy  __  cos  A  _  1 
X     ^     y     '^     z  r ' 

then  replacing  the  direction-cosines  in  (337)  and  (340)  by  their 
proportional  values  given  by  (341)^  (337)  will  become  the  equa- 
tion of  a  plane  passing  through  the  origin^  and  (340)  will  be 
that  of  a  cone  of  the  second  degree  whose  vertex  is  at  the  ori- 
gin ;  and  such  a  plane  may  cut  the  cone  in  two  straight  lines 
which  intersect  at  the  origin,  or  may  touch  it  along  its  surface, 
or  may  not  intersect  it,  save  at  the  origin.  Now  the  lines  com- 
mon to  the  cone  and  the  plane  will  be  the  principal  axes  of 
rotation ;  there  may  therefore  be,  corresponding  to  a  system  of 
forces,  two  such  axes,  or  only  one,  or  none. 

In  the  most  general  case,  therefore,  there  are  two  principal 
axes  of  rotation,  and  thus  two  several  values  of/y,  A:  corre- 
sponding to  these,  there  are  from  (339)  two  diflferent  values  of 
f  ijf,  and  therefore  from  (334),  of  af'y" z" )  but  as  these  values 
are  subject  to  the  condition  (335),  they  are  not  independent, 
and  are  therefore  the  equations  to  a  straight  line,  along  which 
y"  acts,  and  of  which  the  point  of  application  is  undetermined ; 
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and  these  coordiuates  together  with  the  values  of  /  g^  h  are 
suflScient  to  determine  the  position  of  the  principal  axes  of 
rotation. 

Also  let  the  preceding  equations  be  applied  to  a  system  con- 
sisting of  only  two  forces ;  then  it  will  be  found  that  of  the 
principal  axes  of  rotation^  one  is  perpendicular  to  the  plane 
which  is  parallel  to  the  lines  of  action  of  the  two  forces,  and 
pierces  that  plane  at  the  centre  of  the  orthographic  projections 
of  the  two  forces  on  that  plane :  and  the  second  is  the  line  join- 
ing the  points  of  application  of  the  forces. 

Hence  if  the  line  joining  the  points  of  application  of  the  forces 
is  perpendicular  to  each  of  the  lines  of  action  of  the  forces^  the 
two  principal  axes  coincide ;  such  is  the  case  of  the  system  of 
forces  in  Article  86. 

If  the  two  forces  are  applied  at  the  same  point,  any  line  pass- 
ing through  that  point  is  a  principal  axis  of  rotation :  and  so  if 
the  lines  of  action  of  the  forces  are  parallel,  any  line  passing 
through  the  centre  of  the  two  parallel  forces  is  a  principal  rota- 
tion-axis. 

96.3  There  is  also  another  theorem  of  centres  of  forces  not 
parallel,  which  it  is  expedient  to  investigate ;  and  first  we  will 
take  the  more  simple  case  of  forces  acting  in  one  plane.  If 
many  forces  act  on  a  rigid  body  in  one  plane,  and  if  at  their 
points  of  application  straight  lines  are  drawn  in  an  arbitrary 
direction,  all  parallel  to  each  other,  and  along  which  the  forces 
are  resolved ;  then  the  locus  of  the  centres  of  all  the  systems 
of  the  parallel  resolved  forces  is  a  straight  line. 

Let  us  use  the  same  notation  as  that  of  Article  46 ;  and  let  6 
be  the  angle  at  which  the  lines,  along  which  the  forces  are  re- 
solved, are  inclined  to  the  axis  of  x ;  then  the  resolved  parts  of 
the  forces,  and  all  of  which  are  parallel  to  each  other,  are 

Pi  cos  (ai  — ^),     P2  cos  (02—^),  ...  Pn  cos  (on— (?) ; 
and  therefore  if  ^  ^  are  the  coordinates  to  the  centre  of  this 
system  of  parallel  forces, 

X  2.P  COS  (a  — d)  =  2.pa?  cos  (o  — d) ) 
y  2.P  cos  (a— d)  =  a.py  cos  (a— d) )  ' 
cos  0  {x.vx  cos  a—x  s.p  cos  a}  +  sin  6  {s.p<r  sin  a— ^  5.P  sin  a}  =  0 
cos  0  {s.py  cos  a— y  2.P  cos  a}  +  sin  ^  {^-^y  sin  a— y  s.p  sin  a}  =  0 ; 
whence  eliminating  ^,  which  is  arbitrary,  we  have 
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dP  Y  2.py  COS  a— ^  Y  s.p<r  COS  a 

+  3.P^cosax2.py  sina— s.pycosaxS.P^sina  =  0;  (843) 

which  is  the  equation  to  a  straight  line ;  and  which  is  called  the 
central  line  of  the  system ;  and  passes  through  the  origin  if 

3.py  sing  _  3.P3? sin  a  ^44,^ 

s.pycosa  ""  s.pjrcosa* 
Also  a  similar  theorem  is  true  of  a  system  of  forces  applied  to 
a  rigid  body  in  space.  At  the  points  of  application  of  each  force 
let  a  straight  line  be  drawn  parallel  to  a  straight  line  passing 
through  the  origin^  and  of  which  the  direction-angles  are  A/mv; 
and  let  the  resolved  parts  of  the  forces  along  these  lines  be  con- 
sidered ;  they  constitute  a  system  of  parallel  forces,  of  each  one 
of  which  the  type  is 

p  {cos  a  cos  A-f  cos  /3  cos  fi -f  cos  y  cos  v}  ; 
and  therefore  if  i,  y,  z  are  the  coordinates  to  the  centre  of  these 
parallel  forces^  we  have 
5  2.  p  {  cos  a  cos  A  -f  cos  /3  cos  /i  +  cos  y  cos  v } 

=  2.PJ?  {cos  a  cos  A  +  cos  p  cos  fx  4-  cos  y  cos  v}, 
and  we  have  similar  values  for  y  and  z ;  therefore 
{^x— 2.pa7COSa}  cos  A  -f  {^y— s.p^cos^}  cos/x 

+  {5z  — 2.pa?cosy}  cos  i;  =  0 
(yx— s.py  cosa}  cos  A  -f-  {yy— 2.py  cos^Q}  cos  fi 

+  {y  z— s.py  cos  y}  cos  v  =  0 
{^x— s.pzcosa}  cos  A  +  {Jy— s.pzcos^}  cos/m 

-I-  {zz—2,TZ  COS  y}  cos  v  =  0^ 
and  therefore  eliminating  cos  A^  cos  fi,  cos  v,  there  will  result  an 
equation  of  the  first  degree  in  terms  of  ^yz,  and  which  is 
therefore  the  equation  of  a  plane ;  and  as  this  plane  is  the  same 
whatever  are  the  values  of  A,  fjL,  and  v,  it  follows  that  whatever 
are  the  direction-cosines  of  the  system  of  parallel  lines  along 
which  the  forces  are  resolved,  the  centres  of  the  corresponding 
systems  of  parallel  forces  are  in  a  plane.  This  plane  is  called 
the  central  plane  of  the  system. 


V;(346) 


Section  5. — Stability  and  Instability  of  Equilibrium. 

97.]  Suppose  a  rigid  body  to  be  at  rest  under  the  action  of 
many  forces ;  and  also  suppose  the  body  to  receive  a  small  dis- 
placement, of  such  an  infinitesimal  nature  that  the  forces^  when 

T  2 
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applied  at  the  same  points  as  before,  act  in  the  same  directions^ 
and  along  lines  of  action  parallel  to,  and  infinitesimally  distant 
from,  their  former  lines  of  action  ;  ;then  the  body  in  its  new  po- 
sition (1)  may  not  be  in  equilibrium,  (2)  may  be  in  equilibrium : 
if  it  is  not  in  equilibrium,  the  forces  acting  may  tend  either  to 
bring  it  back  again  into  its  former  position  or  to  remove  it  far- 
ther from  it ;  the  previous  equilibrium  is  said  in  the  former  state 
to  be  8ta6le,  in  the  latter  to  be  unstable ;  and  if  the  body  in  its 
displaced  state  is  in  equilibrium,  it  may  be  so,  either  for  that 
axis  about  which  its  displacement  of  rotation  has  taken  place, 
and  for  certain  other  axes  infinitesimally  near  to  that,  in  which 
case  the  equilibrium  is  said  to  be  neutral;  or  the  equilibrium  may 
still  exist  for  the  axis  about  which  the  rotation  has  taken  place^ 
and  for  all  others,  in  which  case  the  equilibrium  is  said  to  be 
continuous.  I  say,  for  the  axis  about  which  the  displacement 
of  rotation  has  taken  place :  for  every  displacement  of  a  body 
consists  generally  of  two  displacements ;  one  of  translation,  in 
which  all  the  parts  of  the  body  pass  over  equal  and  parallel 
straight  lines ;  and  another  of  rotation,  when  the  body  revolves 
through  a  certain  angle  about  a  given  axis.  Now  for  an  infi- 
nitesimal displacement  of  translation,  a  body  which  under  the 
action  of  certain  forces  is  in  equilibrium  before  the  displace- 
ment»  is  also  in  equilibrium  after,  if  the  forces  act  at  the  same 
points,  and  in  the  same  directions,  and  along  lines  of  action 
parallel  to  their  former  lines;  but  after  an  infinitesimal  dis- 
placement of  rotation  about  a  certain  axis,  a  system  of  forces 
which  was  in  equilibrium  may,  under  the  same  incidents,  either 
be  or  not  be  in  equilibrium ;  and  therefore  it  is  for  a  displace- 
ment of  rotation  only  about  a  certain  axis  that  I  shall  have  to 
investigate  analytical  criteria  of  the  four  states  mentioned  above. 
And  in  reference  to  equilibrium-axes  which  have  been  the  sub- 
jects of  discussion  in  the  preceding  Articles  I  must  observe,  that 
if  a  body  in  equilibrium  under  the  action  of  certain  forces  has 
no  equilibrium-axis,  its  equilibrium  is  either  stable  or  unstable ; 
if  it  has  one  or  two  equilibrium-axes,  its  equilibrium  is  neutral, 
when  the  displacement  of  rotation  takes  place  about  one  of 
them ;  and  if  the  system  of  forces  is  such,  see  Article  92,  that 
every  axis  is  an  equilibrium-axis,  then  the  equilibrium  is  con- 
tinuous. 

98.]  And  with  the  view  of  removing  any  obscurity  of  concep- 
tion, let  me  take  the  most  simple  case  of  a  body  held  in  equili- 
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brium  under  the  action  of  two  forces  only :  these  of  conrse  are 
equal  to  each  other,  and  act  along  the  same  line,  and  in  oppo- 
site directions:  but  these  conditions  may  be  satisfied  in  two 
ways:  the  forces  may  act  to  draw  their  points  of  application 
either  nearer  to^  or  farther  from,  each  other.  Let  Fi^  Ps^  see 
fig.  66,  be  the  two  forces;  Ai,  A2  their  respective  points  of  appli- 
cation. Let  the  body  receive  an  infinitesimal  displacement  of 
rotation  about  an  axis  perpendicular  to  the  line  of  action  of  the 
forces :  so  that  the  line  Ai  A2,  which  before  the  displacement 
was  in  the  same  line  with  the  line  of  action  of  the  forces^  is  now 
m  the  positions,  relatively  to  them^  indicated  in  the  figures  (a) 
and  03) :  (a)  is  evidently  the  state  in  which  the  forces  applied 
at  Ai  and  A2  tend  to  bring  the  points  nearer  to  each  other ;  and 
in  which,  now  that  the  displacement  has  taken  place^  the  action 
of  the  forces  tends  to  remove  the  system  farther  and  farther 
from  its  original  position^  and  in  which  therefore  the  original 
equilibrium  was  unstable ;  ()3)  is  the  state  in  which  the  forces 
act  to  separate  their  points  of  application,  and  in  which  the 
forces  act  after  the  displacement  to  bring  the  body  back  to  its 
original  position;  and  in  which  therefore  the  equilibrium  is 
stable.  If  the  two  forces  act  at  the  same  point,  equilibrium  is 
continuous  for  every  displacement  of  the  body  about  an  axis 
perpendicular  to  the  line  of  action  of  the  forces;  and  also 
because  the  point  at  which  they  act  is  their  centre. 

And  let  us  investigate  an  analytical  criterion  of  these  several 
states  of  equilibrium.  Let  (xi,  ^i)  (^2,  ^2)  be  the  points  of  appli- 
cation of  Pi  and  of  Pa  respectively ;  then  the  conditions  of  equi- 
librium of  these  two  forces  are 

Pl+P3=0, 

G  =  sin  a  S.P4?— cos  a  xpy  =  0.  (346) 

Let  the  system  be  turned  about  an  axis  perpendicular  to  the 

plane  of  xy  through  an  angle  dO ;  so  that 

dx^'-^yde,      dy^  xdO,  (347) 

dQ         ,  dx  ^     dy 

,.     -^  =  8,naS.P^-C08a2.P^ 

=  —  {sin  a  S.py-f  cos  a  s.po?}  ;  (348) 

but  as  3^  is  positive  or  negative,  so  does  the  couple  arising 

do 
from  the  action  of  the  forces  in  the  displaced  position  of  the 
bodv  tend  to  remove  the  body  farther  from,  or  to  bring  it  back 


Digitized  by  VjOOQ  IC 


142  STABILITY  Ain)  INSTABILITY  [99. 

nearer  to/ its  former  position :  that  is,  so  is  the  equilibrium  of 
the  body  unstable  or  stable.  And  therefore  is  equilibrium  stable 
or  unstable,  according  as 

^.Tx  cos  a  +  2.py  sin  a  (849) 

is  positive  or  negative. 

And  because  a  is  the  same  for  both  the  forces,  and  is  also 
generally  indeterminate,  since  the  directions  of  the  axes  are  arbi- 
trary^ so  does  the  criterion  (849)  reduce  itself  to  either  s.p^  or 
3.py,  and  thus  the  stability  depends  on  the  sign  of  either  of 
these. 

If  (849)  =  0,  then,  since  Pi-|-P2  =  0,  j?i  =  a?2  =  0,  yi  =  yj  =  0; 
that  is,  the  forces  are  applied  at  the  same  point,  viz.  the  origin^ 
and  the  equilibrium  is  continuous. ' 

The  rotation  has  hitherto  taken  place  about  an  axis  perpen- 
dicular to  the  line  of  action  of  the  forces.  I  would  only  further 
observe,  that  if  it  takes  place  about  the  line  of  action  of  the 
two  forces,  their  points  of  application  undergo  no  displacement, 
and  no  criterion  of  stability  is  therefrom  discernible. 

99.]  To  deduce  generally  the  criterion  of  stability  for  a  system 
of  forces  in  equilibrium  and  acting  on  a  rigid  body  in  one  plane, 
I  will  apply  the  process  of  resolution  of  Article  52,  considering 
the  infinitesimal  rotation  to  take  place  about  an  axis  perpen- 
dicular to  the  plane  of  the  forces. 

Let  the  forces  be  Pi,  P2, ...  Pn,  and  let  their  points  of  applica- 
tion and  lines  of  action  be  expressed  as  heretofore ;  let  p,  fig.  67, 
be  the  type-force ;  let  a  be  its  point  of  application ;  join  oa  ; 
resolve  p  along,  and  perpendicular  to,  oa;  and  operate  similarly 
on  all  the  forces :  then  we  shall  have  two  expressions,  viz. 
2.P  (^  sin  a  -  y  cos  a) ) 
and       2.P  {x  cos  a  +  y  sin  d) ) 
of  which  the  ficst  is  evidently  the  moment  of  the  resultant 
couple,  and  vanishes  because  the  system  is  in  equilibrium ;  and 
the  second  is  the  central  moment  of  Article  52,  and  is  unaltered 
whatever  is  the  origin  and  whatever  are  the  coordinate  axes, 
because  the  system  is  in  equilibrium.    Now  let  the  body  receive 
a  slight  displacement  about  an  axis  passing  through  o,  and  per- 
pendicular to  the  plane  of  the  forces ;  and  let  the  amplitude  of 
displacement  be  dO :  then  (850)  become 

^dO  5.P  {x  cos  a-hy  sin  a) ) 
2.P  (.r  cos  a  +  y  sm  a) ) 
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and  therefore  from  the  first  of  these  it  appears,  that  the  mo- 
ment of  the  couple  which  arises  from  the  displacement  is  nega- 
tive or  positive,  and  therefore  tends  to  bring  back  the  body  to 
its  former  position  or  remove  it  farther  from  it  according  as 
2.p(j?cosa-hy  sina)  is  positive  or  negative;  and  the  case  in 
which  it  is  asero,  the  resultant  couple  vanishes  in  the  displaced 
as  well  as  in  the  original  state,  and  therefore  the  equilibrium  is 
neutral.  Also  the  central  moment  is  unaltered  by  the  displace- 
ment.    Hence  we  have  the  following  test : 

Of  a  system  of  forces  acting  on  a  rigid  body  in  a  plane,  and 
being  in  equilibrium,  the  equilibrium  is  stable,  neutral,  or 
unstable^  according  as  s.p  (a?  cos  a  +  y  sin  a),  that  is,  the  central 
moment,  is  positive,  zero,  or  negative. 

It  is  also  manifest  that  the  preceding  criterion  is  true  only 
for  a  motion  of  the  body  about  an  axis  perpendicular  to  the 
plane  in  which  the  forces  act ;  and  to  illustrate  this  fact  let  us 
suppose  four  forces  to  act  on  a  body  in  one  plane  and  to  be  in 
equilibrium ;  and  suppose  them  to  be  such,  that  a  pair  of  them 
is  in  equilibrium ;  and  that  therefore  the  other  pair  also  equili- 
brates; let  the  body  be  turned  about  an  axis  coinciding  with 
the  line  of  action  of  the  latter  pair,  the  equilibrium  of  the  other 
pair  may  evidently  be  either  stable  or  unstable :  and  if  the  ro- 
tation takes  place  about  the  line  of  action  of  the  former  pair, 
the  equilibrium  of  the  latter  pair  may  be  either  stable  or  un- 
stable; and  evidently  there  is  no  necessity  that  it  should  be  of 
the  same  character  as  the  other;  hence  in  this  case  we  are 
unable  to  state  a  priori  the  axes  of  stable  or  of  unstable  equi- 
librium. 

And  the  preceding  test  is  applicable  to  the  case  of  forces 
whose  lines  of  action  are  parallel  to  a  given  plane  when  the  dis- 
placement takes  place  aBout  a  line  perpendicular  to  that  plane. 

100.3  I  proceed  now  to  the  case  of  a  rigid  body  in  equilibrium 
under  the  action  of  many  forces  acting  along  any  lines  of  action 
in  space ;  and  here  again,  for  the  reasons  stated  in  Art.  97,  we 
have  to  consider  only  the  effects  of  a  displacement  of  rotation 
as  to  the  kind  of  equilibrium  which  the  body  is  in. 

Let  the  direction- angles  of  the  axi^  of  rotation  be/,^,A;  and 
let  the  moment-axes  of  the  impressed  couples  along  the  three 
coordinate  axes  be  l,  m,  n  ;  then,  if  o  is  the  moment  of  the 
couple  tending  to  turn  the  body  about  the  rotation-axis,  by 
reason  of  the  law  of  resolution  of  couples, 
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O   =    L  C08/-f  M  COS  ff-j-S  COS  k 

=  C08/2.p(y  cosy— ^co8/8)4  . ..-!-...  (352) 

Now  in  equations  (293),  Art.  89,  the  expressions  for  &?,  dy,  dz, 
which  are  there  given  in  terms  of  the  direction-angles  of  the 
rotation-axis  and  the  amplitude,  have  ambiguoas  signs  by  rea- 
son of  the  square  root  which  enters  in  the  equality  (286) ;  let 
us  therefore  fix  our  thoughts,  and  suppose  the  rotation  to  be 
positive,  if,  the  rotation-axes  coinciding  with  the  axes  severally 
of  X,  y,  Zy  the  directions  of  rotation  are  from  y  to  z,  from  z  to  a?, 
and  from  <r  to  ^ :  so  that,  if  the  amplitude  of  rotation  is  dd, 

dx  =:  dO{z  cos  ff—y  cos  /*)  ^ 

dy  =  do  (x  cos  h—z  cos f)  L  (353) 

dz  =  d$  (y  cos/—  x  cos  ff)  J 

^=  C0S/2.p(c0Sy^-C0S^^)  -i-  ...  +  ... 

=  —  (cos/)2  2.p(ycos)3-hzcosy)H^  cos^cosA2.p(ycosy4  zcos/3) 

—  (cos ^)^  2. p  {z  COS  y  -h  a?  cos  a)  +  cos  h  cos/2.  T(zcosa-\-x  cos  y) 

—  (cos  A)*  5.  P  ( r  cos  a  -f  y  cos  ^9)  +  cos/cos ^  2.  p  (a? cos  /8  -f  y  cos  a) ;  (354) 
and  employing  the  abbreviated  notation  of  Article  88, 

^  =  —  u  (cos/)*  —  v  (cos  g)^  —  w  (cos  h)^ 

+  2  D  cos  ^  cos  A  +  2  E  cos  A  cos/-t  2  f  cos/cos  g ;  (355) 

and  since  the  effect  of  g  due  to  a  small  variation  of  0  is  to  bring 
back  the  system  to  its  former  position,  or  to  remove  it  farther 

therefrom,  according  as  -j-:  is  negative  or  positive,  so  is  the 

(to 

equilibrium  stable  or  unstable  according  as  the  right-hand 
member  of  (355)  is  negative  or  positive.  And  I  may  observe 
in  passing,  that  if  the  axis  of  rotation  is  the  z-coordinate  axis, 
(355)  requires  that  w  =  2.p  (a?  cos  a  +  y-cos  /3)  should  be  positive 
for  stable,  and  negative  for  unstable  equilibrium  :  which  is  the 
same  result  as  that  of  the  last  Article. 

And  if  all  the  forces  are  parallel  to  the  axis  of  z,  so  that 
cos  a  =  cos  )Q  =  0,  cos  y  =  1,  then 

-T^=  —  (sin  A)*  2. p 2;  4  cosA{co8/5.P4?  +  co8^2.py}  ;      (856) 
au 

and  if  the  axis  about  which  the  infinitesimal  rotation  takes 

place  is  at  right-angles  to  the  lines  of  action  of  the  forces,  then 

h  =  90°,  and  we  have 

do 

^=  -5.pz;  (357) 
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and  therefore  equilibrium  is  stable  or  unstable  according  as 
s.pz  is  positiye  or  negative. 

101.]  For  convenieace  of  reference  let  us  sjmbolize  the  right- 
hand  member  of  (855)  by  s ;  so  that 

8=  —  U(C08/),*  — V(COSy)*  — W(C08A)* 

+  2d  cos^  cos  A+2s  cos  A  co8/+2f  cos/cos^; 

BO  that  equilibrium  is  stable  or  unstable,  according  as  s  is  nega- 
tive or  positive:  and  the  sign  evidently  depends^  not  only  on 
the  impressed  forces  and  their  incidents,  but  also  on  the  direc- 
tion-angles of  the  rotation-axis ;  and  therefore  the  equilibrium 
for  a  given  system  of  forces  may  be  stable  for  one  rotation-axis^ 
unstable  for  another,  and  neither  one  nor  the  other  for  a  third ; 
that  is,  in  the  third  case  s  may  be  equal  to  zero. 
Suppose  now  that  s  is  arranged  in  the  form 
{ — u  C08/-f  F  cos  y -I- B  cos  A}  cos/+ {f  cos/— y  cos  y  +  D  cos  A}  cos  ^ 

-f  {e  cos/-f  D  cos  ^—w  cos  h}  cos  A,  (858) 
and  that  we  have  also 

— u  cos/-f  F  cos^  -f-  E  cos  A  =  0  ^ 
Fcos/— vcos^  +  DcosA  =  0  [■,  (359) 

B  cos/-hDCOsy— wcos  A  =  0  J 
so  that  uvw— D*u— E^v— F*w— 2dbf  =  0;  (860) 

and  this  is  the  condition  requisite  for  the  existence  of  an  equi- 
librium-axis ;  in  this  case  8  =  0,  and  the  equilibrium  is  neutral. 
If  also>  according  to  Article  92,  equations  (807), 

d2  =  vw,      b*  =  wu,      f*  =  uv,  (361) 

and  if  the  axis  about  which  the  rotation  takes  place  is  parallel 
to  the  plane  whose  equation  is 

-^  +  -^  +  -^  =  0,  (862) 

(vw)*       (wu)*       (uv)* 

Aen  equilibrium  is  neutral  for  all  such  axes ;  and  is  continuous, 

if  the  diange  of  axis  is  from  any  one  line  to  any  other  line  lying 

in  the  plane. 

And  if  in  addition^    d  =  b  =  f  =  0)  (^^\ 

U  =  V=W=sO)'  ^         ^ 

so  that  any  axis  about  which  the  body  is  turned  is  an  equili- 
brium-axis, then  the  equilibrium  is  continuous  for  all  axes. 

Also  the  right-hand  member  of  (855)  admits  of  being  put  in 
the  following  form : 

FBICB,  VOIi,  III.  u  _ 
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8  =  3.p{(;PCOs/+yco8^+jrco8A)(co8aco8/+co8)3co8^+co8yco8A)} 

—  3.p{;pco8a-hyco8)3+^co8y}.  (864) 

Hence  ve  may  deduce  another  criterion  of  it8  8ign;  and  in 
reference  to  tbis  I  would  ob8erve  that^  for  a  given  rotation-axis^ 
w  co%  f-^-y  coBff+zcoBh  is  the  projection  on  the  rotation-axis  of 
the  distance  from  the  origin  of  the  point  of  application  of  p,  and 
p  {cos  a  cos/+  cos  i3  cos  ^ -f  cos  y  cos  A}  is  the  resolved  part  of  p 
along  the  rotation-axis ;  and  therefore  both  these  quantities  are 
constant  independently  of  the  rotation ;  it  is  therefore  only  the 
latter  part  of  (364)  whose  value  will  be  altered  by  an  infinitesi- 
mal rotation. 

I  may  also  observe  that^  if  the  directions  of  action  of  all  the 
forces  are  reversed^  the  signs  of  u,  v,  w^  j>,  e,  p  are  changed^  and 
therefore  the  sign  of  s  is  changed ;  and  thus  the  nature  of  the 
equilibrium  is  changed :  in  the  case  however  of  neutral  equili- 
brium no  alteration  takes  place. 

102.J  And  the  right-hand  member  of  (855)  admits  of  the 
following  geometrical  interpretation :  on  the  straight  line  drawn 
through  the  origin^  and  whose  direction-angles  are  f,  g^  \  let  a 
point  (jBy  y,  z)  be  taken :  then  ^,  y,  z  are  proportional  to  cos  y^ 
cos^^  cos  hy  and  (855)  becomes 

— ua?*— vy>— wir2-|-2Dyz+2Birar-f2pa?y,  (865) 

which^  when  equated  to  zero,  is  the  equation  to  a  cone  of  the 
second  degree;  and  therefore  for  all  lines  passing  through  the 
origin,  and  lying  within  this  cone,  and  employed  as  rotation- 
axes,  the  above  expression  has  a  different  sign  to  that  which  it 
has  for  all  lines  lying  outside  of  the  cone ;  and  for  all  lines  oil 
the  surface  of  the  cone  it  vanishes ;  so  that  for  all  the  generating 
lines  of  the  cone,  equilibrium  is  neutral ;  and  the  cone  divides 
space  into  two  parts  such,  that  for  all  axes  within  its  surface, 
the  equilibrium  is  the  opposite  to  that  which  it  is  for  axes  out- 
side the  surface. 

I  may  however  observe  that  if  lines  are  drawn  through  the 
vertex  of  the  cone^  and  if  these  are  called  interior  or  exterior 
lines  according  as  from  points  on  them  real  tangent  planes 
cannot^  or  can,  be  drawn  to  the  cone ;  then  will  interior  lines  be 
axes  of  stable,  and  exterior  lines  axes  of  unstable^  equilibrium^  if 

uvw— D^u— B*v— p*w— 2dbp  =  V  (say) 
is  positive ;  and  if  v  is  negative,  the  converse  is  the  case. 
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If  V  =  0,  we  have  the  following  eircomstanoes.  If  we  reduce 
the  expression  (865)  equated  to  zero,  so  as  to  deprive  it  of  the 
terms  containing  the  products  of  the  yariables,  we  get  the  (com* 
monly  so  called)  discriminating  cubic,  of  which  the  constant 
term  is  v,  and  therefore  if  v  =  0,  one  of  the  roots  of  this  cubie 
is  zero,  and  the  reduced  equation  becomes  of  the  form 

T/a:^±Vy^  =  0, 
which,  if  the  upper  sign  is  taken,  represents  the  axis  otz;  and, 
if  the  lower  sign  is  ti^en,  two  planes.  In  the  former  of  these 
two  cases  the  axis  of  2r  is  an  axis  of  neutral  equilibrium,  and  all 
other  lines  are  axes  either  all  of  unstable,  or  all  of  stable,  equi- 
librium :  in  the  latter  case,  any  line  in  either  of  the  planes  is  an 
axis  of  neutral  equilibrium,  and  the  other  lines  are  either  all 
axes  of  stable,  or  all  of  unstable,  equilibrium. 

103.]  There  are  also  some  remarkable  properties  of  the  pre- 
ceding criteria  for  the  stability  of  a  system  of  forces  in  reference 
to  maxima  and  minima. 

First  let  us  take  the  case  of  a  system  of  forces  acting  in  one 
plane ;  that,  viz.,  of  xy :  then  the  conditions  of  equilibrium  are 
2.F  cos  a  =  0,  2.F  sin  a  =  0, 

3.P  (a?  sin  a— y  cos  o)  =  0.  (366) 

Let  the  system  be  turned  about  an  axis  perpendicular  to  the 
plane  of  the  forces,  through  an  infinitesimal  angle  d$ :  then  the 
increments  of  x  and  y  are 


da=  —yds, 

dy  =  xde. 

(867) 

dx 

"     dd' 

(868) 

and  therefore  (366)  becomes 

/         dx       .       dp\      ^      du  ,     ^ 
2.  P  (cos  a  ^  +  sin  a  ^)  =  0  =  ^  (say). 

(869) 

.-.     «  =  3.P  (x  cos  a+y  sin  a) ; 

(870) 

and  therefore  ti  is  a  maximum,  or  a  minimum,  or  a 

constant: 

'^'^'^     dht     d 

(dx   .  dy         \ 

=  a.p(^8ma-Jco8a) 

=  —  2.p(a?C08a+y8ina)  (871) 

=  -tt, 
»  is  a  maximum  or  a  minimum  according  as  ti  is  positive  or 

V  % 
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negative ;  and  is  neither  one  nor  the  other  when  it  is  equal  to 

zero.     Hence  /  .       •      \ 

S.P  {x  COB  a  +  y  am  a) 

is  a  maximum  when  equilibrium  is  stable^  a  minimum  when 
equilibrium  is  unstable,  and  zero  when  it  is  either  neutral  or 
continuous. 

For  a  system  of  forces  acting  on  a  rigid  body  in  space,  let  us 
suppose  Uie  infinitesimal  rotation  to  take  place  about  an  axis 
whose  direction-angles  aref^ff,  h,  and  let  the  moment-axes  of  the 
couples,  whose  rotation-axes  are  the  coordinate-axes,  be  l,  m,  n  ; 
then  for  equilibrium  we  have 

L  COS/+M  cos^-f-N  cos  A  =  0;  (872) 

that  is,  replacing  l,  m,  n  by  their  values,  and  introducing  dO, 
2.P  {cos  a  {z  cos^— y  cos  A)  -f  cos  /3  (or  cos  A— rcos/) 

+  cos  y  (y  cos/— J?  cos  y)}  ^  =  0 ; 
and  by  means  of  (853) 

2.p{cosa£(r  +  cos/3rfy  +  cosy(£2r}  =  0  =  c^k  (say);      (378) 

therefore  by  integration 

u  =  3.P  (a?  cos  a-f-y  cos  ^  +  2r  cos  y) ;  (874) 

and  therefore  tf  is  a  maximum,  a  minimum,  or  a  constant :  and 

since,  see  equation  (352), 

du 


de 

sz 

o. 

dH 

da 

dd^ 

^^ 

Te 

=   8, 

see  equation  (355) ;  therefore  u  =  s.p  («cosa  +  y cos)3+2roos y) 
is  a  maximum  or  minimum,  according  as  s  is  negative  or  posi- 
tive, that  is,  according  as  equilibrium  is  stable  or  unstable ;  and 
therefore,  by  reason  of  equation  (364),  according  as  ti  is  greater 
than  or  less  than 
2.P  {{x  cos/-f  y  cos^-f- j?  cos  h)  (cos  a  co8/+cos  ^  cos^4-  cos  y  cos  A)} ; 
and  if  s  =  0,  equilibrium  is  either  neutral  or  continuous. 

In  Article  52,  the  forces  are  resolved  along,  and  perpen- 
dicular to,  the  radius  vector  of  the  point  of  application;  and 
2.p(j7Cos  a  +  y  sin  a)  has  been  called  the  central  moment  of  the 
system,  because  it  is  the  product  of  the  radius  vector  of  the 
point  of  application,  and  of  the  radial  component.  Similarly  in 
space,  if  we  resolve  p  along  the  radius  vector  of  its  point  of 
application,  and  call  u  its  radial  component. 
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xj  =  g(^oogg+ycoe/3+ircosy)  ^     -  ^^ 

where  r  is  the  radius  vector  of  the  p^t  of  application  of  p : 
2.P  (^  cos  a + y  cos  ^ + ^  COB  y)  =  2.ur,  (876) 

and  s.ur  is  called  tke  central  moment  qfthe  iysiem.  Hence  we 
have  the  following  theorem  : 

The  equilibrium  of  a  system  of  forces  is  stable  or  unstable 
according  as  the  central  moment  is  a  maximum  or  a  minimum. 

Some  examples  of  a  particular  form  of  these  problems  will 
be  given  hereidter. 

And  the  central  moment  also  possesses  one  or  two  other  pro- 
perties which  it  is  desirable  to  insert.  Let  us  symbolize  the 
central  moment  hy  n :  and  let  us  suppose  the  body  or  system 
of  particles  on  which  the  forces  act  to  receive  a  small  displace* 
menty  and  all  the  forces  to  act  at  their  points  of  application, 
along  lines  of  action  parallel  to  the  former  ones,  and  in  the  same 
directions.  And  (1)  let  us  suppose  the  motion  of  the  body  to 
be  constrained  in  translation  along  a  given  line,  and  let  s  be 

the  space  described ;  then  ^  is  the  sum  of  the  components  of 

the  forces  estimated  along  that  line ;  and  (2)  let  the  motion  be 
one  of  rotation  about  a  given  axis ;  and  let  0  be  the  amplitude 

of  rotation ;  then  ^  is,  in  any  position^  the  moment-axis  of 

the  couple  arising  out  of  the  system  of  forces  about  that  axis. 

104.]  Again,  let  j9  be  the  projection  of  r  on  the  line  of  action 

of  p.  then  ^ 

'  p  =  « cos  a+ycosjS-f;? cosy, 

.-.     2.P  (w cos  a-hy  cos  ^+  ^  cos  y)  =  ^.vp ;  (377) 

and  since  for  equilibrium  this  quantity  is  such  that  its  dif- 
ferential vanishes^  therefore,  from  the  right-hand  member  of 

^^^^^'  a.prfp  =  0;  (878) 

the  change  of  position  of  the  system  being  infinitesimal,  and 
such  that  whilst  the  points  of  application  of  the  forces  undergo 
infinitesimal  variations,  the  forces  and  the  directions  of  their 
lines  of  action  are  unaltered. 

And  this  equation  is  the  mathematical  expression  of  the  jartn- 
cipie  cf  virtual  velocities ;  a  principle  which  holds  in  its  grasp 
aU  statics,  and  to  which  all  dynamics  may  be  reduced ;  we  shall 
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enter  on  the  foil  elucidation  of  it  hereafter,  and  so  shall  at 
present  only  ennntiate  it,  and  as  follows : 

If  a  system  of  forces  is  in  equilibrium,  and  the  system  receives 
an  infinitesimal  displacement  of  the  most  general  kind  possible, 
whereby  the  points  of  application  of  the  forces  are  displaced; 
but  the  forces  act  along  lines  parallel  to,  and  infinitesimally 
distant  from,  their  former  lines  of  action ;  and  if  the  relative 
distances  of  their  points  of  application  are  unaltered,  then  the 
sum  of  the  products  of  each  force,  and  the  projection  on  its 
line  of  action  of  the  displacement  of  its  point  of  application,  is 
equal  to  zero. 

The  projection  on  the  line  of  action  of  a  force  of  the  infi- 
nitesunal  displacement  of  its  point  of  application  is  called  the 
virtual  velocity  of  the  force :  and  is  to  be  affected  with  a  dif- 
ferent sign,  by  virtue  of  the  law  of  projection,  according  as  it  is 
projected  on  the  line  of  action  in  the  direction  towards  which 
the  force  acts,  or  in  that  direction  produced  backwards. 

And  from  the  equation  (378)  we  can  immediately  deduce  the 
six  equations  of  equilibrium  given  in  Article  57 ;  let  the  system 
receive  the  most  general  infinitesimal  displacement  which  is  pos- 
sible ;  that  is,  let  it  be  moved  (1)  through  distances  (,  17,  (  paraUel 
to  the  three  coordinate  axes,  and  (2)  through  an  angle  d$  about 
an  axis  whose  direction-angles  BTef,g,h:  then 

dp  =  {(  +  d$ {z COB ff—y  con h)}  cosa-f  {?7+d^(a?cosA— rcos/)}  co8/3 

+  {C+de  (y  cos/—  a?  cos  ^) }  cos  y,  (379) 
so  that  (377)  becomes 

a.prfp  =  f  3.PCOSa+i;2.Pcos)8+f2.PCOSy 

+  do  cos/a.p (y  cos  y — ;zr  cos  P)  +  dO  cos  g^.v(z  cos  a— ar  cos  y) 

4-  de  cos  h  3.P  (a?  cos  /3— y  cos  o)  =  0 ;  (380) 

and  as  ^,  17,  £  /  ^,  A  are  indeterminate,  we  have 

2.PCOSa  =  0,         2.PCO8^  =  0,         2.PCOSy=sO, 

3.P  (y  cos  y^z  cos  /3)  =  0  1 
3.P  (z  cos  a— 4?  cos  y)  =  0  t ,  (381) 

2.P  (x  cos  /3— y  cos  o)  =  0  J 
which  are  the  well  known  conditions. 


105.]  Connected  with,  and  easily  dedudble  from,  the  above 
is  a  theorem  of  Gkiuss,  published  for  the  first  time,  so  far  as 
•I  know,  in  the  ZVth  Volume  of  Crelle's  Journal ;  and  inserted 
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in  Mobias*  Statik,  and  subsequently  in  a  note  appended  to  the 
edition  of  Lagrange's  M^canique  Analytique,  8rd  edition,  by 
H.  Bertrand,  Vol.  II,  Paris.  1855. 

For  a  system  of  forces  in  equilibrium  we  have 

^,v{co9adv+cospdy-\-coBydz}  =0.  (382) 

Let  tbe  forces  be  replaced  by  line-representatives,  and  let  {a:,  y,  z) 
be  the  point  of  application  of  the  type-force  p,  and  ($,  17, 0  the 
other  extremity  of  the  representative,  then  replacing  p  cos  a, 
p  cos  jS,  F  cos  y  respectively  by  f — a?,  1;— y,  C— ^j  (882)  becomes 

3.{(f-a:)cte-h(,7-y)rfy  +  (f-xr)rf2r}  =0=  -^  (say);  (883) 

and  if  the  displacement  of  the  system  is  such  that  the  extremity 
(it  Vj  0  of  the  line-representative  of  the  type-force  is  fixed,  while 
the  other  extremity  (^,  y,  z)  receives  an  infinitesimal  displace- 
Vkeat,  then  integrating  (383)  we  have 

2.{(f-a?)»+(i,-y)«+(f-z)«}  =  o,  (384) 

and  thus  o,  which  is  the  sum  of  the  squares  of  the  line-represen- 
tatives of  the  forces,  is  a  maximum,  a  minimum,  or  a  constant. 

Hence  we  have  the  following  theorem : 

If  there  are  n  points,  at  invariable  distances  apart,  the  sys- 
tem of  which  is  however  moveable,  and  also  if  there  is  a  system 
of  n  points  wholly  fixed,  each  of  which  corresponds  to  a  point  of 
the  former  system,  then  if  the  sum  of  the  squares  of  the  dis- 
tances between  each  of  the  moveable  points  and  its  correspond, 
ing  fixed  point  has  a  critical  value,  the  system  of  forces  repre- 
sented as  to  intenffity  and  line  of  action  by  these  distances,  and 
acting  severally  at  the  moveable  points,  is  in  equilibrium;  and 
the  equilibrium  is  stable  or  unstable,  according  as  the  sum  of 
the  squares  of  the  distances  is  a  minimum  or  a  maximum,  and 
is  neutral  if  it  is  constant. 

Also  differentiating  again  (383)  we  have 
D«o  =  2s.(dir«+rfy2+&r*) 

-2s.{(f-a?)rf«^  +  (iy-y)rfay-h(f-^)rf*^} ;  (885) 
and  if  the  motion,  to  which  the  variations  of  the  coordinates 
of  the  points  of  application  of  the  forces  are  due,  is  such  that 
(Px  =  iPy  =  d^z  =  0,  then  d^o  is  necessarily  positive,  and  o  is  a 
minimum  ;  also  if  2.{(f — a?) d^w  +  (?j— y) d^y  +  (f— ^)  d^z}  is 
negative,  that  is,  when  equilibrium  is  stable,  as  appears  by  the 
differentiation  of  (373),  Q  is  a  minimum. 
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The  line-representatives  of  the  forces  however  can  always  be 
taken  so  small  that  (—x,  ri—y,  (^z  shall  be  infinitesimal; 
whereby  the  second  part  of  (385)  being  infinitesimal,  and  of  the 
third  order,  must  be  neglected ;  and  as  the  first  part  is  positive, 
Q  is  a  minimum ;  that  is,  the  sum  of  the  squares  of  the  line- 
representatives  is  a  minimum. 

To  this  subject  however  we  shall  return  hereafter,  and  in 
a  more  general  way.  And  in  respect  of  the  preceding  it  is 
also  to  be  observed  that,  in  the  displaced  position  of  the 

body  on  which  the  forces  act,  -^ =:  ...  =  ...  =  -  are  sup- 

^  '   pcosa  P  *^ 

posed  to  act  along  lines  parallel  to  their  original  lines  of  action ; 

whereas,  in  the  most  general  case,  the  new  lines  of  action  would 

be  functions  of  the  original  points  of  application. 
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CHAPTER  IV. 

ON  GRAVITY  AND  CENTRES  OF  GRAVITY. 

Sbction  1. — Preliminary  conriderations  on  Gravity. 

106.]  AU  terrestrial^  as  well  as  most  other  matter^  the  proper- 
ties of  which  we  are  acquainted  with,  is  attracted  towards  the 
earth  by  a  force  called  gratniy;  the  cause  and  the  mode  of 
operation  of  which  we  are  ignorant  of.  This  property  of  matter 
is  called  heaviness  (pe«an/eur=:fallingnes8).  Gravity  is  a  force 
which  penetrates  matter;  and  acts  with  equal  effect  on  a  par- 
ticle of  matter,  whether  it  is  within  a  body,  or  on  its  surface,  or 
whether  it  is  separate :  amount  of  heaviness  is  called  weight : 
and  the  weight  of  many  material  particles  is  the  same,  whether 
they  are  separated,  or  whether  they  are  collected  into  one  body. 

The  intensity  of  gravity  on  the  same  matter  is  not  the  same 
at  all  places  of  the  earth's  surface :  it  increases  as  we  go  from 
the  equator,  where  it  has  its  least  value,  towards  the  pole,  where 
it  has  its  greatest  value :  this  is  due  to  two  causes :  (1)  the  sta- 
tical attraction  of  the  earth,  and  (2)  the  d3aiamical  action  of 
centrifugal  force :  to  the  consideration  of  both  causes  we  shall 
return  hereafter.  And  it  also  changes,  as  we  pass  further  from 
the  centre  of  the  earth :  it  decreases  in  the  ratio  of  the  inverse 
square  of  the  distance  from  the  centre  of  the  earth ;  as,  for  in- 
stance, at  a  distance  of  two  radii  of  the  earth,  the  intensity  of 
gravity  is  one-fourth  of  its  value  at  the  surface  of  the  earth ; 
and  as  we  pass  from  the  surface  of  the  earth  towards  the  centre, 
as  e.  g.  down  a  mine,  its  intensity  also  decreases,  and  varies 
directly  as  the  distance  from  the  centre  of  the  earth.  A  proof 
of  these  propositions  will  be  given  hereafter.  Considerable 
change  of  place  however  is  required  before  the  effects  become 
sensible ;  and  as  the  bodies,  which  will  be  the  subjects  of  inves- 
tigation in  the  present  chapter  are  of  dimensions  very  small 
in  comparison  of  distances  required  to  indicate  variations  of 
gravity,  it  is  unnecessary  for  us  to  enter  further  into  the  inquiry 
at  present.  Oravity  also  varies  according  to  the  nature  of  the 
materials  of  the  earth  in  the  neighbourhood  of  the  place  where 
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it  is  considered :  its  value  on  an  island  is  different  to  that  on  a 
continent :  it  is  also  affected  by  neighbouring  mountains. 

The  line  of  action  of  it  is  vertical^  that  is,  is  perpendicular  to 
the  surface  of  stiU  water.  Now  although  the  earth  is  nearly 
spherical,  so  that  all  verticals  meet,  with  a  small  error,  at  the 
centre ;  yet  its  radius,  about  4000  miles,  is  so  large,  compared 
with  the  dimensions  of  any  bodies  which  we  shall  at  present  con- 
sider to.  be  subject  to  gravity,  that  all  vertical  lines  may,  without 
sensible  error,  be  reckon^ed  parallel ;  and  therefore  all  the  par- 
ticles of  material  bodies  may  be  considered  to  be  acted  on  by 
forces  whose  lines  of  action  are  parallel ;  and  thus  the  forces 
are  such  as  to  be  subject  to  the  results  of  Article  59. 

107.]  Now  were  all  bodies  homogeneous,  that  is,  did  all  bodies 
throughout  their  extent  contain  equal  quantities  of  matter  in 
equal  spaces,  their  weights  would  doubtless  be  proportional  to 
their  volumes :  but  all  bodies  are  not  homogeneous;  and  there- 
fore we  are  obliged  to  have  recourse  to  another  mode  of  esti- 
mating their  weight.  Weighty  be  it  remembered,  is  the  amount 
of  the  earth's  attraction  on  a  body,  and  depends  on,  not  the 
space  occupied  by  the  body,  but  the  quantity  of  matter  which 
it  contains,  or  its  mass :  this  fact  is  the  result  of  experiment : 
and  although  hereafter  we  shall  be  obliged  to  introduce  another 
method  of  measuring  mass,  yet  at  present  we  measure  mass  by 
weight,  and  we  say  that  the  mass  of  one  body  is  twice  that  of 
another,  if  the  weight  of  the  former  is  twice  the  weight  of  the 
latter ;  and  the  balance  affords  a  convenient  mode  of  measuring 
weight.  Suppose  then  a  heterogeneous  body  to  be  the  subject 
of  consideration,  equal  volumes  at  different  points  of  which 
contain  unequal  quantities  of  matter;  and  let  .the  quantity  of 
matter  contained  in  an  unit-volume  of  the  substance  be  called 
the  density  of  the  substance,  the  matter  being  supposed  to  be 
homogeneous  throughout  that  unit-volume ;  and  let  density  be 
measured  by  means  of  comparison  with  some  substance  which 
is  assumed  to  be  of  unit-density ;  and  let  p  be  the  ratio  of  the 
density  of  the  given  substance  to  that  of  unit-density ;  that  is, 
the  quantity  of  matter  contained  in  an  unit-volume  of  the  sub- 
stance is  p  times  that  in  an  unit-volume  of  the  substance  of  the 
unit-density :  so  that  p  is  a  number.  And  let  us  suppose  the 
density  of  the  substance  to  vary  according  to  a  continuous  law. 
Then,  if  dY  is  an  infinitesimal  volume-element  at  a  given  point 


Digitized  by  VjOOQ  IC 


loy.]  WEIGHT.  155 

of  a  body^  and  p  is  the  density-symbol  at  that  point ;  bearing 
in  mind  that  dy  is  the  symbol  expressing  the  number  of  times 
which  the  nnit-volnme  is  taken^  and  that  the  quantity  of  matter 
contained  in  an  nnit-volnme  of  the  substance,  whatever  that 
substance  is^  is  p  times  the  quantity  of  matter  contained  in  an 
unit-volume  of  the  substance  of  the  unit-density,  we  have 

Quantity  of  matter  in  dv  =:  pdv;  (1) 

and  therefore 

Mass-element  of  body  =  pdw.  (2) 

Now  mass  does  not  depend  on  the  place  of  the  body  with 
respect  to  the  earth :  it  is  the  same,  as  far  as  we  know^  for  the 
same  body  everywhere^  whether  it  is  at  the  moon  or  at  the 
most  distant  planets.  Let  us  however  suppose  the  body  to  be 
at  a  certain  place  on  the  earthy  and  let  the  eartVs  attraction  at 
that  place  on  an  unit-mass  he  g;  or^  in  other  words^  let  ^  be 
the  weight  of  the  unit-mass  at  a  given  plaee ;  then  since  the 
volume-element  of  the  body  contains  pdy  xxmta  of  mass^  and 
the  weight  of  each  of  these  units  is  ff ;  therefore 
The  weight  of  the  element  of  the  body  contained  ia  dY  ^  Pffdv,  (3) 
and  therefore 

Weight-element  of  body  =  pgdv  (4) 

=  mass-element  xjr;  (5) 

.'.     Weight  of  body  =  jpgdy.  (6) 

It  appears  from  the  preceding  that  the  mass  of  an  unit- 
volume^  or  the  density  of  a  given  substance^  is  expressed  by 
the  symbol  p,  meaning  that  the  density  of  the  substance  is 
p  times  some  assumed  unit-density;  p  is  commonly  called  the 
spec^  density  of  the  substance ;  and  the  unit-density  is  assumed 
to  be  that  of  distiUed  water  at  a  certain  temperature,  and  under 
a  certain  atmospheric  pressure.  From  the  assumptions  which 
we  have  made  it  also  follows  that  the  weight  of  an  unit-volume 
is  pg ;  this  weight  is  commonly  called  **  specific  gravity '"  and 
sometimes  and  more  correctly  ''  specific  weight.''  Ordinarily  of 
homogeneous  bodies  the  unit-volume  is  a  cubic  inch ;  and  the 
weight  of  a  cubic  inch  of  any  given  substance  is  compared  with 
that  of  a  cubic  inch  of  distiUed  water,  at  a  certain  temperature 
and  under  certain  conditions.  I  must  however  refer  the  reader 
detirouB  of  further  information  on  these  subjects  to  physical 
treatises  wherein  they  are  folly  discussed;  though  I  may  re« 
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mark  that  it  is  hy  these  means  that  we  avoid  the  diiBcaliy  of 
determining  p  for  eyery  different  snbstanoe. 

In  (6)  jf  is  plainly  constant  on  acconnt  of  the  yolume  of  the 
body  being  small  in  comparison  of  that  of  the  earth :  and  if  p  ip 
also  constant,  then 

Weight  of  the  body  =  pgj  rfv  =  pgy,  (7) 

that  is,  the  weight  of  a  body  is  equal  to  the  product  of  its  yo- 
lume and  its  specific  gravity. 

Suppose  however  p  to  be  variable ;  and  let  us  calculate  the 
weight  of  some  bodies  for  which  this  is  the  case. 

Ex.  1.  To  find  the  weight  of  a  circular  plate  of  uniform  thick- 
ness, the  density  of  which  varies  as  the  distance  from  the  centre. 

Let  r  be  the  thickness  of  the  plate  and  a  its  radius :  let  the 
centre  of  the  plate  be  the  origin,  and  let  it  be  referred  to  polar 
coordinates;  so  that  d\  =  TrdrdO:  let  p=^kr;  then 

Weight  of  the  plate  =  f  'TsikTr^drde 
Jo   Jo 

^  2'jrgkTa^ 

"         8        • 

Suppose  the  density  to  be  constant,  and  the  thickness  to  vary 

directly  as  the  distance  from  the  centre ;  then  r  =  kr,  and  we 

have  rSir  ra 

Weight  of  the  plate  =  /     /  gpkr^drdO 
Jo  Jo 

_  2Trffpka^ 

~         8        • 

Ex.  2.   To  find  the  weight  of  a  straight  wire  or  rod^  the  den»* 

sity  of  which  varies  directly  as  the  distance  from  one  end. 

Let  the  end  of  the  rod  be  taken  as  the  origin,  and  let  a  be 

the  length  of  it ;  and  let  the  distance  of  any  point  of  it  from 

that  end  =  ^;  let  a>  =  the  area  of  a  transverse  section  of  it; 

then  dy  ^  cadx;  and  p=z  kx;  therefore 

Weight  of  the  rod  =  /  gktaxdx 
Jo 

_  gkfad^ 

Ex.  3.  To  determine  the  bounding  curve  of  a  thin  ribbon  of 
uniform  thickness  and  density,  such  that  the  breadth  of  it  ccht- 
responding  to  each  ordinate  may  be  proportional  to  the  weight 
of  the  ribbon  beyond  it. 
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Let  the  eorre  be  that  deliBeated  in  fig.  68.  Let  the  axis  of  « 
be  yerticaly  and  that  of  y  horizontal,  om  ^»,  mp  ss  y,  oa  s  a. 
Let  r  be  the  constant  thickness  of  the  ribbon,  p  its  density ; 
then  taking  the  part  of  the  ribbon  on  the  positive  side  of  the 
axis  of  Xj  the  weight  of  it  below  mp 


=  /      'rpffydx; 


therefore  by  the  data 

/      rpgydx  =  ^y, 
.-.     ydx  =  kdy, 

y 

X 

the  equation  to  the  logarithmic  cnrve.  Similarly,  if  oa'ss  af^  for 
the  corre  on  the  other  side  we  shall  have 

If  therefore  the  ribbon  with  its  edges  cut  into  two  logarithmic 
curves  according  to  the  figure  is  suspended  from  a  horizontal 
bar  a'oa^  the  tension  on  every  horizontal  section  will  be  pro- 
portional to  the  length  of  that  section. 

108.]  From  equation  (4)  then  it  appears  that  $ach  mass- 
element  of  the  body  corresponding  to  the  volume-element  dy 
is  acted  on  by  a  force  which  is  equal  to  gpdy;  and  the  lines 
of  action  of  all  these  are  parallel  and  are  vertical ;  their  resultant 
therefore  is  equal  to  their  sum^  as  appears  by  equation  (6)^  and 
may  be  inferred  from  Art.  69 ;  and  has  a  line  of  action  parallel 
to  those  of  the  several  components ;  the  resultant  is  called  the 
wdght  of  the  body :  it  has  also  a  definite  point  of  application ; 
and  by  virtue  of  Art.  59^  the  position  of  this  point  is  independent 
of  the  direction  of  the  line  of  action  of  the  forces^  and  therefore 
is  the  same,  whatever  is  the  position  of  the  body.  It  is  called 
the  centre  of  gravity ;  and  of  course^  if  it  is  fixed^  the  body  will 
rest  in  all  positions  about  it.  The  position  of  it  is  determined 
in  the  following  manner : 

First  let  us  take  the  case  of  many  material  particles  separate 
from  each  other;  let  their  masses  be  miy  m^^  ...m„ ;  and  the  co- 
ordinates of  their  positions  XiyiZ^  ^2y2^2,"'^nyn^n ;  then  their 
weights  are  mig,  niig,.^.mng;  let  the  coordinates  to  their 
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centre  of  gravity  hex,y,z;  then  referring  to  Art.  59,  equations 
(116),  Pi  =  miff,  Pj  =  mtff, . . .  Pn  =  f^ff ;  therefore 

R  =  2.fnff  =  ff^.m,  (8) 

x^.mg  =  -x.mgx^  .'.    S^.m  =  s.ma?  -i 

y%.mg  =  s.m^y,  y a.m  =  a.wiy  V ;  (9) 

z^.mg  =  -x.mgz,  z-z.m  =  a.mxr  J 

whereby  both  the  resultant  and  the  position  of  its  point  of  ap- 
plication are  known.  And  from  the  form  of  these  equations  it 
follows  that,  in  the  investigation  of  the  centre  of  gravity  of  a 
system  of  material  particles  or  bodies,  we  may,  if  it  is  conve- 
nient, divide  the  system  into  groups,  and  calculate  separately 
the  centre  of  gravity  of  each  group ;  and  by  a  similar  process 
deduce  from  them  the  centre  of  gravity  of  the  whole  system. 

Secondly  let  us  take  the  case  of  many  material  particles 
aggregated  into  a  continuous  body,  so  that  the  symbol  of  sum- 
mation becomes  that  of  integration ;  and  let  the  coordinates  to 
the  type  volume-element  of  the  body  he  w^y^z:  then  the  type- 
force  is  pgdy;  let  x,  y,  z  be  the  coordinates  to  the  centre  of 
gravity;  then  by  (116)  Article  59, 

xjpgdy  zizjpgxdv 

yjpgdv  ^JpgydY  y  ;  (10) 

zjpgdy  =:Jpgzdy 

I  is  used  on  both  sides  of  the  equations  as  a  general  symbol 
of  summation ;  and  is  to  be  replaced  by  the  symbols  of  single, 
double,  or  triple  integration  according  to  the  different  values 
of  dy;  and  the  integrals  are  definite;  the  limits  being  assigned 
by  the  particular  circumstances  of  the  problem,  g  will  of  course 
be  divided  out  on  both  sides  of  the  equations ;  and  so  will  p,  if 
the  density  is  constant:  but  I  have  left  these  quantities  that 
the  student  may  see  the  true  meaning  of  the  equations. 

If  the  body  whose  centre  of  gravity  is  to  be  found  is  a  plane 
plate  or  wire  and  of  thickness  infinitesimal  in  comparison  of  the 
surface  or  of  the  length,  we  may  take  its  plane  to  be  that  of 
xy,  so  that  z  will  vanish  for  all  the  particles  of  the  body,  and 
we  shall  have  from  (9)  and  (10)  respectively, 

x2.m  =  2.ma?  1 

y%.m  =  3j.my  j' 
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xlpffdy  =  Ipgxdy 

yjpffdy  z=:Jpffydy 

109.]  The  general  values  (9)  and  (10)  require  closer  con- 
sideration. The  centre  of  gravity  is  the  point  of  application 
of  the  resultant  of  all  the  weights  of  the  several  component 
particles  of  a  body,  which  resultant  is  equal  to  the  sum  of  the 
separate  weights ;  it  is  therefore  that  point  at  which^  if  the 
weight  of  the  whole  body  acts,  an  effect  is  produced  the  same 
as  that  of  all  the  particles  of  the  body  taken  in  combination ; 
or^  in  other  and  equivalent  words^  the  centre  of  gravity  is  that 
point  at  wkich^  tf  the  body  is  collected  into  a  materiai  particle, 
the  circumstances  of  pressure  are  the  same  as  those  of  the  body 
ocaq^ying  the  space  which  it  does.  This  is  immediately  apparent 
from  (12) :  for  if  we  imagine  the  whole  mass  of  the  body  to  be 

condensed  into  a  particle  at  the  centre  of  gravity^  then  fpgdy 

is  the  weight  of  the  mass  therein  condensed,  and  the  left-hand 
members  of  the  equations  are  the  moments  of  the  mass  thus 
condensed  about  the  axes  of  y  and  x  respectively :  and  the  right- 
hand  members  are  the  sums  of  the  moments  of  the  weights  of 
the  several  component  elements  of  the  body  with  reference  to 
the  same  axes.  And  this  is,  be  it  observed,  the  mechanical 
interpretation  of  the  equations. 

Also  with  reference  to  the  equations  (10)  it  is  to  be  observed 
that  the  product  of  a  body's  weight,  and  the  distance  of  its 
centre  of  gravity  from  any  plane,  is  equal  to  the  sum  of  the 
products  of  the  weight  of  ef  ery  element  of  it,  and  the  distance 
of  that  element  from  the  same  plane. 

Another  point  also  requires  some  remarks.  In  Article  107 
different  concrete  units  are  involved :  now  the  symbols  p,  dy,  g 
are  symbols  of  numbers;  and  therefore  their  product  is  a 
number ;  but  the  quantity  which  we  commence  with  is  volume- 
element,  and  that  which  we  end  with  is  weight-element:  it 
remains  therefore  to  seek  the  source  whence  this  change  arises ; 
it  is  true,  as  it  is  convenient,  that  dy  expresses  the  number  of 
the  volnme-units,  p  the  number  of  mass-units  in  a  volume-unit, 
and  g  the  number  of  eartVs  attraction-miits  in  a  mass-unit :  but 
how  does  the  result  of  all  this  imply  weight  ?  In  the  first  place, 
the  process  ''multiplication''  must  be  used  in  a  sense  wider 
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than  its  numerical  one,  so  as  to  include  within  its  subjects  of 
operation  quantities  of  different  kinds;  and  so  that  the  product 
may  be  of  a  kind  different  to  that  of  either  of  the  multiplicands : 
and  thus  the  product  of  two  concrete  units  is  a  concrete  unit 
ef  a  different  kind;  the  product  of  the  volume-unit  and  of  tiie 
density-unit  is  mass-unit ;  and  the  product  of  the  mass-unit  and 
of  the  earth's  attraction-unit  is  weight-unit ;  the  change  of  con- 
crete unit  therefore  arises  from  the  product  of  the  differ^it 
concrete  units ;  and  weight-unit  is  the  product  of  three  different 
concrete  units.  The  units  are  of  course  arbitrary,  and  therefore 
we  choose  those  which  are  most  convenient ;  and  thus  we  take 
a  cubic  inch  to  be  the  volume-unit ;  the  density  of  distilled 
water^  at  a  certain  temperature  and  under  certam  atmospheric 
pressure^  to  be  the  density  unit;  and  the  earth's  attraction  at 
Greenwich  on  a  mass-unit  to  be  the  gravity-unit ;  and  by  means 
of  these  we  obtain  the  weight  of  a  cubic  inch  of  distilled  water 
at  a  certain  place^  and  compare  all  other  weights  with  it. 

Or  we  may  arrive  at  the  same  result  by  the  laws  of  variation ; 
the  quantity  of  matter  in  a  given  volume  varies  as  the  volume^ 
and  as  the  density  or  quantity  of  matter  contained  in  a  volume- 
unit  ;  so  that  if  A:  is  the  coeflEicient  of  variation. 

Mass  =  *v  X  p ;  (13) 

but  as  A:  is  arbitrary,  let  us  assume  the  tmit  of  mass  to  be  that 
which  corresponds  to  the  volume-unit  and  the  density-unit;  there- 
fore A:  =1,  and  T^jr^^         „  ,, .. 
'                    Mass  =  V  X  p.                                      (14) 

Again,  the  weight  of  a  given  body  varies  as  the  mass  of  the 
body,  and  as  the  earth's  attraction ;  therefore  if  m  represents 
the  mass  of  a  body,  and  g  the  earth's  attraction  on  an  unit  of 
mass  at  a  given  place,  and  if  A:  is  the  coefficient  of  variation. 

Weight  =  *m^;  (15) 

and  if  we  assume  the  unit  of  weight  to  be  that  which  corresponds 
to  an  unit  of  mass,  and  to  an  unit  of  earth's  attraction  at  a  given 
place,  A  =  1 ;  therefore 

Weight  =zmg  =  vpg.  (16) 

There  are  of  course  many  cases  where  the  centre  of  gravity 
is  known  at  once,  by  reason  of  the  symmetry  of  the  figure ; 
thus  the  centre  of  gravity  of  a  straight  wire  or  rod,  of  the  same 
density  and  thickness  throughout,  is  at  the  middle  point  of  the 
rod;  the  centre  of  gravity  of  a  circular  wire  of  the  same  density 
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and  thickness  thronghoiit  is  at  the  centre  of  the  circle :  that  of 
a  dipular^  or  of  an  elliptical  plate  of  constant  thickness  and  den- 
sity is  at  the  centre :  that  of  a  homogeneous  sphere  and  of  a 
homogeneous  ellipsoid  is  at  the  centre :  and  in  a  similar  manner 
we  shall  firequently  conclude  that  the  centre  of  gravity  of  a 
body  is  in  a  particular  line  which  can  be  at  once  determined  by 
means  of  the  symmetry  of  the  figure.  We  proceed  now  to  the 
determination  of  the  centres  of  gravity  of  various  figures,  lines, 
plates,  and  bodies. 


(17) 


SccTioN  2. — The  centre  of  gravity  of  material  lines,  or  wires, 
straight  and  curved. 

110.]  Let  us  first  consider  the  centre  of  gravity  of  a  curved 
material  line  or  wire^  of  which  the  thickness  is  infinitesimal  in 
comparison  of  the  length,  so  that  all  the  particles  of  it  may  be 
considered  to  be  in  one  plane;  let  it  be  referred  to  rectangular 
coordinates,  and  let  the  plane  of  the  wire  be  that  of  ivy ;  then 
the  equations  (12)  are  applicable. 

Let  a»  =  the  area  of  a  transverse  section  of  the  wire,  and 
ds^zSL  length-element,  so  that  dr  =  ads;  let  p  be  the  density 
at  the  point  {x,  y),  and  g  =  the  earth^s  attraction ;  and  let  x,  y 
be  the  coordinates  of  the  centre  of  gravity ;  then 

xjpgoods  =  jpgaxds 

yjpg<»ds  =jpg<ayds 

The  intends  are  of  course  definite,  and  the  limits  are  fixed  by 
the  conditions  of  the  problem.  If  the  equation  to  the  curved 
wire  is  y=/(d?),  then 

ds^  =  dir^  +  rfy*, 

df  =  {l  +  (/V))»}*^.  (18) 

Also  if  the  curve  of  the  wire  is  referred  to  polar  coordinates, 
andif  the  equation  to  it  is  r=/(^),  then  or s  r cos ^,  y  =  r8in0, 

'^  df  =  {r»  +  (/'(e?))»}*d»,  (19) 

and  therefore 

xjpffm  {r» + CTW)*}*  de  =  Jpffmr  cos0{r'+ if(0))'}^  dO  "" 
yfpffm  {r»  +  (/'(«))»}*  dB  =  Jpif»rfaiie{r^+ (/(<>))»}*  dO 

PRICE,  TOI..  III.  Y 


(20) 
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It  will  be  foimd  that  in  many  cases  the  centre  of  gravity  of  a 
material  line  is  outside  of  the  line ;  and  therefore  it  is  necessary 
that  it  should  be  rigidly  connected  with  it  if  the  wire  or  rod  is 
to  have  physical  support. 

111.]  Ex.  1.  To  find  the  centre  of  gravity  of  a  wire  of  uni- 
form thickness  and  density  bent  into  the  form  of  a  quadrant  of 
a  circle. 

Let  the  radius  of  the  circle  be  o ;  fig.  43 ;  then  as  p  «  and  g 
are  constant,  they  may  be  divided  out,  and  (17)  become 

x^di  =:Jx  di,       yjd$  ^jy  d$;  (21) 

also         a?*+y*  =  a*, 
—  _   dy_  ^  d$^ 

-fo     adx      _  [^    axdx 
Jo  (a>-a?«)*  "X  (a«-ar»)*' 

-w  -      2a 

_      2a 

.-.    y  =  -. 

Or  thus  by  means  of  polar  coordinates ;  r=za, 


-      2a 

V)  Jo  w 


.-.    SI  de  =z  I  acos$d$, 

Jq  Jq 

ylddszl  asmddd, 

Jo  Jq 


-       2a 
'o  ^0  "^         ir 

Ex.  2.  To  find  the  centre  of  gravity  of  a  wire  of  constant 
thickness  and  density,  and  bent  into  the  form  of  a  complete 
cycloid. 

Let  the  starting  point  of  the  cycloid  be  the  origin,  and  let 
the  equation  to  the  curve  be 

a?  =  a  versin-^  -  —  (2ay— y*)*, 
dx  dy  di 


/*       (2a-y)*       (2a)*' 
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it  18  evident  that  the  centre  of  gravity  will  be  in  the  line  per- 
pendicular to  the  base  at  its  point  of  bisection;  therefore 
xssva;  and  as  p,  ^^  «  are  constant, 

r%a      dy        ^r»«     ydy  .      -^4a 

^^    (2a-y)*      Jo    (2a-y)*'  '  8' 

Ex.  8.  To  find  the  centre  of  gravity  of  a  wire  of  constant 
thickness  and  density,  bent  into  the  form  of  an  arc  of  a  circle. 

Let  the  radius  of  the  circle  be  o ;  and  let  the  line  passing 
through  the  middle  point  (the  vertex)  of  the  circular  arc  and 
the  centre  of  the  circle  be  the  axis  of  ^;  then  as  the  arc,  fig.  44, 
is  qrmmetrical  with  respect  to  this  line,  y  =  0.  Let  the  arc 
bob's:  2#,  and  let  the  chord  bb'ss  2c,  od  =  6 ;  then 

dy    _  ^  _  ^    -I 
a— a?  "  y  ■"   a  *  ^^ 

,       «P       cfa?               r*      xdx 
and       xl  =s  I  T, 

^0  (2a4P— 4P*)*      Jo  (2aa?-<a?«)* 

-  ac 

.\    xssa . 

s 

Ex.  4.  To  find  the  centre  of  gravity  of  a  straight  rod,  the 
tliiftlrupMi  of  which  varies  directly  as  the  distance  from  one  end. 

Let  the  end  of  the  rod  whence  the  variation  of  the  thickness 
is  reckoned  be  taken  as  the  origin,  and  the  line  as  the  axis  of  x : 
then  ^sskx;  let  a  =  the  length  of  the  rod ;  and  we  have 

-/*•  /**  -      2a 

xj  pffKxdx  =  /  pffKX^dx,  a?  =  — . 

Ex.  6.  To  find  the  centre  of  gravity  of  a  straight  rod,  the 
dauity  of  which  varies  as  the  nth  power  of  the  distance  of  each 
point  from  a  given  point  in  the  line  of  the  rod  produced. 

Let  o  be  the  point  from  which  the  variation  of  the  density 
takes  place ;  fig.  46 ;  oa  =s  a,  ob  =  6,  of  ss  a?,  fq  =  <b?;  p  =  kx* ; 
then  _  |.5  n 

xl  kiAgx^dx  =  /  K»gx^*^dx, 

_  ^  n-f  1  i«+2— a»+» 

If  n=  -2,  then 

^[^       dx       C^       dx  _         ab    .      b 

Y  % 
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Ex.  6.  To  find  the  centre  of  gravity  of  a  wire  bent  into  the 
form  of  a  cydoid^  the  thickness  of  which  varies  directly  as  the 
distance  from  the  middle  point  of  the  wire. 

The  n^iddle  point  of  the  wire  is  the  highest  point  of  the 
cycloid;  let  it  be  taken  as  the  origin;  and  let  the  axis  of  the 
cycloid  be  the  axis  of  x ;  then  ^  =  0 ;  let  the  length  of  the  wire 
be  8a;  then  Vol.  II,  Art.  103,  Ex.  8,  the  radius  of  the  base- 
circle  is  a ;  and  the  equation  to  the  cycloid  is 


dx         ds 


y  z=z  a  versin-*  -  +  (2aa?— a?*)*. 


>.  (22) 


(2a-<r)*       a?*       (2  a)*' 

.-.     *  =  2(2a^)*,  ^=1^5 

therefore  p  =  k«  ;  and  we  have 

xjgaiicsds  ^  JffmKSxdg,  xj    *A  =  —  /    t^ds, 

X  =  a. 

112.]]  If  the  curve,  into  which  the  wire  is  bent,  is  in  space, 
whether  plane  or  of  double  curvature,  then 

xJ  pg^ds  =  Ipg^xdi 
yjpg<dd8  =Jpg»yd8 
zl  pgfods  =  I  pg<Azd$ 

Ex.  1.  A  wire  of  constant  thickness  and  density  is  bent  into 
the  form  of  a  helix ;  find  its  centre  of  gravity. 

Let  a  =  the  radius  of  the  base-cylinder ;  and  let  the  wire 
commence  at  the  axis  of  x,  that  is,  at  the  point  (a,  0, 0),  see 
fig.  125,  Vol.  1 ;  and  let  it  end  at  {x,  y,  z) ;  then 

a?s=acos^,        y  =  asin^,        z  ^  ka<l>^ 
A  =  (l  +  *«)*arf<^, 

X    /o^a)(l-f  **)*arf^  =  /  p^«(l  +  **)*a*cos</)rf</>, 
Jo  Jo 

X(f>  =  asin</>,  .*.     x  =  ka-y 

z 

yiP  =  a(l  — cos^),  y  =  ka , 

z 
ka<l>*  _       z 


z<l>  =  -^,  z  = 


2' 
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Ex.  2.  To  find  the  centre  of  gravity  of  the  perimeter  of  a 
triangle  in  space,  the  three  sides  of  which  are  thin  rods  of  con- 
stant thickness  and  density. 

Let  the  lengths  of  the  sides  be  h>  k>  hi  c^d  the  angular 
points  be  (si,  yi,  ^i) ...  (x^,  yz,  Zz):  p  =  the  constant  density, 
01  =  the  area  of  a  transverse  section  of  the  rod :  then  the  cen- 
tres of  gravity  of  /i>  ^  ^  are  manifestly  at  the  points 


2      ' 

y»+y» 
2    ' 

2     ' 

2      ' 

yi+y« 
2    ' 

2     ' 

and  therefore  by  the  formnlsB  (9) 

^ih  +  h  +  h)  =  2{/i(^B-f^s)-f  ii(^s+ari)+^i(ari-har,)}, 

y{h+l%+h)  =  ^{h(y2+y3)+h(yz+yi)+h(9i-¥yi)h 

By  a  similar  process  the  centre  of  gravity  of  the  perimeter  of  a 
polygon  formed  by  heavy  rods  in  space  may  be  determined. 

118.]]  The  determination  of  the  centres  of  gravity  of  material 
lines  or  wires  also  suggests  the  following  problem^  which  is 
solved  by  the  calculus  of  variations : 

To  find  the  equation  to  the  curve  into  which  a  thin  heavy 
rod  of  uniform  thickness  and  density  and  of  given  length  is  to 
be  bent,  so  that  its  ends  being  fixed  at  two  given  points,  the 
centre  of  gravity  may  be  in  the  lowest  possible  position. 

Let  the  axis  of  ^r  be  parallel  to  the  direction  of  gravity ;  and 
let  2  c  be  the  length  of  the  rod ;  and  (^1,  yi,  Zi)  and  (a?o,  yo,  Zo)  the 
ends  of  the  line;  then 

fds=z2c,  (28) 

z2c  ==  f  zds,  (24) 

and  z  will  be  a  maximum  or  a  minimum  according  as  the  plane 
of  xy  is  above  or  below  the  centre  of  gravity  of  the  suspended 
wire;  in  either  case,  d^=  0;  therefore  from  (24) 

2(?dz  =  0  =  f  i.zds 
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2ciz  =  0  =zj  (zhds  +  dsiz) 

-j^^d.z^ix+d.z-£iy+  {d.z^-ds)iz\  ;  (25) 

Of  this  quantity  the  first  part  vanishes  by  reason  of  the  limits 
being  fixed ;  also  firom  (28), 

«.2c  =  0  =  bjd$ 

[dx^       dy  ^       dz  ^  1} 

and  of  this  quantity  the  first  part  vanishes  by  reason  of  the 

limits  being  fixed;  and  as  the  second  part  is  to  consist  with 

the  second  part  of  (25),  we  have 

J    dx        J    dy        J    dz     J 
d.z  -y       d,z  -y-       d.z-^s —  d8 

— —  =  — —  = =  X  (say);  (27) 

,  rfa?  ,  rfy  ,  dz 

ds  ds  d$ 

from  the  first  two  members  of  which  equality  we  have 

d  —       d.^ 
'ds  'dg  dx  dy 


dx  dy  4?i  — a?o       yi  — yo 

ds  d8 

the  constants  being  introduced  consistently  with  the  curve 
passing  through  (a?i,  yi,  Zi)  and  (a?o,  yoi  ^o) ; 
x—xq  _   y— yo 
fl?i— ^0      yi  — yo ' 
whence  it  follows  that  the  curve  is  a  plane  curve,  and  is  in  a 
plane  perpendicular  to  that  of  xy.  Let  the  plane  of  xz  be  taken 
so  as  to  contain  the  curve;  then  y  =  0;  and  from  the  first  of 
(27)  we  have  j^f  ,  dx 


ds  ds' 
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d  ^ 
ds  di  d$  Z'-k       ix 

m 

dx      -  dx 

.'.    log  (r- A)  +  log  ^  =  log  a,  or,     (z-k)  ^  =  «* 

where  a  is  an  arbitrary  constant  of  integration;   and  aince 

.-.     ^-X  =  |{c~+r~};  (28) 

where  b  is  another  arbitrary  constant  of  integration ;  and  the 
three  nndetermined  constants  a,  bj  k  may  be  determined  by  the 
conditions  of  the  carve  passing  through  two  given  points,  and 
of  the  length  of  the  curve  between  those  points  being  given. 
The  equation  (28)  is  that  of  the  catenary^  the  properties  of 
which  will  be  investigated  hereafter;  and  the  result  is  im- 
portant, inasmuch  as  it  shews  that  the  curve  in  which  a  per- 
fectly flexible  and  ineztensible  string  will  hang  when  suspended 
firom  two  fixed  points  is  also  that  of  which  the  centre  of  gravity 
has  the  lowest  possible  position* 

114.]  And  there  is  another  property  of  the  centre  of  gravity 
of  a  curved  material  line,  which  it  is  necessary  to  explain.  Sup- 
pose the  liae  to  be  of  constant  thickness  and  density,  and  to  be 
infiniteaimally  thin ;  then 

yjds  -Jyds, 

.'.     iiryxs  =:J2iryd8.  (29) 

Now  if  the  plane  curve  whose  length  is  s  revolves  about  the 
axis  of  X,  and  generate  thereby  a  thin  shell  (or  surface)  of  revo- 
lution^ the  right-hand  member  of  (29)  is  the  area  of  the  surface 
generated ;  see  Art.  129^  Vol.  II ;  and  the  left-hand  member  of 
(29)  is  the  product  of  the  length  of  the  generating  line  and  of 
the  path  described  during  an  entire  revolution  by  the  centre  of 
gravity  of  it;  hence  we  conclude  that, 

If  a  plane  curve  lies  wholly  on  one  side  of  a  line  in  its  own 
plane,  and  revolving  about  that  line  generates  thereby  a  surface 
of  revolution,  the  area  of  the  surface  is  equal  to  the  (geometrical) 
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product  of  the  length  of  the  revolving  line^  and  of  the  path 
described  by  its  centre  of  gravity. 

This  theorem  is  one  of  those  known  by  the  name  of  the 
Theorems  of  Pappus  or  of  Guldinus ;  it  is  a  geometrical  relation 
existing  between  a  curve,  the  surface  which  it  generates  by 
revolving  about  a  line  in  its  own  plane,  and  the  distance  of  its 
centre  of  gravity  from  that  line ;  the  curve  must  not  intersect  the 
axis  of  X ;  for  if  it  does,  y  will  change  its  sign ;  and  (29)  may 
be  an  inexact  expression ;  the  generating  curve  may  also  be  a 
closed  figure.  Also  as  (29)  expresses  the  equality  of  the  two 
sides  of  the  equation  for  a  whole  revolution,  so  will  a  similar 
theorem  be  true  for  any  part  of  a  revolution.  Two  or  three 
examples  are  subjoined. 

Ex.  1.  A  circle  of  radius  a  revolves  about  an  axis  in  its  own 
plane  at  a  distance  e  from  its  centre ;  it  is  required  to  find  the 
area  of  the  surface  of  the  ring  thereby  generated. 

The  circumference  of  the  generating  curve  is  2ira;  and  as 
the  centre  of  gravity  of  it  is  at  its  centre,  the  path  described  by 
the  centre  of  gravity  during  a  complete  revolution  is  2  vc; 

,*.     the  area  of  the  surface  of  the  ring  =  4ir*flc. 

Ex.  2.  A  right-angled  triangle  revolves  about  its  hypothe- 
nuse,  and  its  sides  thereby  describe  a  surface ;  it  is  required  to 
find  the  area  of  the  surface  described. 

Let  a^  b  be  the  sides  of  the  triangle,  and  h  the  length  of  the 
perpendicular  from  the  right-angle  to  the  hypothenuse,  so  that 

JL- i-      i_ 
A«  -  a«  "^  A«  ^ 

then  the  area  of  the  surface  =  'n{a-\-b)h 

__  Tt{a-^b)ab 
"  (fl«-|-A«)*  ' 
Also  if  the  area  of  a  surface  is  known^  and  the  length  of  the 
generating  line  is  known,  the  distance  of  the  centre  of  gravity 
of  the  line  fit>m  the  axis  of  revolution  may  be  determined.  Thus, 
the  surface  of  a  sphere  of  radius  a  =  4ira^,  the  length  of  a  semi- 
circle =  Tta ;  therefore  from  (29), 

^ityxita  =  4wa*, 
»       2a 
It 
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Section  8. — Centre  of  gravity  of  thin  plates  and  curved  shells, 
bounded  by  lines  straight  or  curved. 

115.]]  In  the  next  place  let  us  consider  a  plane  plate  of  infini- 
tesimal thickness,  bounded  by  curved  or  straight  lines^  and  refer 
it  to  rectangular  coordinates.  Let  the  plane  of  the  plate  be 
that  of  ^y,  and  let  the  coordinates  of  any  element  in*  the  plane 
sarbce  of  the  plate  he  x^y;  so  that  the  area  of  an  element  e  is 
d^dy ;  see  fig.  46.    Let  the  thickness  of  the  plate  at  b  =  r ;  then 

dY  =  rdxdy.  (30) 

Let  p  =  density^  g  =  earth's  attraction ;  equations  (12)  become 

xl I pgrdydsff  =  1 1 pgrjpdydx 

yJJpgTdydx  ^JJpgrydydx 

the  limits  being  assigned  by  the  geometrical  conditions  of  the 
problem ;  and  the  conditions  of  the  definite  integrals  being  the 
same  as  those  explained  in  Vol.  11.  Chap.  YII. 

Ex.  1.  It  is  required  to  find  the  centre  of  gravity  of  a  thin 
plate  of  uniform  thickness  and  density,  bounded  by  a  parabola, 
its  axis,  and  an  ordinate;  fig.  46. 

Let  OA  =  a,  AB  =:  i ;  r  =  thickness  of  plate,  p  =  density :  then 

Let  — r  d?^=  Y,  so  that  from  (31),  introducing  the  limits,  we  have 
a* 


N  (31) 


a?/    /  dydx  =11  xdydx, 

Jo  Jq  Jo  Jq 

Jo  Jo 


X       8 


ra  rv  ra  Cv 


_       86 


Ex.  2.  To  find  the  centre  of  gravity  of  a  thin  phite  of  uni- 
form thickness  and  density  in  the  form  of  an  elliptic  quadrant. 
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The  equation  to  the  bounding  curve  is 

Let  Y  =  -(a«-^«)*, 

a 

then  from  (31 )  in  this  case 

xi    /  dydx  =11  xdydxj 

Jo  Jo 

4a 


""  ^  3it' 


y  dydx  =  /    /  ydydx, 

Jo  -'0  Jo  Jo 


_       4* 

Ex.  3.  To  find  the  centre  of  gravity  of  a  thin  triangular  plate 
of  constant  thickness  and  density. 

Let  T  be  the  thickness  of  the  plate,  and  p  =  the  density.  Take 
the  angle  o,  fig.  47,  for  the  origin,  and  the  sides  oa,  ob  for  the 
coordinate  axes ;  oa  =  a,  ob  =  b,  so  that  the  equation  to  ab  is 

Let  the  angle  at  o  =  a> ;  then  the  area  of  the  surface  at  e 
=  dxdy  sin  tt ;  cfv  =  rdxdy  sin  a>.    Then  if 

the  equations  of  moments  about  the  axes  are 

xsmoal    I  dydxHia^  =^  I    I  noiAa^Ydydx, 

Jo  Jo  Jo  Jo 

^sin»/    /  dydxmkot  =  11  y (sin, (»)^ dydx, 

Jo  Jo  Jo  h 

-_«  __  A 

.-.     ^-3*  y-3' 

the  centre  of  gravity  therefore  is  situated  on  the  line  passing 
through  o  and  bisecting  ab,  at  a  distance  from  o  equal  to  two- 
thirds  of  the  bisecting  line ;  and  as  the  result  is  independent 
of  the  particular  angle,  it  is  equally  true  for  all  the  angles ;  and 
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therefore  the  centre  of  grayity  of  a  triangular  thin  plate  is  at  the 
point  of  intersection  of  the  three  bisectors  of  the  sides  drawn 
from  the  opposite  angles.  This  is  also  manifest  from  the  follow- 
ing reason :  let  oab  be  a  triangular  plate,  fig.  48 ;  and  let  oc  be 
drawn  from  o  to  c^  the  middle  point  of  the  opposite  side  ab  ; 
and  imagine  the  plate  to  be  divided  into  a  series  of  thin  slices 
by  lines  parallel  to  ab;  then  the  centre  of  gravity  of  each  of 
these  slices  will  be  at  its  middle  pointy  that  is,  at  its  intersection 
with  oc.  Imagine  therefore  each  slice  to  be  condensed  into  its 
centre  of  gravity ;  there  is  thsa  a  series  of  particles  of  increasing 
weight  arranged  along  the  line  oc,  the  law  of  increase  being 
that  of  the  distance  directly,  because  pp'  varies  as  om  ;  if  there- 
fore OH  =  or,  and  oc  =  h,  we  have  trom  (17) 


Jo  Jn 


X 

Jo 
.-.    S  =  |a.  (82) 

Hereby  also  we  conclude  that  if  the  coordinates  to  the  angles 
of  a  triangular  plate  in  space  are  XiyiZi,  ^iVi^y  ^3^3^}  then 


X  = 


8 


z  = 


8 

^1+^2  4-^3 


2^  =  8 


y  (88) 


8 

Ex.  4.  To  find  the  centre  of  gravity  of  a  cycloidal  plate,  the 
thickness  of  which  varies  as  the  nth  power  of  the  distance  from 
the  base,  and  of  which  the  density  is  constant. 

In  this  case  taking  the  starting  point  as  the  origin,  and  the 
base  as  the  axis  of  x, 

X  =:  a  versin-i  ^  —  (2ay — y*)*, 

(2fly-y*)* 
Let  r  s=  icy**  =  thickness,  ps=  density ;  it  is  plain  that  x^ira-, 
and  from  (81) 

r2wa  ny  r2va  ry 

y         /  y'dydx  =  /       /  y'^+^dydx; 

Jo      Jo  Jo      Jo 

rttrayfi+l  rZna  yn+2 

y        ^—rdx  =  /       ^—lidx, 
Vo      n  +  1  Jo      »  +  2 


z  2 
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rza    yn+zjy     ^  n -f  1  f'^    y'*+^  rfy 


y  (84) 


_  n  +  1  2n4-5     P"    y^-^'rfy 
"  n  +  2   «-h3  Vo     (2ay— y2)*' 

_  _  n  +  1  2»4-5 
•'•     ^  "■  n  +  2   «-h8  ^* 

116.]  If  the  plane  surface  of  the  plate  is  referred  to  polar 
coordinates,  and  rectangular  coordinates  are  retained  for  the 
centre  of  grayity^  then  the  area  of  the  surfieu^-element  of  the 
plate  is  rdrdO,  and  d?  =  rco8  0,  y=:rsin0^  so  that  the  equa- 
tions (31)  become 

xj  jpffrrdrdd  =  I J  pgrr^  cos  $drd$ 

yf  fpffrrdrdO  =  jJpS'^r^  sin  OdrdO 

Ex.  1.  To  find  the  centre  of  gravity  of  a  plate  in  the  form  of 
a  sector  of  a  circle,  the  thickness  of  which  varies  directly  as  the 
distance  from  the  centre  of  the  circle. 

Let  a  =  radius  of  circle^  2a  =  the  angle  which  the  sector 
subtends  at  the  centre ;  and  let  the  axis  of  a?  be  the  line  bisect- 
ing the  angle  2  a,  so  that  y  =  0 ;  then  r  =  kr,  and  we  have 

xj    Ir^drdS  =  /     jr^ca&edrde, 

_       8a  sin  a 
4       a 
Ex.  2.   To  find  the  centre  of  gravity  of  a  thin  plate  of  uni- 
form thickness  and  density  in  the  form  of  the  loop  of  the 
lemniscata. 

The  equation  to  the  bounding  curve  is 
r>=:a>cos2d; 
and  as  the  loop  is  symmetrical  with  respect  to  the  axis  of  x, 
y  =  0.    Let  r  =  a  (cos  2^)*,  then  from  (84), 

xj    J  rdrdO  =  /     /  r^  cos  BdrdB, 
x^  =  yj    (cos2e)^  COS  6  do 
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if  *^=H>  and  8m^  =  d?; 

-  —  ?if  ?  ? 

"  2»" 

117.]  Centre  of  gravity  of  a  thin  shell  of  revolution. 

Let  the  axis  of  revolution  be  the  axis  of  x;  and  let  the 
equation  to  the  curve,  by  the  revolution  of  which  the  exterior 
surface  of  the  shell  is  generated,  be  y=if{x):  let  r  =  the 
thickness  of  the  shell ;  p  =  the  density ;  g  =  the  earth's  attrac- 
tion ;  and  imagine  the  sheU,  see  fig.  49^  to  be  divided  into 
a  series  of  circular  rings  or  annuli  of  breadth  dx  by  means  of 
planes  perpendicular  to  the  axis  of  revolution,  and  at  an  infini- 
tesimal distance  apart :  then,  if  d!^  is  a  length-element  of  the 
generating  curve,  the  volume  of  any  one  of  these  rings  corre- 
sponding to  a  point  {x^y)  on  the  generating  curve  is  2iryTds; 
and  therefore  the  weight  of  it  is  ivpgryda :  now  imagine  this 
weight  to  be  condensed  into  a  point  at  the  centre  of  gravity  of 
the  ring,  which  is  at  m  on  the  axis  of  x :  the  circumstances  of 
pressure  are  not  hereby  changed :  and  let  us  imagine  the 
weight  of  each  ring  to  be  similarly  collected  at  its  centre  of 
gravity ;  then  we  have  a  series  of  weights  arranged  along  the 
line  ox,  of  variable  magnitude,  the  law  of  variation  depending 
on  the  equation  of  the  generating  curve :  but  such  that  the 
weight  at  the  distance  x  is  equal  to  iirypgrds :  hence  we  have 
to  find  the  centre  of  gravity  of  this  rod  of  variable  density ;  and 
therefore,  by  virtue  of  equations  (17), 

X I  ivpgryds  =  /  2irpgTxyd8,  (35) 

and  cancelling  2ir  jr,       >.  ^ 

xj  pryds  =  /  prxyds,  (36) 

Ex.  1.  To  find  the  centre  of  gravity  of  a  thin  shell  of  uniform 
thickness  and  density,  the  exterior  surface  of  which  is  generated 
by  the  revolution  of  a  quadrant  of  a  circle  about  one  of  its 
bounding  radii. 

Let  T  =  thickness  of  shell ;  p  =  density ;  then,  fig.  50,  the 
equation  to  the  generating  curve  is 
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.'.     i  /  ado?  =  /  axdxj 

Jo  Jo 

a 
^  =  2- 

This  result  is  also  manifest  by  the  method  of  infinitesimals  :  in 
Vol.  I,  Art.  34,  Ex.  7,  it  is  shewn  that  each  zone  of  the  shell  is 
equal  to  the  corresponding  zone  of  the  cylinder  of  the  same 
thickness  circumscribing  the  spherical  sheU ;  and  therefore  as 
these  zones  are  equal  and  equivalent  as  to  the  position  of  their 
centres  of  gravity,  the  latter  may  replace  the  former,  and  the 
centre  of  gravity  of  the  hemispherical  sheU  is  the  same  as  that 
of  the  cylindrical  shell ;  and  this  latter  is  evidently  on  oa  in 
the  middle  point  of  oa. 

Ex.  2.  To  find  the  centre  of  gravity  of  a  thin  right  conical 
shelly  of  uniform  thickness  and  density. 

Let  r  =  the  thickness  of  the  shell ;  p  =  the  density ;  and  let 
the  equation  to  the  generating  straight  line  be 

y  =  ax, 

let  the  altitude  of  the  shell  =  a :  then  ds^  =  (1  +a*)  da?* ;  and 
from  (36)  we  have  -^  ^^ 

X  /  xdx  =  /  x^dx, 

Jo  Jq 

«       2a 

This  is  also  manifest  by  the  following  reasoning :  the  conical 
shell  may  be  imagined  to  be  resolved  into  a  series  of  triangular 
plates  all  the  vertices  of  which  meet  at  the  vertex  of  the  cone^ 
and  the  bases  of  which  form  the  circular  base  of  the  conical 
shell :  now  the  centre  of  gravity  of  a  triangular  plate  is  on  the 
line  which  is  drawn  from  the  vertex  to  the  middle  point  of  the 
base^  and  is  at  a  distance  from  the  vertex  equal  to  two-thirds  of 
that  line ;  and  therefore  the  centre  of  gravity  of  the  shell  is  on 
the  axis  at  a  distance  from  the  vertex  equal  to  two-thirds  of  the 
axis. 

And  suppose  the  thickness  of  the  conical  shell  to  vary  as  the 
distance  from  the  vertex :  then  p  =  *(1  -h  a^)*a?, 
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.'.     x  I  x^dx  =  /  x^dxy 

Jo  "^O 

-      8a 

Ex.  3.  To  find  the  centre  of  gravity  of  a  thin  shell  of  uniform 
thickness  and  density  formed  by  the  revolution  about  its  base 
of  a  wire  bent  into  a  semi-cydoid. 

The  equation  to  the  generating  curve  is 

X  =  a  versin-^-  —  (2fly— y*)*, 
dx  dy  ds 


-  /^^    ydy      ^  n^  xydy 


26a 

118.]  Centre  of  gravity  of  a  thin  curved  shell. 

Lastly^  let  us  investigate  the  coordinates  of  the  centre  of 
gravity  of  a  th}n  curved  shelf;  of  which  let  the  thickness  =  t, 
the  density  =  p ;  and  let  the  equation  to  the  bounding  surface 
oftheaheUbe  p(*,y,z)  =  0.  (87) 

Then  using  the  symbols  of  Articles  133  and  134,  Vol.  II,  let 
x^y^zhe  the  coordinates  to  a  point  on  the  sur&ce ;  and  let  dA 
be  the  surfiace-element  abutting  at  it ;  then 

rfV  =  TrfA,  (38) 

where 

dA^-dydz^-^dzdx^^dxdy,  (39) 

V    ^  V  w         ^  ^     ^ 

=  {l+p''^q'}*dxdy;  (40) 

80  that  (10)  become,  taking  for  dA  the  last  value  of  (30), 

^jj^^'^w  ^  ^^  =i/^^'"*  ^dxdy 

yjj PffT^dxdy  =^jj pgry^dxdy   }>.  (41) 

Ex.  1.  To  find  the  centre  of  gravity  of  the  octant  of  a  thin 
spherical  shell  of  uniform  thickness  and  density 
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x^-i-y^-^z^  =  a*, 
V  =  2a?,  V  =  2y,  w  =  iz. 

Let  T  =  the  thickness,  p  =  density ;  and  as  these  are 
constant^  they  may  be  divided  out  of  the  equations  (41).  Also 
let  (a«-.j?a)*  =  y;  then  from  (41) 

_  r*'/'^      adydx      _  /•« p    axdydx 

Jo  Jq    (fl2  —  4^8  —  y*)*       Jq  Jo    (o* — 07* — y*)*  ' 

_  __  fl 

_  T" p_adydx__  _  r«  r^    aydydx 

Jo  Jo  (a*— 4?* — y^)^     Jo  Jo  (a* — a?*— y*)^ 
_      o 


•A)  Jo  (a*— ar— y*)*     •'o  -^o 


_      a 


Suppose  the  thickness  of  the  shell  to  vary  as  the  ;:;-ordinate  to 
any  point  of  it ;  then  t  ^  kz,  and 

X  I    I   akdydx  =  /    /  akxdydx, 

Jo  Jo  Jo  Jo 

yf  I  akdydx  =:  I    I  akydydx, 

Jo  Jo  ^'0  Jo 

_      4a 

zj  J  akdydx  =  /    /  ttk(a*—a^—y*)^dydx, 
_      2a 

119.]  The  following  theorem^  due  to  Pappus,  expresses  a 
relation  between  a  plane  area,  the  volume  of  the  solid  gene- 
rated by  it  as  it  revolves  about  a  line  on  its  own  plane,  and  the 
distance  of  the  centre  of  gravity  of  the  area  from  the  axis. 
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whereby,  when  any  two  of  these  quantities  are  given,  we  are 
able  to  discover  the  third. 

Let  the  revolving  area  be  of  constant  density  and  thickness^ 
and  be  so  thin  as  to  be  conceived  to  be  a  geometrical  surface^ 
then,  if  y  is  the  distance  of  the  centre  of  gravity  of  this  area 
from  the  axis  of  x,  we  have,  by  the  second  of  (81), 

y\\dydx  =JJydydaf, 

.-.     2'ny  xjjdydw=jj27rydydx.  (42) 

Now  these  integrals  being  definite,  the  second  factor  of  the  left- 
hand  member  of  the  equation  expresses  the  area  in  the  plane  xy, 
and  the  first  factor  is  the  length  of  the  path  described  by  the 
centre  of  gravity  of  that  area,  as  it  revolves  through  four  right 
angles  about  the  axis  of  a?:  and  because  dydxi^  the  area-element, 
and  27iy  is  the  path  described  by  the  area-element  during  a  com- 
plete revolution  of  the  area  about  the  axis  of  x^  the  right-hand 
member  is  the  product  of  all  the  area-elements  of  the  given 
area,  and  of  their  paths,  and  is  therefore  the  volume  described  by 
the  area  during  a  complete  revolution :  if  therefore  the  curve  lies 
wholly  on  the  same  side  of  the  axis  of  x^  so  that  y  does  not 
change  sign,  the  above  equation  authorizes  us  to  infer  that. 

If  a  plane  area,  lying  wholly  on  the  same  side  of  a  line  in  its 
own  plane,  revolves  about  that  line,  and  thereby  generates  a 
solid  of  revolution,  the  volume  of  the  solid  thus  generated  is 
equal  to  the  (geometrical)  product  of  the  revolving  area,  and  of 
the  path  described  by  its  centre  of  gravity  during  the  revolution. 

As  (42)  is  true  for  the  whole  revolution,  a  similar  theorem  is 
also  true  for  any  part  of  the  revolution :  and  if  the  generating 
area  is  such  as  that  described  in  fig.  46,  where  the  axis  of  x  is 
one  of  the  bounding  lines,  then  the  limits  of  the  ^-integration 
in  (42)  are  the  ordinate  to  the  curve  and  zero  :  therefore 

2iiyjydx  ^Jiry^dx,  (43) 

and  the  right-hand  member  is  the  ordinary  expression  for  the 
volume  of  a  solid  of  revolution,  which  is  investigated  in  Art. 
137,  Vol.  II.  In  other  cases  the  limits  of  y  are  given  by  the 
geometrical  conditions  of  the  problem. 

Ex.  1.  An  ellipse  revolves  about  a  line  in  its  own  plane,  the 
perpendicular  distance  of  which  from  the  centre  is  equal  to  c ; 
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it  is  required  to  find  the  Tolume  of  the  ring  generated  during  a 
complete  revolution. 

Let  a  and  6  be  the  semi-axes  of  the  generating  ellipse ;  then 
the  generating  area  =  irab;  and  as  2irc  is  the  path  described 
by  the  centre  of  gravity, 

the  volume  =  2Tflabc. 
It  will  be  observed  that  the  volume  is  the  same,  whatever  direc- 
tion the  axis  of  revolution  has  with  respect  to  the  axes  of  the 
ellipse,  provided  that  the  perpendicular  distance  from  the  centre 
to  the  axis  of  revolution  is  the  same. 

Ex.  2.    The  volume  of  a  sphere  of  radius  a  is  -~o— ;  ^^^  ^he 

area  of  a  semicircle  is  -^  :  it  is  required  to  deduce  from  these 

data  the  position  of  the  centre  of  gravity  of  the  semicircle. 

Let  y  be  the  distance  of  the  centre  of  gravity  of  the  semi- 
circle from  the  diameter ;  then  considering  it  as  the  generating 
area  of  the  sphere,  we  have 

^   _      wa*        4ira'  _       4a 

and  by  reason  of  the  symmetry,  the  centre  of  gravity  is  on  the 
line  which  is  perpendicular  to  the  diameter  through  the  centre 
of  the  circle. 


Section  4. — Centre  of  gravity  of  heavy  bodies  bounded  by  plane 
and  curved  surfaces, 

120.]  Before  I  proceed  to  the  general  case,  I  will  consider 
that  of  a  solid  bounded  by  a  surface  of  revolution,  and  refer  the 
body  to  the  axis  of  revolution  as  the  axis  of  x :  let  the  equation 
to  the  generating  curve  of  the  bounding  surface  be  y  =f{x). 
Imagine  the  solid,  (see  fig.  51,)  to  be  divided  into  thin  circular 
slices  by  planes  at  an  infinitesimal  distance  apart,  and  perpen- 
dicular to  the  axis  of  revolution :  of  these  let  the  circular  slice 
ppVq  be  the  type,  and  let  om  =  o?^  mn  =  d!a?,  so  that  dx  is  the 
thickness  of  it.  Of  this  slice  take  a  particle  at  a  distance  r  firom 
the  axis,  and  so  that  the  plane  passing  through  ox  and  that 
particle  may  be  inclined  at  an  angle  0  to  the  plane  passing 
through  ox  and  oy ;  then  the  volume  of  the  element  is  equal  to 
rdSdrdx.  Let  p  =  the  density  of  the  body  at  the  particle,  then 
mass-dement  =  prdrdOdx,  (44) 

and  the  weight-element  =  pgrdrdOdx.  (46) 
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Now  if  the  constitution  of  the  body  as  to  density  is  sjrmme- 
trical  with  respect  to  the  axis  of  revolution^  the  centre  of  gravity 
is  plainly  on  the  axis  of  x,  and  therefore  we  have  to  find  only 
x\  and  we  have  from  (10) 

xjj  pffrdOdrdx  =  IJjpgxrdBdrdx,  (46) 

and  performing  the  d-int^pration  through  a  whole  revolution, 
so  as  to  obtain  the  required  result  for  a  ring  of  radius  r,  and 
observing  that  the  symmetry  of  the  body  renders  p  independent 
of  0,  we  have^  dividing  out  2vg, 

xl  I prdrdx  =  j  jpxrdrdx.  (47) 

And  if  the  density  is  uniform  throughout  a  complete  slice,  we 
may  perform  the  r-integration  between  r  =  0,  and  r  =  y,  where 
y  is  the  ordinate  to  the  generating  curve :  and  (47)  becomes 

xl  py*dx  =  I  py*xdxj  (48) 

and  the  limits  of  x  will  depend  on  the  circumstances  of  the 
problem. 

Ex.  1.  To  find  the  centre  of  gravity  of  a  paraboloid  of  revolu- 
tion of  uniform  density,  the  length  of  whose  axis  is  c. 

Let  the  equation  to  the  generating  parabola  be  y*=i4ax; 
therefore  from  (48),  as  p  is  constant, 


xl  4iaxdx  =  /  4iax^dx, 

Jo  •'o 


_       2 


Ex.  2.  To  find  the  centre  of  gravity  of  a  portion  of  a  prolate 
spheroid  of  uniform  density,  the  length  of  whose  axis  measured 
{rojsx  the  vertex  is  c. 

"Let  the  equation  to  the  generating  curve  of  the  bounding 
surface  be  .^ 

y»=^(2a^-ar>); 

then,  as  p  is  constant,  (48)  becomes 

?/  {2ax-'X*)dx  =  /  (2ax—x^)xdx, 
•^0  Jo 


X 

Jo 


cSaSc 


4  8a— c  ' 
Thus  for  a  hemi-spheroid,  c  =  ay  and  we  have 

A  a  2 
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As  b  does  not  enter  into  either  of  the  last  two  values,  they  are 
the  same  for  a  spherical  segment  and  for  a  hemisphere. 

Ex.  8.  To  find  the  centre  of  gravity  of  a  double  convex  lens 
of  nniform  density. 

Let  the  equations  to  the  generating  circles  of  the  two  inter- 
secting spheres  be,  fig.  52, 

where  OA  =  a,  bc  =  6,  oc  =  c;  then  the  equation  to  the  plane 
of  intersection  of  the  spheres  is 

^  =  ^  ^2^    =  *  («ay)' 

then  from  (48) 

=  /  (a*— a?*)  J? dip -f/    {A*— (a?— c)*}a?dip, 
whence  may  W  be  determined. 

Ex.  4.  To  find  the  centre  of  gravity  of  a  cone,  the  density  of 
each  circular  slice  of  which  varies  as  the  nth  power  of  its  dis- 
tance from  a  parallel  plane  through  the  vertex. 

Let  the  vekex  be  the  origin,  and  the  equation  to  the  gene- 
rating line  of  the  cone  be  y=:ax\  and  let  a  be  the  altitude; 
then  p  =  kx^ :  and  (48)  becomes 

_  /•«                   /"«                          _      » -f  8 
xl  j?"+*(ia?  =  /  x^'^^dx,  X  = 7  a. 

Jo  Jo  «  +  4 

Ex.  6.  To  find  the  centre  of  gravity  of  a  cone,  the  density  of 
every  particle  of  which  increases  as  its  distance  from  the  axis. 

Let  the  vertex  be  the  origin,  a  =  the  altitude,  and  let  the  equa- 
tion of  the  generating  line  of  the  bounding  surface  be  y=iax; 
then  in  equation  (47)  p  =  kr,  so  that 


__  Ta  fax  Ca  Cax 

xl    I    r^drdx  =  /    /    r^xdrdw^ 

Jo  Jo  Jq  Jo 


_    4 


Ex.  6.  To  find  the  centre  of  gravity  of  the  volume  of  uniform 
density  contained  between  a  hemisphere  and  a  cone  whose  vertex 
is  the  vertex  of  the  hemisphere  and  base  is  the  base  of  the 
hemisphere. 

Let  the  common  vertex,  see  fig.  58,  be  the  origin ;  and  let 
the  equations  to  the  bounding  surfaces  be 

y>  =  2ax-~x^  =  Y*,  y*  =  x*^ 
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80  that  Y  and  x  are  the  limits  of  the  r-integration  in  equation 
(47) :  then^  as  p  is  constant^ 

x\    I  rdrdx  =  /   /  rwdrdx^ 

Jo  Jx  Jo  Jx 

'?l  (2aa7— 0?*— J?*)dip  =  /  (^ax~'X^'--x^)xdXy 
Jo  Jo 


X 
JO 


_       a 
•c  =  — . 
2 


(49) 


121.]  Now  let  us  take  the  most  general  case  of  a  body  in 
space;  and  first  let  it  be  referred  to  three  rectangular  axes 
originating  at  o :  let  x^y^z  be  the  coordinates  to  any  particle  of 
it,  so  that  the  volume-element  abutting  at  it  is  dxdydz\  then 

dy  =  dxdydz: 
let  the  density  =  p,  so  that  equations  (10)  become 

xj  I  jpdxdydz  =  1 1  Ipxdxdydz 
yjjjpdxdydz  ^  jjjpydxdydz 

z  1 1  jpdxdydz  =  1 1 1  pzdxdydz 

The  integrals  are  of  course  definite  and  the  limits  are  assigned 
by  the  conditions  of  the  problem. 

Ex.  1.    To  find  the  centre  of  gravity  of  a  homogeneous  body 
in  the  form  of  the  octant  of  an  ellipsoid. 
Let  the  equation  to  the  ellipsoid  be 
^*      y*       xr«  _ 

andlet  z  =  c(l- g  -  g)*, 

then  ^111  dzdydx  =:  I    I    I  xdzdydx, 

Jo  Jo  Jo  Jo  Jo  Jo 

_       8a 
.-.     x^-^i 

.    .,    ,  _      8A  ^      3c 

similarly,  ^  =  "s"'         "^  ~  "8"' 

Ex.  2.  To  find  the  centre  of  gravity  of  a  body  of  uniform 
density  bounded  by  the  Cono-Cuneus  of  Wallis  and  the  planes 
2r  =  0,  y=ic. 
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The  equation  to  the  Cono-Cuneus  is,  equation  (89),  Art.  815^ 

and  performing  the  r-,  y^,  ^-integrations  in  order,  the  limits  are 

^  {a^^x*)^  and  0,  c  and  0,  a  and  0 ;  so  that  if 
c 

x\   \   \  dzdydx  =  /    /   /  xdxdydz 

Jo  Jo  Jo  Jo  Jo  Jo 

xj    I  y{a*'Sfl)^dydx  =^  I  J  xy{a^^:fi)^ dydx, 

xl(d^-x^)^dx  =  /  ar(a3-«»)*dip, 

Jo  Jo 

4a 


^^8^' 


y      I       dzdydx  =  /    /   /  y dzdydx, 

Jo  Jo  Jo  Jo  Jo  Jo 

yf'f'y(a*-af')^dydx  =  T/V  («*-**)**». 

^0  Jo  Jo  •'0 


y=g<?; 


zl    I  I  dzdydx  SI  I    I   I  zdzdydx, 

Jo  Jo  Jo  Jo  Jo  Jo 

_       8o 

122.]  Again^  let  the  curved  bounding  surfieu^  be  referred  to 
a  system  of  polar  coordinates  of  the  construction  of  Art.  146^ 
Vol.  II,  so  that 

X  I  jpf^8inOdrd$d<l>  =  1 1  pt^ (sin  0)^ cob  (pdrdO dip 
yjjjpf^mnedrded(t>  =z  Jjjpf^{^e)^sm(l>drd$dil>     >;(50) 

zl  I  jpf^BmOdrdddip  =  ///pr®sin^cosddrd9d0 

the  integrals  of  course  being  definite,  and  the  limits  being 
assigned  by  the  geometrical  conditions  of  the  problem. 

Ex.  1.  To  find  the  centre  of  gravity  of  an  octant  of  a  sphere, 
the  density  of  which  varies  as  the  i»th  power  of  the  distance  of 
any  particle  from  the  centre. 
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Let  a  =:  the  radius  of  the  sphere ;  and  let  p  =  Arr^ ;  then 
equations  (50)  become 

if   I     f  r^*^uaeded4>dr^ll    /   r~+»(8in^)«cos<^rf^d0rfr, 
Jo  Jo  Jo  Jo  Jo  Jo 

n-i-8  a      «       _ 

the  last  two  being  inferred  from  the  symmetry  of  the  body. 

Ex.  2.  The  vertex  of  a  right  circular  cone  is  at  the  centre  of 
a  sphere ;  it  is  required  to  find  the  centre  of  gravity  of  a  body 
of  uniform  density  contained  within  the  cone  and  the  sphere. 

Let  the  axis  of  z  be  the  axis  of  the  cone :  and  let  a  be  the 
semi-vertical  angle  of  the  cone ;  a  =  the  radius  of  the  sphere ; 
p  =  the  constant  density :  then  i  and  y  are  evidently  equal  to 
zero ;  and  we  have 

zl     II  r^Binedrdedif}  =  /     /    /  r^sin^cos^rfrrf^*^, 
Jo    Jo  Jo  Jo    Jo  Jo 

i2f-g-{l-COSa)27r  =  -^  '    2         ^^ 

z  =  -g-(l4-cosa). 

128.3  '  ^^^  conclude  this  section  with  a  few  examples  of 
determining  the  centres  of  gravity  of  bodies  which  do  not  come 
under  any  of  the  former  methods,  but  to  which  the  principles 
are  equally  applicable. 

Ex.  1.  To  find  the  centre  of  gravity  of  a  right  pyramid  of 
uniform  density,  whose  base  is  any  regular  plane  figure. 

Let  the  vertex  of  the  pyramid  be  the  origin,  and  the  axis  of 
the  pyramid  the  axis  of  w ;  divide  the  pyramid  into  slices  of  the 
thickness  dx  by  planes  perpendicular  to  the  axis :  then  as  the 
areas  of  the  sections  thus  formed  will  vary  as  the  squares  of 
their  homologous  sides,  and  as  these  sides  will  vary  as  the  dis- 
tances from  the  vertex,  so  will  the  areas  of  the  sections  vary  as 
the  squares  of  the  distances  from  the  vertex ;  and  therefore  if 
the  axis  of  the  pyramid  is  divided  into  equal  infinitesimal  ele- 
ments, the  masses  of  the  several  slices  will  vary  as  the  squares 
of  the  distance  from  the  vertex.  Now  imagine  each  slice  to  be 
condensed  into  its  centre  of  gravity,  which  point  will  be  on  the 
axis  of  X ;  then  if  a  =  the  altitude  of  the  pyramid,  we  shall  have 
_/•«  fa  3 

XJ    X^dx  =:  j    X^dx,  .-.      Xzs-jO, 


Digitized  by  VjOOQ  IC 


184  CENTRE  OF  GRAVITY  OP  BODIES.  [l^3- 

Ex.  2.  On  the  base  of  a  hemisphere  a  right  circular  cone  is 
constructed^  the  whole  body  being  of  uniform  density;  deter- 
mine the  altitude  of  the  cone,  so  that  the  centre  of  gravity  of 
the  whole  may  be  at  the  centre  of  the  circular  base  of  the 
hemisphere. 

Let  a  =  the  radius  of  the  hemisphere^ 
c  =  the  altitude  of  the  cone  : 
then  if  we  imagine  the  hemisphere  and  the  cone  to  be  condensed 
into  their  centres  of  gravity,  the  moments  of  these  weights 
must  be  equal  about  the  centre  of  the  circular  base  of  the 
hemisphere :  that  is^ 

{d^'-x^)xdx  =  /    —r{C'-x)^wdXy 

Jq     C' 

.-.     c«  =  8a2; 
and  therefore  the  vertical  angle  of  the  cone  is  60°. 

Ex.  3.  When  a  heavy  body  with  a  convex  surface  rests  on  a 
horizontal  plane^  the  vertical  line  through  the  centre  of  gravity 
also  passes  through  the  point  of  contact :  because  as  the  body  is 
acted  on  by  only  two  forces,  viz.^  the  weight  acting  downwards 
at  the  centre  of  gravity^  and  the  reaction  of  the  plane  upwards  at 
the  point  of  contact,  these  forces  cannot  be  in  equilibrium  un- 
less they  are  equal,  and  act  along  the  same  line  in  opposite 
directions. 

Hence  it  appears  that  the  compound  body  of  the  last  example 
will  rest  in  any  position  on  its  convex  spherical  surface. 

Hence  also  it  follows  that  if  a  body  is  suspended  from  any 
point,  the  point  of  suspension  and  the  centre  of  gravity  are  in 
the  same  vertical  line. 

A  body  in  the  form  of  a  paraboloid  of  revolution  of  given 
altitude  and  uniform  density  is  suspended  from  a  point  in  the 
edge  of  its  circular  base ;  it  is  required  to  find  the  inclination 
of  its  axis  to  the  vertical. 

Let  a  =  the  altitude  of  the  paraboloid  ;  b  =  the  radius  of  its 
circular  base  ;  0  =  the  angle  between  the  axis  of  the  paraboloid 
and  the  vertical:    then,  since  the  distance  of  the  centre  of 

gravity  from  the  centre  of  the  circular  base  =  ^,  see  Ex.  1. 

Art.  120,  8ft 

tan  ^  =  — . 
a 

Ex.  4.   If  a  heavy  body  is  placed  on  a  rough  inclined  plane, 

the  friction  of  which  is  sufficient  to  prevent  sliding,  the  body 
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irill  be  at  rest  so  long  as  the  vertical  line  through  the  centre  of 
gravity  passes  within  the  part  of  the  body  which  is  in  contact 
with  the  inclined  plane ;  and  if  it  falls  beyond  that  part^  the 
body  will  fall  over ;  and  if  it  passes  through  the  edge  of  it^  the 
body  is  just  in  its  limiting  position  of  rest. 

A  given  cone  rests  with  its  base  on  an  inclined  plane :  it  is 
required  to  determine  the  inclination  of  the  plane^  when  the 
cone  is  just  on  the  point  of  falling  over. 

Let  a  =  the  altitude  of  the  cone,  and  b  the  radius  of  the 

base:  then  co  =  -^  see  fig.  54  :  let  coo?  =  a  : 

.-.     tana  =  tanco<r, 

=  tancQB, 

_U 

""  a  ' 
and  when  the  angle  of  inclination  of  the  plane  exceeds  this 
angle,  the  cone  will  fall  over. 


Section  5. — Stability  and  instability  of  equilibrium  of 
heavy  bodies, 

124-3  And  we  have  now  means  at  our  disposal  for  determin- 
ing the  stability  or  instability  of  bodies  under  the  action  of 
gravity,  in  accordance  with  the  principles  already  explained  in 
Section  5  of  the  preceding  Chapter. 

If  a  heavy  body  is  in  equilibrium  with  one  point  of  it  resting 
on  a  plime  or  on  a  surface^  the  centre  of  gravity  of  the  body  is 
in  the  same  vertical  line  with  the  point  of  contact,  and  the  line 
of  action  of  the  common  pressures  is  vertical.  Now  imagine  a 
body  thus  at  rest  on  a  plane  or  on  a  surface  to  receive  a  slight 
displacement  by  means  of  a  new  force,  and  to  be  kept  at  rest  in 
its  displaced  position ;  then  either  (1)  this  new  force  may  act 
in  a  direction  to  hinder  the  body  from  returning  to  its  former 
position ;  or  (2)  the  body  may  be  at  rest  in  its  new  position 
without  the  continued  action  of  the  new  force ;  or  (3)  the  force 
may  act  in  a  direction  to  hinder  the  body  from  receding  further 
from  its  former  position ;  thus,  when  the  body  is  slightly  dis- 
placed, the  tendency  is  in  the  first  case  to  return  to  its  original 
state ;  in  the  second,  to  remain  at  rest  in  its  new  position ;  in 
the  third,  to  recede  further  from  it :  in  the  first  state  we  have 
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stable  equilibrium,  in  the  second,  neutral  or  continuous,  and  in 
the  third,  unstable :  and  the  mechanical  circumstances  are  these : 
in  the  first  case  the  centre  of  gravity  ascends  in  consequence  of 
the  displacement ;  in  the  second  it  remains  in  the  same  hori- 
zontal line ;  in  the  third  it  descends :  thus  if  a  heavy  ellipsoid 
is  balanced  at  the  extremity  of  its  greatest  axis  the  equilibrium 
is  unstable ;  if  it  is  placed  on  the  end  of  its  mean  axis  the  equi- 
librium will  be  stable  for  oscillations  about  the  least  axis,  and 
unstable  for  those  about  the  greatest  axis,  and  will  be  neutral 
for  rotation  about  some  axes  intermediate  to  these ;  and  if  it  is 
placed  on  the  end  of  its  least  axis,  the  position  is  that  of  stable 
equilibrium :  also  evidently  the  equilibrium  of  a  heavy  sphere 
resting  on  a  smooth  plane  is  continuous ;  and  thus  the  analyti- 
cal problem  is,  to  determine  whether  the  centre  of  gravity  of  a 
body  resting  on  a  surface,  ascends  or  moves  horizontally  or  de- 
scends, when  the  body  receives  a  slight  displacement:  we 
therefore  calculate  its  distance  from  a  horizontal  plane,  and 
determine  whether  that  distance  is  for  a  small  displacement  a 
minimum,  a  constant,  or  a  maximum.  Thus  if  A  =  the  distance 
above  a  horizontal  plane,  in  all  these  cases  dh  =  0,  and  the 
change  of  sign  will  determine  the  nature  of  equilibrium.  And 
this  is  in  accordance  with  the  results  of  Art.  103 :  let  the  axes 
of  coordinates  be  so  chosen  that  the  axis  of  z  is  vertical :  then 
we  have  — 

and  therefore  if  z  is  a  maximum  or  a  minimum 
d.^.TZ  =  0; 
.-.  j.pdxr  =  0. 
To  take  the  most  general  case  of  this  kind,  let  us  consider 
that  of  a  heavy  body  bounded  by  a  convex  surfieu^e  resting  on 
another  body  also  with  a  convex  surface.  And  let  fig.  55  re- 
present the  bodies  :  the  continuous  lines  indicating  the  position 
of  the  bodies  when  they  are  at  rest  at  first,  and  the  dotted  lines 
the  position  of  displacement.  Let  cao  be  the  vertical  line 
passing  through  a  the  point  of  contact  of  the  two  surfaces  when 
they  are  at  rest,  and  through  the  centre  of  gravity  of  the  upper 
body :  let  c  be  the  centre  of  curvature  of  the  lower  body  cor- 
responding to  the  point  a,  and  o  that  of  the  upper  body ;  let  o  be 
the  centre  of  gravity  of  the  upper  body :  now  suppose  a  small 
displacement  of  the  upper  body  to  take  place  by  means  of 
rolling  on  the  lower  one,  so  that  f  being  the  new  point  of  oon- 
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tact,  and  a'  being  the  point  which  was  originally  in  contact 
with  A,  a'p  =  AP^  the  axis  about  which  the  rolling  takes  place 
being  perpendicular  to  the  plane  of  the  paper.  Let  the  curva- 
ture of  the  two  surfaces  be  continuous  about  the  points  a  and  p ; 
and  by  reason  of  the  small  displacement  let  o  and  g  respectively 
be  moved  to  o'  and  o';  let  ca  =  cp  =  pi;  oa  =  oV=  o'p  =  p^; 
Acp  =  0 ;  OG  =  oV=  c;  therefore  since  the  arc  ap  =  the 
arc  a'p; 

.".     pid  =  pjaVp,  .-.     aVp  =2—6. 

P% 

Let  h  =  g'k  =  vertical  height  of  o'  above  the  horizontal  line 
through  c ;  therefore 

h  =  (/>i  +  pa)cos^— cco8(l  -h  — )  By 

and  replacing  the  cosines  by  the  first  two  terms  of  their  equiva- 
lent series,  because  0  is  small,  we  have 


S=-(«+«)('-«^')». 

=  0,  if  tf  =  0, 
and  changes  sign  from  +  to  — ,  if  c  is  less  than 


_pi_ 
Pl+Pi' 


—  to  -f,  if  c  is  greater  than  -^ 


P1  +  P2 

and  therefore  A  is  a  maximum  or  a  minimum  according  as 

AG  =  pi—c  is  greater  or  less  than  ^^  ;  that  is,  as 

Pi  +  Pi 

—  is  less  than  or  greater  than 1 ;  (51) 

AG  ®  Pi  Ps 

and  therefore  the  equilibrium  is  stable  or  is  unstable  according  as 

—  is  greater  than  or  less  than 1 .  (52) 

AG      °  Pi       Pa 

If  the  equilibrium  is  neutral 

AG  pi  p2 

and  in  this  case,  for  a  small  displacement,  the  centre  of  gravity 
of  the  upper  body  neither  ascends  nor  descends. 

If  the  lower  surface  is  plane,  pi  =  oo ,  and  the  equilibrium  is 
■table  or  unstable,  according  as  a  g  is  less  or  greater  than  ps; 
that  is,  according  as  the  centre  of  gravity  is  below  or  above  the 
centre  of  curvature  corresponding  to  the  point  a. 

B  b  2 
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If  the  lower  surface  is  concave,  pi  is  negative,  and  the  equili- 
brium is  stable  or  unstable  according  as 

—  is  greater  or  less  than .  (54) 

AG        °  p2         pi 

125.]  The  values  of  pi  and  p^  will  of  course  depend  on  the 
position  of  the  normal  planes  of  the  greatest  and  least  curva- 
ture of  the  two  surfaces^  and  therefore  the  stability  will  be 
different  for  the  different  normal  planes  through  a  ;  the  stability 
therefore  will  be  greatest  or  least  according  as 

1         1 

—  +  — 

Pi  P2 

is  a  minimum  or  a  maximum. 

If  therefore  in  this  latter  case,  which  is  the  most  unfavoura- 
ble, the  equilibrium  is  stable,  it  is  also  stable  for  every  normal 
section  passing  through  a,  and  therefore  the  position  of  the 
body  is  one  of  complete  stability. 

Suppose  however  that  the  upper  and  lower  surfaces  are  so 
arranged,  that  a  is  the  angle  between  the  normal  section  of 
greatest  curvature  in  the  lowest,  and  that  of  the  greatest  cur- 
vature in  the  upper ;  and  suppose  that  it  is  required  to  find  the 
nature  of  the  stability  of  any  particular  normal  plane. 

Let  0  be  the  angle  between  the  normal  plane  of  displacement, 
and  that  of  maximum  curvature  in  the  lowest  surface:  then 
if  Ri  and  ri  are  the  principal  radii  of  curvature  of  the  lower 
surface,  by  Euler's  theorem.  Art.  351,  Vol.  I, 
J^  __  (cos^)»      (sing)» 

Pi  ""       n  Ri     ' 

and  if  Rs  and  ra  are  the  principal  radii  of  curvature  of  the  upper 

surface  1    ^  {co8((94-a)}'      {8in(g-fa)}a 

P2  r^  Rs 

1        1        (cos^)a      {cos(^-|-a)}»     (sin^)*  .   {sin(a  +  a)}* 
.  • , 1 = 1 1 1 : 

Pi        Pi  n  n  Ri  R2 

whereby  the  normal  plane  of  least  stability  may  be  determined. 

126.]  One  or  two  problems  involving  conditions  of  stability 
or  instability  are  subjoined. 

Ex.  1.  A  heavy  uniform  beam  rests  against  a  smooth  curve, 
and  against  a  vertical  wall,  all  of  which  are  in  the  same  vertical 
plane ;  it  is  required  to  find  the  nature  of  the  curve  so  that  the 
beam  may  be  at  rest  in  all  positions. 
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Let  the  beam  be  qf,  fig.  56,  of  which  let  g  be  the  middle 

point  and  the  centre  of  gravity ;  and  let  the  horizontal  line,  in 

which  the  centre  of  gravity  is  in  all  positions  of  the  beam,  be 

the  axis  of  Xy  and  let  it  meet  the  vertical  wall  in  the  point  o ; 

let  o  be  the  origin,  let  the  length  of  the  beam  be  2  a,  so  that 

the  curve  required  meets  the  wall  at  a  distance  oa  (=  a)  below 

o ;  let  OA  be  the  axis  of  y ;  om  =  j?,  mp  =  y,  qgo  =  $^ 

X  y 

.'.     ;r-=co8^,  ^=8m^; 

therefore  squaring  and  adding, 


4fl«  ^  a^         ' 
the  equation  to  an  ellipse,  whose  centre  is  o,  horizontal  semi^ 
axis  is  2a,  and  vertical  semi-axis  is  a. 

The  property  of  the  curve  required  in  the  problem  is  evi- 
dently the  same  as  that  of  the  elliptic  compasses. 

Ex.  2.  A  heavy  uniform  beam  rests  against  a  smooth  vertical 
wall,  and  on  a  smooth  curve;  determine  the  nature  of  the 
curve  so  that  the  beam  may  rest  in  all  positions. 

Let  &Q  be  the  beam  of  length  2  a,  whose  centre  of  gravity  is  a,, 
fig.  57 ;  p  the  point  in  the  curve  at  which  the  beam  touches  it ; 
let  the  horizontal  line  omq,  in  which  in  all  positions  of  the 
beam  its  centre  of  gravity  is,  be  the  axis  of  x ;  and  let  it  meet 
the  wall  at  o,  and  let  o  be  the  origin,  om  =  x,  mp  =  y,  qg  = 
OR  =  a.     Then,  as  the  line  rq  is  a  tangent  to  the  required 


curve  at  p. 


dy 
tanoGQ  =  —  3^. 
ax 


Therefore  a  =  qp  +  pg, 

^  xda      yds 
'^   dx        dy  ' 
.         ^^rfy  ady       . 

fiJa?      (dx^^dy^)^' 
which  is  a  differential  equation  of  Clairault's  form :    and  of 
which  the  singular  solution  is,  see  Art.  314,  Vol.  II, 

yi+x*  =  a*; 
the  equation  of  a  hypocycloid,  see  Art.  179,  Vol.  I. 

Ex.  3.  To  determine  whether  the  position  of  the  beam  resting 
on  two  planes,  as  investigated  in  Ex.  2,  Art.  50,  is  of  stable  or 
of  unstable  equilibrium. 
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In  fig.  29  let  OK  =  A ;  therefore 
A  =  AC  sin  a—a  sin  0, 

=  2a .    .    "^^^      —  a  Bind, 

8m(a  +  i3) 

{sin  (a— /3)  sin  ^  4- 2  sin  a  sin /S  cos  ^}  ; 


8in(a+/3) 
.•.    rf^  =  0=  ^j^-^^|-^{sin(a-/3)co8d-2sina8in^8ind}, 

^  sm  a  sin  p 
and  ^  changes  sign  from  +  to  —  ;  therefore  A  is  a  maximum, 
and  the  equilibrium  is  unstable. 


Section  6. — General  properties  of  the  centre  of  gravity. 

127.]  In  the  first  place  let  me  remark  that  by  reason  of 
equations  (9),  if  w,y,ZBxe  the  coordinates  to  the  centre  of 
gravity  of  a  series  of  heavy  particles  of  the  masses  mi,  ma, . . .  m^, 
and  if  the  origin  of  coordinates  is  placed  at  the  centre  of  gravity, 
so  that  5  :=  y  =  i  =  0,  then 

:z.m3ff  =  miXi-^m^Xi-^ ...  -^fUn^n  =  0  -^ 
:i,my  =  miyi  +  m2ya+   ..  +w»y»  =  0   l.  (55) 

a.fiMT  =  miZi-j-miZ^-^- ...  ^m^Zn  =  0  J 
And  thus,  apart  from  all  mechanical  considerations,  such  as 
weight,  or  any  of  the  properties  which  have  been  investigated 
in  the  preceding  Sections  of  this  Chapter,  it  is  often  convenient 
to  consider  the  centre  of  gravity  to  be  geometrically  the  point 
whereat  the  conditions  (55)  are  satisfied. 

Theorem  I.  Of  all  points  in  space  the  centre  of  gravity  is, 
with  reference  to  a  system  of  material  particles,  such  that  the 
sum  of  the  products  of  each  particle  and  the  square  of  its  dis- 
tance from  the  point  is  a  minimum. 

Let  (a?,  y,  z)  be  the  required  point ;  f7»i  ma . . .  hih  the  particles ; 
ipci y\ Zi)y  {x% ya z^),.. {Xn y« z^)  their  positions ;  then  if 
t*«  =  wi{(a?-a?i)2  +  (y-yi)2  +  (z-2ri)»} 
-f  mj  {(^-«^2)^  +  (y -ya)*  +  (-zr-^a)*} 
+ 

+mn{(j?-^0*+(y-yn)*+(^-^»)*} 


>,  (56) 
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>i      (57) 


and  if  «^  18  to  be  a  minimum^ 

ttDfi  =  mi{(^— a?i)rfip+(y— yi)rfy  +  (^— ^i)rf2r} 

+  ms{(ar-a?2)*P+(y—ya)rfy  +  (^— ^2)^-2^} 
+ 

and  equating  to  zero  the  coefficients  of  dxy  dy,  dz,  we  have 

:x.fnw  t.my  t.mz  ,^_^ 

s.in  s.m  s.fTi 

and  as  (56)  by  the  form  of  the  expression  admits  of  infinite  in- 
crease^ u  evidently  cannot  be  a  maximum ;  (68)  therefore  ren- 
der u  a  minimum ;  and  these  are  the  coordinates  of  the  centre 
of  gravity. 

128.3  Theorem  II.  If  a  system  of  material  particles  is  inva- 
riable in  form,  and  its  centre  of  gravity  is  at  a  constant  distance 
from  a  fixed  point,  the  sum  of  the  products  of  each  particle  and 
the  square  of  its  distance  from  the  fixed  point  is  constant. 

Let  the  fixed  point  be  the  origin,  and  let  xyz  be  the  coordi- 
nates of  the  centre  of  gravity,  and  (xi  yi  zi),  {x^  ya  ^) .  • .  (Xn  yn  ^) 
the  positions  of  the  particles  in  a  given  position  of  the  system, 
these  coordinates  being  measured  from  the  centre  of  gravity ; 

and  let  ri  r2 . . .  r„  be  the  distances  of  the  particles  from  the  fixed 
point:  then 

2.mr»  =  mi{(^4-^i)*  +  (y+yi)*  +  (^  +  ^i)'} 
-f 

+  m^{(^  +  a?n)a-h(y +  y„)«+ (z -h2r„)2}, 

=  a»(mi-hwij+  ...  +win) 

•\-2x:i.mx-\'2y2.fny-\-2z2.mz 

if  P\P%'*'Pn  <ure  the  distances  of  mi fii2...iii»  from  the  centre  of 
gravity.  But  ^.mx  =  0,  a.wy  =  0,  %.mz  =  0,  by  reason  of 
(55) ;  therefore       ^^^  ^  ^^^^ ^  ^^^3 .  (59) 

and  as  the  right-hand  member  is  constant,  so  is  the  left-hand 
member,  and  the  proposition  is  proved. 

129.]  Theorem  III.  If  there  is  a  system  of  heavy  material 
particles,  the  product  of  the  sum  of  the  masses  and  of  the  sum 
of  the  products  of  each  mass  and  the  square  of  its  distance  from 
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the  centre  of  gravity  is  equal  to  the  sum  of  the  product  of  every 
two  masses  and  of  the  square  of  the  distance  between  them. 
Let  the  centre  of  gravity  be  the  origin :  then  by  (55) 

»»iyi-f-»»2y8+-.. +winy«  =  0  l.  (60) 

fniZi-\-m^z^^  ...  -k-mnZn  =  0  J 
Let  pi  p2  •••  Pn  be  the  distances  of  mi  m2 ...  m»,  from  the  origin ; 
then  squaring  and  adding  the  above,  we  have 

+  2miwi2(a?i^a  +  yiy2+«i^) 
+ 

+  2w»n-im„(^n-l^n  +  yn-iyn  +  ^n-l^i.)   =   0;  (61) 

.-.     i.m^f^-\-22.fnm'ppcos{p,p)  =  0,  (62) 

if  m,  m'  are  the  symbols  for  every  two  of  the  material  particles, 
and  (p,  p')  is  the  angle  contained  between  p  and  p\  Now  sup- 
pose u  to  be  the  distance  between  the  positions  of  the  two  par- 
ticles m  and  m\  then 

tt«  =  p«+p*-2pp'cos(p,p'); 
.-.     2pp  cos (p,p)  =  p^-^p^-uK 
Therefore  (62)  becomes 

2.mV  +  2.mwiV  +  p'*-w2)  =  0: 
and  when  written  at  length 

Wi{mipi2  +  m2P2*+  ...  +w»p„«} 

+  »»2{Wipi2  +  W2/)8*+  ...  -\-mnPn^} 

+ 

-f  w»„{»»iPi2H-m2P2^+  ...  '\^mnPf?}-:i.mTn:u^  =0;  (63) 
and  if  M  =  s.wi  =  mi+m2+  ...  H-m„;  we  have 

MX.mp^  =  ^.mm'u\  (64) 

which  is  the  proposition  required*. 

130.]  Theorem  IV.  If  a  material  particle  is  in  equilibrium 
under  the  action  of  many  pressures  which  are  represented  as  to 
intensity  and  line  of  action  by  straight  lines  meeting  at  the 
particle ;  and  if  at  the  extremities  of  each  of  these  lines  heavy 
particles  equal  in  weight  are  placed,  the  centre  of  gravity  of 
these  is  at  the  point  which  is  at  rest  under  the  action  of  the 
impressed  pressures. 

*  Id  the  "M^canique  Analytique"  of  LAgrange,  Premiere  partie.  Section 
III,  Art.  20,  an  extension  of  this  Theorem  is  given. 
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By  reason  of  equations  (69),  Art.  28,  we  have 

2.pcosa  =  0,  S.pcos/S  =  0,  2.peosy  =  0:  (65) 
let  «i.  Sly.,.  Sn  be  the  line-representatives  of  the  impressed  forces 
acting  on  the  material  particle,  the  place  of  which  we  will  take 
to  be  the  origin :  so  that  the  equations  (65)  become 

2.^  cos  a  =  0,       2.^cos;3  =  0,       2.^  cosy  =  0.         (66) 
I^t   i<aPi y I Zi), {^2 y 2 Z2),  ...{Of nVn^n)  be   the   extremities  of 
'i»  '29  •••  'ni  BO  that 

Xi  =  *i  COS  oi,         yi  =  *i  cos  j3i,         Zi  =  *i  cos  yi, 
X2  =  S2  cos  as,         ^2  =  ^2  cos  P2,         ^2  =  ^2  cos  ys, 

Xn  =  Sn  COS  On,  y„  =  *n  COS  )3„,  Zn  =  «n  COS  y,», 

whereby  (66)  become 

2.0?  =  0,  2.y  =  0,  2.2r  =  0 ;  (67) 

and  if  the  mass  of  the  particle  at  the  extremity  of  every  line- 
representative  is  m,  we  have 

2.11M?  =  0,  s.my  =  0,  ^.mz  =  0,  (68) 

and  therefore  by  (55),  the  origin  is  the  centre  of  gravity  of  all 
the  particles. 


PK1CB«  VOL.  iii«  c  c 
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CHAPTER  V. 

THE  ACTION  OP  FORCES  ON  BODIES  OP  VARIABLE  FORM. 

Section  1. — The  action  of  forces  on  flexible  and  inextenribk 
strings  or  cords, 

131.]  Thus  far  the  bodies  or  systems  of  material  particles,  on 
which  the  statical  forces  act,  have  been  assumed  to  be  rigid,  and 
their  forms,  or  the  relative  position  of  the  particles,  have  been 
supposed  not  to  change  on  account  of  the  acting  forces.  We 
shall  now  extend  the  inquiry  to  the  case  of  bodies  whose  form 
varies  by  the  action  of  the  pressures,  but  becomes  permanent, 
and  may  be  considered  rigid,  under  the  action  of  the  impressed 
forces.  I  shall  first  shortly  investigate  the  case  of  the  Funi- 
cular Polygon. 

Suppose  a  string  or  cord,  fig.  58,  a b  to  be  fastened  at  the  two 
points  A,  B ;  the  cord  being  without  weight,  perfectly  flexible, 
and  perfectly  inextensible ;  and  suppose  at  Qi,  Q2«  Qs>  Q49  definite 
points  of  it,  pressures  Pi,  P2,  P3,  P4  to  act  with  definite  intensities 
and  along  definite  lines  of  action,  so  that  the  cord  assumes  the 
permanent  position  indicated  in  the  figure;  the  object  is  the 
determination  of  the  form  of  the  polygonal  figure  which  the 
cord  of  given  length  assumes  under  the  action  of  these  forces^ 
and  of  the  tensions  of  each  of  its  component  straight  elements. 

It  is  manifest  that  the  tension  is  the  same  throughout  each 
element ;  and  that  as  each  point  Qi,  Q2>  ••*  Q4  is  at  rest,  the  forces 
acting  at  each  are  in  equilibrium.  Let  the  tensions  along 
AQi,  Q1Q2, ...  Q4B,  be  respectively  Ti,  T2, ...  T5,  so  that  the  pres- 
sures  at  the  fixed  points  a  and  b  are  respectively  Ti  and  Ts  ;  and 
let  the  angles  between  the  successive  straight  parts  of  the  cord 
be  ai,  a2, ...  04 ;  then  as  the  point  Qi  is  kept  at  rest  by  the  three 
forces  Ti,  Pi,  and  C2,  the  lines  of  action  of  all  are  in  the  same 
plane,  and  we  have 

Ti  Pi  T2 


sm  P1Q1Q2       sm  a\       sm  PiQiA 
In  the  same  way  for  the  point  Q2  we  have 

T2  P2  Ts 


sm  P2Q2Q3       sin  a%       sm  P2Q2Q1 


(1) 

(2) 
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and  so  on  for  the  other  points ;  and  therefore  when  the  form  of 
the  polygon  and  the  magnitudes  and  lines  of  action  of  the  forces 

Pi,  P2 are  given^  the  tensions  of  the  several  connecting 

strings  may  be  determined. 

182.]  Suppose  that  the  lines  of  action  of  the  forces  Pi,  P2>  ...  P4 
bisect  the  angles  a^  02, ...  a^;  then  Ti,  =  T2»  =  ...  =  Ts;  and 

^1  P2  P4  .Qv 

T  "=  :r  =  •••  —  T'  ^^^ 

cosy       cosy  ^os  g- 

and  this  condition  may  be  secured  in  two  ways ;  (1)  by  fixing 
smooth  pins  at  the  points  Qi  ...q^^  and  passing  the  strings  round 
them^  so  that  the  tension  of  the  string  is  the  same  on  both  sides 
of  the  pin^  and  the  pressure  on  the  pin  is  the  resultant  of  these 
two  equal  forces^  and  therefore  its  line  of  action  bisects  the 
angle  between  their  lines  of  action :  and  (2)  by  making  the  im- 
pressed forces  act  on  the  cord  at  the  points  Qi  ...  by  means  of 
smooth  rings  which  slide  on  the  cord^  and  are  at  rest  at  these 
points ;  and  the  line  of  action  of  Pi  will  manifestly  under  this 
arrangement  bisect  the  angle  aqi  Q2,  because  considering  a  and 
Qs  to  be  fixed^  and  the  cord  to  be  also  fastened  at  them^  if  the 
ring  Qi  slides^  it  can  move  only  on  the  surface  of  a  prolate 
spheroid,  of  the  generating  ellipse  of  which  a  and  Q2  are  the 
foci^  and  the  length  AQ1Q2  of  the  cord  is  the  major  axis,  and 
therefore  the  normal  at  Qi  which  is  the  line  of  action  of  Pi 
bisects  the  focal  angle  between  the  distances. 

And  also  besides  suppose  that  the  two  sides  of  the  polygon 
abutting  at  (say)  Qi  are  equal ;  then  if  aqi  =  Q1Q2  =  '1,  and 
the  radius  of  the  circle  passing  through  A1Q1Q2  is  pi,  we  have 

and  therefore  if  all  the  sides  are  equal,  from  (3)  it  follows  that 
each  impressed  force  is  inversely  as  the  radius  of  the  circle  pass- 
ing through  its  point  of  application  and  the  two  angular  points 
of  the  polygon  adjacent  on  each  side. 

Now  of  such  a  polygon  a  curve  is  a  particular  case^  if  the 
length  of  the  curve  is  the  equicrescent  variable  ;  and  the  circles 
just  mentioned  are  the  circles  lying  in  the  osculating  plane  at 
the  pointy  and  whose  radius  is  the  radius  of  absolute  curvature 
of  the  curve  at  the  point ;  and  therefore  when  a  funicular  curve 
&8tened  at  its  two  ends  is  acted  on  in  all  its  equal  elements  by 

c  c  9 
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normal  forces,  the  tension  is  the  same  throughout,  and  each 
normal  force  varies  as  the  absolute  curvature  of  the  curve  at 
the  point  where  it  is  applied. 

Thus  suppose  a  cord  to  be  stretched  by  given  forces  at  its 
ends  on  a  curved  surface^  then  the  pressure  caused  by  the  sur- 
face is  at  every  point  in  the  direction  of  the  normal  of  the 
surface^  and  is  therefore  proportional  to  the  absolute  curvature 
of  the  curve  which  the  cord  assumes  on  the  surface ;  and  as  the 
normal-line  of  the  reaction  is  in  the  same  plane  with  two  con- 
secutive elements  of  the  funicular  curve,  the  osculating  plane  of 
the  curve  is  a  normal  plane  to  the  surface  at  the  common  point ; 
and  therefore,  see  Art.  227,  Vol.  II,  the  curve  is  the  geodesic 
line  on  the  surface  joining  the  two  points :  and  this  geodesic 
line  may  evidently  be  either  the  maximum  or  the  minimum; 
thus^  a  cord  stretched  between  two  given  points  on  a  sphere 
will  arrange  itself  along  the  geodesic  line,  which  is  a  great 
circle ;  and  as  one  great  circle-arc  abutting  at  the  points  will 
be  a  minimum,  so  will  the  remainder  of  the  same  great  circle  be 
the  maximum. 

133.]  If  the  lines  of  action  of  all  the  forces  acting  on  the 
funicular  polygon  are  parallel,  the  cord  is  evidently  in  one 
plane.     Let  the  lines  of  action  of  the  forces  be  vertical ;  then 

sinPiQiQs  =  sinP2Q2Qi,  sinP2Q2Q8=  sinPsQ3Q2, ;    so  that 

if  i9i9  Pij  "-  sure  the  angles  of  inclination  of  the  successive  lengths 
to  the  horizontal  line, 

TiCos)3i  =  T2COS/32  =  TsC0S)3s  =  ... ;  (5) 

and  therefore  the  successive  tensions  are  inversely  as  the  cosines 
of  the  angles  of  inclination  to  the  horizon  of  the  sides  along 
which  they  act ;  and  therefore  if  A:  is  the  tension  of  a  side  which 
is  horizontal,  and  if  t  is  the  tension  along  any  side  whose  in- 
clination to  the  horizontal  line  is  fi, 

T=:ksecp.  (6) 

Suppose  however  that  the  vertical  forces  are  the  weights  of  the 
several  parts  of  the  cord,  so  that  Pi,  P2, ...  are  proportional  to  the 
lengths  AQi,  Q1Q2,  ...;  and  moreover  suppose  that  the  lengths 
of  the  elements  are  infinitesimal,  so  that  the  polygon  becomes  a 
plane  curve,  then  if  the  density  and  thickness  of  the  cord  are 
constant  throughout,  and  if  p  =  the  density,  and  a>  =  the  area 
of  a  transverse  section, 

p  =  picffds, 
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And  if  T  and  if  are  the  tensions  at  the  beginning  and  end  of  an 
element  respectively, 

t'C08)3'=  TCOSjS  +  rf.TCOSjS   1 

T'8in/3'=  Tsinj3  +  ej?.T8inj3   J  ' 
therefore  taking  vertical  forces 

p  =  rf.TsinjS; 
and  if*  =  p«c^,  . 

and  placing  the  origin  at  the  lowest  point  of  the  curve^ 

.=  c|,  <8) 

from  which  equation  all  the  properties  of  the  curve,  which  is 
called  the  Catenary,  may  be  deduced.  I  propose  however  to 
consider  the  problem  of  the  equilibrium-form  of  a  flexible  and 
inextensible  string  under  the  action  of  given  forces  in  a  more 
general  way. 

134.]  Suppose  a  perfectly  flexible  and  inextensible  string  to 
be  in  space^  and  to  be  at  all  its  parts  subject  to  the  action  of 
certain  given  forces ;  let  it  be  referred  to  a  system  of  coordinate 
axes,  and  at  the  point  (a?,  y, «),  let  p  be  the  density,  o)  the  area 
of  a  transverse  section  of  the  cord,  and  ds  the  length-element ; 
so  that  pcoeb  is  the  mass-dement  of  the  cord.  Let  x,  y,  z  be 
the  impressed  forces  acting  on  an  unit  of  mass  at  that  point ;  so 
that  the  pressures  acting  on  the  mass-element  at  the  point  are 

pmxds,  poiYds,  piAzds.  (9) 

Let  T  be  the  tension  of  the  cord  at  the  point  {Xy  y,  z) ;  then  as 
it  acts  along  the  curve,  its  resolved  parts  are 

dx  dy  dz  ,,^. 

and  therefore  at  the  point  (X'\-dx,  y-{-dy,  Z'\-dz)  the  resolved 
parts  of  the  tension  are 

dx     J    dx  dy      .    dy  dz      ,    dz         ,,,. 

^5F+''-'*'     "i^^-^i'     "H^^-'^di'     <^^> 

the  tension  varying  continuously  as  we  pass  along  the  curve ; 
now  let  us  suppose  Xyy.z^  and  s  to  increase  simultaneously ;  then 
the  element  of  the  curve  being  in  equilibrium  under  the  action 
of  the  forces  (9)  (10)  and  (11),  the  conditions  of  equilibrium, 
equations  (94),  Art.  57,  become 
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dx 
d.T'p'-\-p<axds  =  0 
as 

as 


>} 


(12) 


and  from  these  equations  all  the  properties  of  the  curve  are  to 
be  deduced. 

Firsts  integrating  the  equations^  we  have 

jpoixds       jpiaYds       jpiazds 

dx  dy      "      dz     ' 

and  therefore  the  numerators  are  proportional  to  the  direction- 
cosines  of  the  arc-element  on  which  the  forces  act. 

Also  expressing  at  length  the  first  terms  of  these  equations, 
and  taking  s  to  be  equicrescent^  we  have 

dx     dx  ,  ,        /x 

Td.-j-'i-'-r-dT'^-poiXds  =  0 

dy     dy 
'ds'^ds 


Trf.—^  +  ^dT+pwYcb  =  0 


Td.-T-  +  -rdT'^p<ozds  =  0 
ds      ds         ^ 


(13) 


Multiply  these  equations  severally  by  ctx,  dy,  dz  and  add^  and 

we  have  dT+p(^{xdx-\-Ydy-\-zdz]  =  0;  (14) 

where  dr  is  the  total  differential  of  t.    Let  the  integral  of  this  be 

taken  between  the  limits  which  carry  the  subscripts  n  and  0;  and 

we  have  rn 

T»— ToH-/  pa){xdip+Yrfy-hZ(fe}  =  0.  (15) 

If  therefore  p,  <»^  z,  y,  z  are  functions  of  the  coordinates  of  the 
point  to  which  they  apply,  and  are  such  that  the  quantity  under 
the  sign  of  integration  is  a  complete  differential^  then  the  dif- 
ference between  the  tensions  at  the  limits  is  a  function  of  the 
coordinates  of  those  points  only,  and  is  independent  of  the  form 
of  the  curve  which  joins  them. 

135.]  When  the  force^  of  which  the  components  are  x,  y,  z,  is 
normal  to  the  curve  at  all  its  points, 

xdx-{-Ydy-\-zdz  =  0,  (16) 


then 


Tn-To  =  0; 


(17) 


BO  that  the  tension  of  the  string  is  the  same  at  all  its  points. 
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The  condition  (16)  holds  good  when  the  string  is  stretched  on  a 
smooth  surface^  and  the  pressure  of  the  surface  is  the  only 
acting  force. 

Also  if  the  tension  t  is  constant,  (12)  become 


Td.-z-'{-p<axds  =  0 

Td.-7-  +  p«Z£fo  =  0 


(18) 


•'•  "'1(^-S'+  (^-1)'+  (^-Sn  =  P*«^(^*  +  ^"+^^)**.  (19) 
Let  x^+Y^  +  z*  =  P*;  then,  by  equation  (23),  Art.  325,  Vol.1,  if 
p'  is  the  radius  of  absolute  curvature  of  the  curve  at  the  point 

— j^  =  p^oflr^ds^;  (20) 

.-.     t2  =  p*«2p2^'«,  ^  =  r^r,  (21) 

piap 

and  therefore,  whatever  is  the  normal  force,  the  form  of  the 
curve  will  be  such,  that  the  force  varies  inversely  as  the  radius 
of  absolute  curvature,  (see  Art.  182).  If  therefore  the  force  is 
constant  and  the  curve  is  plane,  it  will  be  also  the  arc  of  a  circle. 
Again  if  we  transfer  to  the  right-hand  members  of  the  equa- 
tions, the  last  term  in  each  of  (13),  and  then  square  them,  and 
add  them,  we  have,  if  s  is  equicrescent, 

P 

•••  ?!  +  (£)  =  ''''"'''*•  (^^> 

Also  &om  (13)  eliminating  t  and  dT,  we  have 

.-.     {dzdhf''dydH)i.-\-{dxdH'-dzd^x)Y-\-{dyd^X''dxd?y)z  =  0;        (24) 

and  as  the  former  factors  of  each  term  are  proportional  to  the 

direction-cosines  of  the  binormal,  we  conclude  that  the  impressed 

force  lies  in  the  osculating  plane  of  the  string-curve. 

Also  if  <^  is  the  angle  between  the  line  of  action  of  p  and  the 

arc-element,         j    ,     j        j  j 

'      xdx-\-Ydy-^zdz  =  pa«cos<j>; 

therefore  from  (14)     ,    .  ,         ^      n 

^      '     dT -\-p(OTd8  cos  <f>  =:  0, 
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aad  substituting  this  value  for  dT  in  (22)  we  have 

T  =  pp<av  sin  </>, 
which  are  indeed  the  tangential  and  normal  components :  and 
hence,  as  before,  if  </>  =  90°,  that  is^  if  the  line  of  action  of  p  is 
normal  to  the  curve 

dx  =  0,  .•.     T  =  a  constant, 

and  T  =  pptoT, 

and  therefore  p  varies  inversely  as  the  radius  of  absolute  curvature. 

136.]  Next  let  us  investigate  the  equations  of  equilibrium  of 
a  string  stretched  on  a  given  curved  surface,  and  under  the 
action  of  certain  forces  by  which  it  is  kept  on  the  surface ;  and 
let  us  suppose  the  surface  to  be  smooth. 

Let  the  equation  to  the  surface  be  v{afyy,z)  =  0 ;  and  let  its 

partial  derived  functions  be  u,  v,  w;  and  let  q*  =  u*4-v*+w*: 

let  B.ds  be  the  pressure  of  the  surface  against  the  mass-element 

whose  length  is  ds,  so  that  the  equations  of  equilibrium  are 

J    da?  J         u  J        fx 

a.T-3 — hPwxoi  +  R— rf*  =  0 
ds  Q 


rf.T-^-f  P«yA  +  r  — {fo  =  0 
ds     '^  Q 

y     dz  .         w  -         ^ 

ds     '^  Q 


(25) 


Multiply  these  equations  severally  by  da:,  dy^  dz,  and  add,  and 
let  8  be  equicrescent ;  then  because 

vdX'\-\dy-\-Yfdz  =  0, 
we  have  rfT-f  pa>{xd:rH-Yrfy  +  z&}  =  0;  (26) 

and  therefore  if  xcte+Ydy-f  zcfe  =  0,  t  is  constant  throughout 
the  length  of  the  string,  whatever  is  the  form  of  the  surface. 
Again,  differentiating  the  first  terms  of  (25),  and  multiplying 

u     v    w 
the  equations  severally  by  — ,  — ,  — ,  and  adding,  we  have 

Judr      vrfy     w      dz)  ,  (xu+yv  +  zw)  .        .     ,^^ 

and  therefore  if  ^  =  the  angle  between  the  normal  to  the  surface 
and  the  principal  normal  to  the  curve  at  a  common  point, 
and  if  ^  =  the  angle  between  the  normal  to  the  surface  and  the 
line  of  action  of  the  resultant  of  the  impressed  forces,  viz.,  p, 
and  if  p'=r  the  radius  of  absolute  curvature  of  the  curve,  we  have 

T  COS  0 

— 7 — -|-p«PCOs<^+R  =  0.  (28) 


Digitized  by  VjOOQ  IC 


13 7-1  THE  CATENARY.  201 

Again,  suppose  that  x  =  t  =  z  =  0,  and  that  we  differentiate 
the  first  terms  of  each  of  the  equations  (25)^  and  eliminate  t  and 
dT  by  cross-multiplication,  then 
{dzdhf—dyd^z)V'\-{dxdH''dzd^x)\'\-{dyd'^X'-dxdPy)yf  =  0;  (29) 
and  therefore  the  binormal  of  the  curve  is  perpendicular  to  the 
normal  of  the  surface;  the  curve  therefore  along  which  the 
string  is  laid  is  a  geodesic  line  on  the  surface. 

187.]  To  pass  however  from  the  general  investigations  of  tlie 
preceding  Articles  to  the  particular  cases  :  first  let  us  suppose, 
in  the  case  of  the  free  catenary,  the  impressed  forces  to  act  in 
one  plane,  that  of  an/ ;  then  the  equations  (12)  become 


rf.T-7--|-pa)X£fo  =  0 

as 

d.^'^'\-piaYd8  =  0 
as 


(30) 


and  therefore,  as  before, 

dt-\-pti>{:Ldx-\-Ydy)  =  0:  (81) 

whence  the  tension  at  any  point  may  be  determined  for  any 
given  forces. 

And  if  T  is  constant,  and  p  is  the  impressed  force  of  which 
X  and  Y  are  the  components,  and  p  is  the  radius  of  curvature 

^  ^^'  y^'  T^  =  p»a>«pV''.  (32) 

Let  us  suppose  gravity,  or  the  earth's  attraction,  to  be  the 
only  acting  force,  in  which  case  the  curve  is  the  catenary,  and 
let  the  axis  of  x  be  horizontal,  and  that  of  y  vertical ;  then 
X  =  0,  Y  =  ^g ;  so  that  the  equations  (80)  become 

^  "^  ds"^^'  ^'^  '£  "ff^P^  =  ^ '  (^) 

dx  ^  ^ 

.'.     T^=c;  (34) 

where  c  is  the  constant  of  integration,  and  is  the  value  of  t 

dx 
when  -^^  =  ^3  that  is,  is  the  horizontal  tension  of  the  catenary. 

Also  from  (33)  and  (84) 

^%^f9^pds:  (85) 

and  if  o)  and  p  are  constant  throughout  the  curve 

dy 

PRICE,  VOL.  ni.  D  d 


cJ  =  ^eop<,  (36) 
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if  *  =  0,  when  ^  =  0,  that  is,  if  *  ia  measured  from  the  lowest 

point  of  the  curve ;  and  from  (34),  we  infer  that  the  horizontal 
tension  of  the  catenary  is  constant  throughout. 

Let  us  however  deduce  the  properties  of  the  curve  from  first 
principles ;  and  suppose  the  curve,  see  fig.  59,  to  be  suspended 
from  two  fixed  points,  a  and  b,  in  the  plane  of  the  paper,  which 
is  supposed  to  be  vertical;  let  c  be  the  lowest  point  of  the 
catenary^  and  let  a  vertical  line  through  it  be  taken  for  the 
axis  of  y,  and  let  the  horizontal  line^  which  will  also  touch  the 
curve  at  c,  be  the  axis  of  x.  Let  cm  =  or,  MP  =  y,  the  arc 
cp  =  «,  p  =  density  at  p,  a>  =  the  area  of  the  transverse  section 
of  the  cord.  Then  the  arc  cp,  after  it  has  assumed  its  perma- 
nent form  of  equilibrium,  may  be  considered  as  a  rigid  body, 
and  kept  at  rest  by  three  forces,  (1)  t  the  tension  acting  at  p  in 
the  direction  of  the  tangent,  (2)  the  weight  of  the  cord  cp 

acting  vertically  downwards  and  which  is  equal  to  /  ffp»ds,  and 

Jo 
(3)  the  horizontal  tension  at  the  lowest  point  c ;  as  to  the  last 

foroe,  let  us  suppose  <r  to  be  the  density  of  the  cord  at  c,  a  to 

be  the  area  of  a  transverse  section  at  the  same  point,  and  c  to 

be  the  length  of  cord  such  that  ffa<rc  is  equal  to  the  tension  at 

c ;  then  by  the  triangle  of  foroes,  these  forces  are  proportional 

to  the  three  lines  pi<,  t'n,  np,  which  their  lines  of  action  are 

respectively  parallel  to ;  and  therefore  we  have 


but 


T 

Jo' 

ffa<rc 

pt' 

NT' 

-      NP    ' 

pt' 
ds  ~ 

t'n 

dy- 

NP 

T 

di 

I'gp.d, 
~       dv 

-    dx    ' 

(87) 


(88) 
SO  that  the  equation  to  the  curve  is  given  by 

aiTC^=£p<ods;  (39) 

and  the  tension  at  any  point  by  the  equation 

da 
T-gafTC-^.  (40) 

188.]  Let  6)  and  p  be  constant  throughout  the  cord  ;  so  that 
the  curve  becomes  that  of  a  cord  of  constant  thickness  and 


Digitized  by  VjOOQIC 


138.]  THE  CATENABY,  203 

density,  suspended  from  two  giyea  points  a  and  & :  therefore 
p sriTf  tt  =  a ;  and  from  (39), 

tberefore  differentiatiiig^  and  making  x  equkaewent, 
c^-Yl  +  f^^*. 


dy 

dx  dx 


d'^ 


\ 


1+^}*"  ' 


(42) 
(48) 


dx*S 

and  integrating,  and  taking  the  iimits  such  that  -^ssQ,  when 
xszOywe  have 


(44) 


.-.     2g=e'-r^  ,  (46) 

and  integrating  again^  and  observing  that  y  =  0,  when  ^  =  0, 
we  have  ,        ^ 

.-.   y+^  =  |{«^+tf"*}-  (46) 

dv 
Also  equating  the  values  of  -^  in  (41)  and  (45)  we  have 

c  r  '         *T 

and  either  (46)  or  (47)  is  the  equation  to  the  catenary  of  con- 
stant thickness  and  density,  when  the  lowest  point  of  the  curve 
is  the  origin,  and  the  horizontal  tangent  at  it  is  the  axis  of  x. 

To  simplify  the  equation,  let  the  origin  be  moved  to  a  point 
o,  see  fig.  60,  at  a  distance  c  below  c  and  on  the  axis  of  y,  so 
that  (46)  becomes  c  r   *        *^ 

and  (47)  is  unaltered.    The  horizontal  line  through  o  is  called 
the  Directrix  of  the  Catenary. 
Now  c  ss  00  is  the  length  of  a  cord  of  the  same  thickness  and 

D  d  2 
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density  as  the  cord  of  the  curve,  the  weight  of  which  is  equal 
to  the  tension  of  the  curve  at  its  lowest  point :  if  therefore  a 
smooth  small  pulley  were  placed  at  c,  and  if  over  it  a  cord  of 
length  c,  and  of  the  same  thickness  and  density  as  the  cord  of 
the  curve^  and  joined  to  the  arc  cp^  were  suspended^  the  curve 
would  be  in  equilibrium. 


From  (47) 


ds       Iff       .f-i 


therefore  from  (40),       „      ^     ..  /ka\ 

"^     ^'        T  =  ffatry;  (50) 

that  is,  the  tension  at  every  point  of  the  curve  is  equal  to  the 

weight  of  a  cord  of  the  same  thickness  and  density,  and  equal 

in  length  to  the  ordinate  at  the  point.    The  tension  therefore  is 

the  least  at  the  lowest  point  of  the  catenary^  and  increases 

directly  as  the  ordinate  :  it  is  the  same  also  for  the  two  points 

in  the  same  horizontal  line.    And  therefore  if,  see  fig.  61,  a  cord 

of  constant  thickness  and  density  is  suspended  over  two  small 

pulleys  A  and  b^  and  is  at  rest  by  means  of  certain  lengths 

hanging  over  the  pulleys,  the  two  ends  h  and  k  are  in  the  same 

horizontal  line,  and  the  tension  at  the  lowest  point  c  is  equal 

to  the  weight  of  a  cord  similar  in  all  respects,  and  whose  length 

is  CO. 

139.]  Let  us  investigate  some  of  the  more  prominent  geome- 
trical properties  of  the  catenary.     From  (47)  and  (48)  we  have 


(Lc^        2c 


c 


,»' 


(53) 


Now  as  (48)  is  unaltered  when  a?  is  replaced  by  —  a?,  it  follows 
that  the  catenary  is  symmetrical  with  respect  to  the  axis  of  y. 

Also  squaring  (47)  and  (48)  and  subtracting,  we  have 

ya-«a  =  c2.  (55) 

From  the  preceding  equation  it  will  be  found  that  the  radius 
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of  curvature  of  the  catenary  is  equal  to  the  normal,  and  that 
the  lines  are  drawn  from  the  curve  in  opposite  directions ;  hence 
the  radius  of  curvature  at  c  is  equal  to  c.    Also  from  (50) 

=  (tension  of  curve  at  lowest  point)* 

H-  (weight  of  cord  of  length  =  sf. 

Also  let  a  tangent  pn^  fig.  60,  he  drawn  to  the  catenary  at 
the  point  p,  and  from  m^  the  foot  of  the  ordinate,  let  a  perpen- 

dx 
dicular  to  pn  he  drawn ;  then  since  •-=-  is  the  sine  of  hpm, 

as 

dx 

=  c; 
and  therefore  from  (53)  or  (41)  pn  =  »  =  the  arc  cp.  Therefore 
the  point  n  is  on  the  involute  of  the  catenary  which  originates 
frt)m  the  curve  at  c^  and  hm  is  a  tangent  to  this  involute;  and 
as  HM  is  the  tangent  to  this  last  curve,  and  is  equal  to  the  con- 
stant quantity  c,  the  involute  is  the  equitangential  curve  or 
tractrix,  the  asymptote  of  which  is  the  axis  of  x.  Let  therefore 
rj  and  £  he  the  current  coordinates  to  this  curve;  0N  =  f^ 
Nn  =  i7;  then  , 

-^  =  tannifj? 
d( 

=  —  tannMN 

UN  n 


NM  {c>-»?»}*  ' 

which  is  the  differential  equation  to  the  equitangential  curve : 
see  Ex.  1,  Art.  101^  Vol.  II.  And  producing  pn,  so  that  it  cuts 
the  axis  of  j?  in  t,  po  is  the  radius  of  curvature  of  the  tractrix 
at  the  point  n,  and  ot  is  the  normal;  and  therefore  as  hmt  is 
a  right-angle,  pnxnT  =  nM*;  therefore  in  the  tractrix 

the  radius  of  curvature  x  the  normal  =  c*. 

Also  the  catenary  at  its  lowest  point  approximately  coincides 
with  a  conical  parabola.  For  taking  the  equation  (46),  the 
origin  of  which  is  at  the  lowest  point, 
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c  c^      X         x^  afi 

.   »     »* J?*        ■» 

■''     F  ■•■  o:^  ~  i.2.8.c»  ■•"  •  •/ 

=  ^  I  ^  "^  TX?  ■*■  1.2.3.4.C*  ■*■  '••  J  *' 

and  omitting  terms  which  involve  powers  of  x  higher  than  the 
i^econdy  • 

.-.     a?>  =  2cy; 
the  equation  to  a  parabola,  whose  vertex  is  c,  whose  principal 
axis  is  cy,  and  whose  latui  rectum  is  2  c. 

140.]  The  constant  c  which  enters  into  the  equations  (47)  and 
(48)  is  to  be  determined  experimentally  by  means  of  the  ten- 
sion at  the  lowest  point  c.  Suppose  however  that  the  data  of 
the  problem  are  different  to  those  which  we  have  taken.  Sup- 
pose^ for  instance^  that  a  homogeneous  heavy  cord  of  the  length 
2/  is  suspended  &om  two  points  in  the  same  horizontal  line  at 
a  distance  2  b  apart,  and  that  it  is  required  to  determine  the 
equation  of  the  catenary^  the  position  of  the  lowest  point,  and 
the  tension  at  every  point. 

Let  the  origin  be  taken  at  the  point  of  bisection  of  the  hori- 
zontal line  which  joins  the  two  given  points;  see  fig.  62;  the 
horizontal  line  being  the  axis  of  x,  and  the  vertical  line  mea- 
sured downwards  being  the  axis  oty;  ob  =  ob'=  b;  let  oc  =  A ; 
so  that  the  equations  become 

A+c-y  =  |{J  +  r*"},  (56) 

*=  |{e^-r^};  (57) 

and  in  these  we  have  to  determine  h  and  c  in  terms  of  /  and  b. 

Let  a  be  the  angle  at  which  the  curve  is  inclined  to  ob  at 
the  point  b  ;  then  since 

b 
seca+tana  =  e^. 

Also  from  (41)  tan  o  =  -,  (58) 
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J  =  cotalog(8eco+tana) 
=  cot  a  log  tan  (45'' -f-|); 

whence  by  successive  approximation  a  may  be  determined. 

And  firom  (58)  ,     , 

^    '  c  =  I  cot  a ; 

and  from  (56)  and  (57)  we  have 

b 
.'.    A  +  Z+c  =  c€% 

A  =  /  {cosec  a— cot  0} 

therefore  the  tension  at  the  lowest  point  =  pg^l cot  a^ 
and  the  tension  at  b,  and  at  b'  =  p^a>/  cosec  a ; 
thus  all  the  circumstances  of  the  curve  are  determined. 

Another  problem  of  the  same  kind  is,  To  determine  the  form 
and  circumstances  of  the  catenary  when  a  heavy  homogeneous 
string  of  given  length  is  suspended  over  two  smooth  pulleys  in 
the  same  horizontal  line^  and  the  ends  of  the  string  hang  freely 
so  that  the  string  supports  itself. 

141.]  To  determine  the  position  of  the  centre  of  gravity  of 
the  cord  of  the  catenary  of  uniform  thickness  and  density^  be- 
ginning at  the  lowest  point  c ;  fig.  60. 

c*  r  -       --     „■! 
=  ««--g-{e«  +  e  «-2} 

=  xi—cy+c*, 

...    s  =  *-*-^?^;  (59) 


yjds  =jyd8. 


* 


+  e  'jdx 


=  t{*   -*      }  +  T 
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-  8y      ex 

And  by  geometrical  construction  in  fig.  60, 

-  _  MP-f-OT' 

x  =  OT+Tn,  y  = 1 . 

In  Art.  118  it  has  been  proved  that  of  all  curves  which  a  wire 
or  a  flexible  string  of  uniform  thickness  and  density  and  of 
given  length  with  its  ends  at  fixed  points  can  assume,  the  cate- 
nary is  that  of  which  the  centre  of  gravity  has  the  lowest  posi- 
tion. The  form  therefore  which  a  heavy  flexible  cord  of  uniform 
thickness  and  density  assumes  when  suspended  from  two  fixed 
points  is  that  of  stable  equilibrium. 

142.]  Next  let  us  consider  the  circumstances  of  a  heavy 
string  of  varying  thickness  and  density,  under  the  action  of 
gravity  only. 

In  this  case,  of  course,  the  equations  (38)  hold  good,  and  are 
sufficient,  viz.  /•, 

ds  dy       "     dx    '  ^^^^ 

dhi  da 

from  which  the  variation  of  the  density  or  of  the  thickness  may 
be  determined,  when  the  catenarian  curve  is  given;  and  the 
curve  may  be  found,  when  the  law  of  the  thickness  or  of  the 
density  is  given :  also  ^ 

T  =  5'a<^^^;  (68) 

whereby  the  tension  at  any  point  of  the  curve  may  be  found. 
Some  examples  are  subjoined. 

Ex.  1.  It  is  required  to  determine  the  law  of  variation  of  the 
thickness  of  a  heavy  homogeneous  string,  that  it  may  be  in 
equilibrium  in  the  form  of  a  parabola  with  its  vertex  downwards 
and  its  axis  vertical. 
Let  the  equation  be       x^  =  4ay; 

.      ^  _  ^  _         d8  dhf  _    1 

'  '     2a        X        (4a«-h^*)*'  cte»  "  2a ' 
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and  therefore  from  (62),  as  p  is  constant  and  equal  to  (r, 


ac 


T=^(4a»H-^)*; 


a  — y        w         a 
atrca 


(402+ a?*)*'  2a 

therefore  when  x  is  small,  w  is  constant,  which  fact  is  accordant 
with  the  proposition  of  Article  139. 

Ex.  2.  It  is  required  to  find  the  law  of  variation  of  the  den- 
sity of  a  heavy  string  of  uniform  thickness  that  it  may  hang 
in  the  form  of  a  semicircle  with  its  diameter  horizontal  under 
the  action  of  gravity. 

9       n  «  dx         dy       ds 

Therefore  from  (62)       p  = -^, 

(«— y)* 

that  is,  the  density  varies  inversely  as  the  square  of  the  depth 
below  the  horizontal  diameter  of  the  semicircle. 

Also  T  =  2 . 

«— y 

If  therefore  y  =  a,  p=:oo,  t  =  oo:  that  is,  the  density  and  the 
tension  are  both  infinite ;  and  rightly  so,  because  the  string  is 
vertical  at  the  points  of  its  support  at  the  extremities  of  the 
horizontal  diameter  of  the  circle,  and  there  is  at  them  no  coun- 
teracting horizontal  force  to  balance  the  horizontal  tension  at 
the  lowest  point. 

Ex.  3.  To  find  the  form  of  a  heavy  string,  the  thickness  of 
which  varies  inversely  as  the  square  root  of  its  length  from  the 
lowest  point,  when  it  is  acted  on  by  gravity. 

In  this  case  a>  =  m*~*; 

Therefore  from  (61) 

=  2ffpti$^; 


I'^sr 


because  the  origin  is  at  the  lowest  point,  where  the  curve  is 
horizontal ;  and  making  obvious  substitutions, 

a^  =  (^«  +  2a^)*, 

PRICE,  VOL.  III.  E  e 
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whence  the  equation  to  the  curve  will  be  foimd  without  diffi- 
culty.   Also  a-\-x 

T  =  gaac . 

a 

Ex.  4.  To  find  the  equation  to  the  catenarian  curve,  when 
the  weight  of  each  element  of  the  curve  varies  as  the  horizontal 
projection  of  it. 

This  case  is  approximately  that  of  suspension  bridges,  in 
which  each  element  of  the  chain  has  to  bear  that  part  of  the 
roadway  which  corresponds  to  the  horizontal  projection  of  it. 

In  this  case         pu^gds  =  ixpu^gdx; 
therefore  from  (61) 

^a<rc^  =  J   tipiagdx 
=  y^p^gx 

the  equation  of  a  parabola  with  its  axis  vertical  and  vertex 
downwards.  , 

Ex.  5.  To  determine  the  equation  to  the  catenarian  curve  of 
uniform  density,  and  the  law  of  variation  of  the  thickness,  so 
that  the  thickness  may  be  at  all  points  porportional  to  the 
tension. 

In  this  case  a>  =  /at;  (64) 

therefore  (61)  becomes 

/  gppLTds 
T^  _  Jo__ ga<TC 

ds  "        dy        ■"     dx   ' 
...    gaacd.-^^gpiMTds,  d.-£  =  gpix-^, 


dx 


-  =  gpudx, 


1+^ 
^  dx' 

.-.    log  sec  pgpLX  =  gptiy,  (65) 

sec  gpfjLX  =  c^p***,  (66) 

which  is  the  equation  to  the  required  curve.  And  if  we  sub- 
stitute -  for  gppL  we  have 
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c«  =:  sec  - ; 
a 


and  if  y  =  00 ,  a?  =  -g- ,  which  is  therefore  the  greatest  value 
of  X.    Also 

T  =  ga<xc  sec  ffpfix,  (67) 

a>  =  figaac  sec  ffpfix.  (68) 

143.]  In  Article  113  it  is  shewn  that  of  all  uniform  and  heavy 
curved  lines  of  given  length  joining  two  given  points  in  the 
same  vertical  plane,  the  catenary  is  that  of  which  the  centre 
of  gravity  has  the  lowest  position ;  I  propose  therefore  to 
extend  the  problem  to  the  case  of  heavy  flexible  strings  of 
given  varying  density  and  thickness,  and  to  find  the  form  of 
the  curve  that  the  centre  of  gravity  of  it  may  be  the  lowest 
possible. 

Let  the  axis  of  z  be  vertical,  and  let  the  coordinates  to  any 
point  on  the  curve  be  x,  y,  z,  and  let  the  element  ds  begin  at 
this  point ;  let  fid^  =  the  mass-element  of  the  string-curve,  where 
fi  is  a  function  of  x^y^z;  then  z  is  to  be  a  minimum,  where 

z     tids  =  I  fizds.  (69) 

•'o  Jo 

Now  I  fjids  is  the  mass  of  the  string,  and  this  evidently  is 

constant,  so  that  the  variation  of  the  right-hand  member  of 
(69)  is  to  vanish  consistently  with  this  condition, 

.-.     b.lnzds=:0,         and    ^.ffids  =  0;  (70) 

from  the  former  of  which  we  have 

0  =J   h.iizda 

(K*+»A(J)-rf.,rg)>.J;(ri) 


and  from  the  latter  of  (70), 

£02 
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-ri(*(i)-»-''S)»-(*(i)-»-4)'» 

Now  for  (71)  and  (72)  to  consist^  it  is  necessary  that 


*(l)---4 


=  A, 


(73) 


where  X  is  an  undetermined  constant;  and  from  these  equa- 
tions^ when  /A  is  given,  the  equation  to  the  catenary  is  to  be 
deduced.    If  /a  =  1^  the  equations  (73)  become  (27),  Art.  113. 

144.]  Let  us  also  consider  some  general  properties  of  a 
string-curve  which  is  under  the  action  of  certain  forces  of  at- 
traction or  repulsion  originating  in  fixed  centres. 

Let  the  central  force  acting  on  an  unit  of  mass  of  the  string 
be  T,  and  let  the  centre  of  it  be  the  origin ;  let  the  force  be  re- 
pulsive so  that  its  tendency  is  to  remove  the  molecules  of  the 
string  further  from  the  origin,  and  therefore  the  string  will  be 
concave  towards  it ;  if  the  force  is  attractive  f  will  be  affected 
with  a  negative  sign  and  the  string-curve  will  be  convex  towards 
the  origin.  The  components  of  p  along  the  coordinate-axes 
acting  on  an  element  of  the  curve  which  begins  at  the  point 
(a?,  y,  z)  and  at  a  distance  r  from  the  centre^  are 

P;8 
z  =  — ; 
r 


vx  TV 

X  =  —  ,  Y  =  -^, 

r  r 

so  that  the  equations  (12)  become 

pa? 


flf.T  -T  +  pcorf^  —  =  0 
as  r 

d.T-^  -\-  puids^  =  0 
ds      '^         r 

J     dz  .  vz 

ds      ^  r 


(74) 
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multiplTing  the  second  of  these  equations  by  z,  and  the  third 
by  y,  and  subtracting, 

J    dy        J    dz       ^ 

•  a.       ^«  dy  dz       . 

.•.    integrating       ^'^'T^y'^'di  ~  ^ 


.    .,    ,  dz  ctr       , 

similarly  ^^  7&  ~  ^^  ^^fl  ~  '** 

dx  dy       , 


>  ;  (75) 


and  therefore  multiplying  these  last  equations  severally  by 
ar,  y, «,  and  adding,      .         ,         ,  ^ 

which  is  the  equation  to  a  plane  passing  through  the  origin, 
which  is  the  centre  of  force :  whence  we  infer  that  the  curve 
and  the  centre  of  force  are  in  one  and  the  same  plane. 

Let  this  plane  be  the  plane  of  xy^  so  that  2;  =  0 ;  equations 
(74)  become 


.    dx  .  po?       ^ 

da     ^         r 

ds     '^         r 


(77) 


Differentiating  the  first  terms  of  these  equations,  and  elimi- 
nating ^T,  we  have 

^j(f — X--     — K  ^  pi^ds-  {x dy—ydx)  =  0. 
as  T 

If  therefore  p  is  the  radius  of  curvature  of  the  string-curve 
at  the  point  {x,y,z)y  and  if  ^  is  the  perpendicular  from  the 
origin  on  the  tangent  at  the  same  point, 
T  ^P       n 

P  ^ 

.". '  Tr—pp(apT  =  0.  (78) 

Again,  differentiating  the  first  terms  of  (77),  and  multiplying 

dx  dtj 

the  first  by  -^,  and  the  second  by  -^,  and  adding,  we  have 

,  idx  .  dx     dy  J  dy)  xdx-\-ydy       ^ 

and  if  «  is  equicrescent 

dx  J  dx  dy  .  dy       ^ 

ds      ds  as      ds 
and         a?2-fy2_.^2^  .^     xdx-^-ydy  =  rdr; 
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.-.     rfT-|-p«prfr  =  0;  (79) 

T   vdv 
and  therefore  from  (78),    d'i-\-—r  —  =  0, 

9     P 

,    ^  ,      rdr  dT     dp       ^ 

but  p  =  -^;  .-.     -  +  f'=0; 

and  integrating,  if  Tq  and  po  are  simultaneous  values  of  t  and  p, 
we  have  ^^  ^  ^oi^o  =  a  constant ;  (80) 

hence  we  conclude  that  the  tension  varies  inversely  as  the  per- 
pendicular on  the  tangent  from  the  centre  of  force ;  equation 
(79)  is  the  equation  of  statical  moments  with  respect  to  the 
centre  of  force,  and  might  therefore  have  been  deduced  directly 
from  equation  (57),  Art.  48. 
Hence  eliminating  t  between  (78)  and  (80),  and  replacing  p  by 

its  value  —y— ,  we  have 
dp 

dp     (apTdr  ^  ^ 

P^  PqTq 

P  J    PoTo 

the  limits  of  the  integral  being  given  by  the  conditions  of  the 
problem.  From  (81),  when  p  is  given,  the  equation  to  the 
catenarian  curve  is  to  be  found ;  and  if  the  curve  is  given,  f 
may  be  found ;  also  from  (79)  or  (80)  the  tension  at  any  point 
of  the  curve  may  be  found. 

145.]  As  an  example  of  the  preceding  expressions,  let  us 
suppose  the  force  to  vary  inversely  as  the  square  of  the  dis- 
tance, and  to  be  attractive ;  and  let  us  also  suppose  the  cord  or 
chain  on  which  the  force  acts  to  be  uniform  in  thickness  and 
density.    Then  „ 

therefore  from  (79) 

T-To-hpwMl-  —  — )  =  0; 
where  Tq  and  r^  are  initial  given  values  of  t  and  r. 
Al8ofrom(81)    1        l    ^  oip^/ 1       1\ 
P      Po   "^  Po'To^n       r/' 

and  if  — ^  =  —  c, 1 ^^  =  —  ck,  we  have 

jPoTo  Po      PonTo 

1  ^  L 

p       r 

=  cu—cky 
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if  w  =  -;  and  therefore  by  equation  (19),  Art.  221,  Vol.  I, 

=  ^'  +  ^' 
.-.     ^=  (c«-l)tt»-2c«*M  +  ca*a;  (82) 

and  the  integral  of  this  equation  wiU  be  of  three  different  forms, 
according  as  c  is  greater  than,  equal  to,  or  less  than,  unity. 

(1)  Let  c*  be  greater  than  unity;  then  if  c*— 1  =  n*,  the  in- 
tegral of  (82)  is  of  the  form 

(2)  Let  c*  =  1,  then  the  integral  is  of  the  form 

c 


r  = 


l-^»' 

(3)  Let  c*  be  less  than  unity ;  then  if  1  —  c*  =  «*, 
w— a  =  b  cos  nO, 

146.]  There  is  one  other  class  of  problems  connected  with 
the  present  subject,  and  which  must  not  be  omitted.  Suppose 
a  perfectly  flexible  and  inextensible  string  to  be  in  contact  with 
a  rouffh  surface  under  the  action  of  given  forces,  and  to  be  on 
the  point  of  motion  in  the  direction  of  its  length,  so  that  the 
friction  of  the  surface  is  a  force  which  acts  in  a  direction  con- 
trary to  that  of  the  motion :  then  if  Bcb  is  the  pressure  on  the 
surface  of  a  length-element  of  the  string,  and  rds  is  the  friction 
corresponding  to  ds,  and  fi  is  the  coefficient  of  friction,  see 

-^^•^*  rd8=:  finds;  (88) 

and  as  f  acts  in  the  direction  of  the  line  along  which  motion  is 
about  to  take  place,  the  components  of  Fd^  are 
vdx,  rdy^  vdz, 

or,        tJLB,dXj  txB,dy,  ymdz; 

so  that  the  equations  of  pressure  become,  see  Art.  136, 


d.T-r--f  p«Z&  — UR<fe+R-&   =    0 

as  Q 


(84) 


and  from  these  equations  general  properties  may  be  deduced. 
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Let  U8  however  consider  a  special  case:  that,  viz.,  of  a  flexible 
cord,  which  I  shall  imagine  to  be  without  weight,  in  contact 
with  a  rough  circular  cylinder,  in  a  plane  perpendicular  to  the 
axis  of  the  cylinder^  and  with  given  forces  acting  at  the  ends  of 
the  string. 

Let  fig.  64  represent  the  string  resting  on  the  cylinder,  of 
which  the  plane  of  the  paper  is  a  section  perpendicular  to  the 
axis  of  the  cylinder:  let  the  string  be  in  contact  with  the 
cylinder  over  an  arc  which  subtends  at  the  centre  the  angle 
ACB  =  a ;  and  let  the  tension  at  the  ends  of  the  string  be  f  and 
f';  and  these  are  also  the  tensions  at  a  and  b.  Let  AC  =  a, 
Acp  =  ^,  FCQ  =  dO;  and  let  the  line  ac  be  the  axis  of  x,  and  c 
be  the  origin.     Then  at  the  point  p(a?,  y),  since  x  =  y  =  0, 


rf.T-= uLB.dx-^-'R.ds-  =  0 

ds      '^  a 

rf.T  ^  —  /yiRrfy  +  ^ds  2^  =  0 


>\  (85) 


therefore  difi^erentiating  the  first  terms  in  each,  and  multiplying 
them  respectively  by  dx  and  rfy,  and  observing  that  xdx-^ydy 
=  0,  because  ^-f  y*  =  a*, 

rfT-/yiE(fe  =  0.  (86) 

And  again,  differentiating  the  first  tenns  of  (85),  and  multi- 
plying the  first  by  dy^  and  the  second  by  dx^  and  subtracting, 

^Sdyd.^--dxd,^\+^{xdy^ydx)  =  0;         (87) 

dyd^x—dxdhf      R,     ,  .  v        r, 

.-.     T  ^ ^^3 ^  +-(a?cfy-yAr)  =  0; 

T  =  aa.  (88) 

And  since  ds  =z  adO,  from  (86)  and  (88)  we  have 

dT  T 

—  =  yidO,  log-  =  fiO; 

.-.     T  =  ref^^;  (89) 

and  therefore  if  /  is  the  tension  of  the  string  at  b,  just  as  mo- 
tion begins  to  take  place, 

p'=  PC'**;  (90) 

therefore  also  t  =  /c*  (*-*); 

...     j,^l  =  le^e.  (91) 

a       a 
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therefore  the  whole  pressure  on  the  cylinder 

=  /  B,adO, 

Jo 

=  f\ef^^de, 

Jo 

=  I  («/*«- 1).  (92) 

Nowfrom(90),F'— p  =  p(e'**— 1):  if  therefore  a  string,  with  the 
forces  F  and  f'  acting  at  its  ends,  passes  over  a  rough  cylinder, 
and  if  the  part  of  the  string  in  contact  with  the  cylinder  sub- 
tends an  angle  a  at  the  centre,  motion  will  not  take  place  so 
long  as  the  difference  between  the  two  forces  does  not  exceed 

F(c'**-1).  (93) 

147.]  Ex.  1.  A  string  passes  over  three  rough  cylindrical 
horizontal  bars  which  are  at  equal  distances  apart,  and  the 
lower  two  of  which  are  in  the  same  horizontal  plane ;  and  at 
the  ends  of  the  string  weights  are  suspended :  find  the  differ- 
ence between  them  just  as  motion  begins  to  take  place. 

Let  F  be  the  less,  and  f'  the  greater  weight,  Ti  the  tension  of 
the  string  between  the  first  and  the  upper  bars  ;  T2  the  tension 
between  the  upper  and  the  third  bars :  therefore 

.-.     f'=  fc**';  .-.     f'— F  =  F(tf'*»  — 1). 

Ex.  2.  A  string  passes  over  a  rough  horizontal  cylinder;  and 
two  weights  p  and  q  are  suspended  at  its  ends  so  that  p  is  just 
beginning  to  descend ;  what  weight  must  be  added  to  q,  so  that 
Q  may  be  beginning  to  descend  ? 

Let  q'  be  the  additional  weight  required  ;  then  we  have 
p  =  Qtf**',  Q  +  q'=  pe**'; 


Section  2. — The  action  of  forces  on  elastic  bodies. 

148.]  Our  knowledge  of  the  internal  constitution  of  bodies  is 
doubtless  very  imperfect ;  but  so  far  as  it  goes  there  is  no  ma- 
terial substance  in  nature,  the  relative  positions  of  the  particles 
of  which  are  not  changed  when  the  matter  is  acted  on  by  ex- 
ternal pressures :  if  a  force  acts  on  a  body  at  a  certain  point, 
and  in  the  way  of  pressure  against  it,  the  particles  of  the  body 
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at,  or  about,  the  point  of  application,  approach  to  each  other ; 
and  if  the  force  is  a  pulling  force,  the  distances  between  the 
constituent  molecules  of  the  body,  at  and  about  the  point  of 
application,  are  increased.  It  seems  indeed  that  a  body  is  made 
up  of  a  system  of  molecules^  infinitesimal  in  volume,  and  at  an 
infinitesimal  distance  apart,  and  that  these  are  held  in  a  state 
of  relative  rest  by  forces  acting  reciprocally  from  one  to  another ; 
and  that  these  forces  are  functions  of  the  distances  between  the 
molecules ;  and  that  when  an  external  force  acts  on  the  system, 
the  molecules  are  either  separated  farther  from,  or  are  brought 
nearer  to,  each  other,  by  reason  of  the  action  of  the  force; 
so  that  either  a  compression  or  a  dilatation  of  the  system  takes 
place ;  all  bodies,  that  is,  are  compressible  and  extensible  to  a 
certain  degree  :  the  relative  position  of  the  molecules  is  not  the 
same  when  the  body  is  free  from,  and  when  it  is  subject  to, 
external  pressures.  Into  the  particular  mode  of  action  of  such 
forces  on  the  constitution  of  a  body,  or  the  change  of  molecular 
action  of  the  internal  forces  under  the  influence  of  such  external 
force,  I  shall  enter  only  briefly,  and  generally;  the  special 
study  of  such  a  subject  belongs  to  other  branches  of  physical 
mathematics;  and  now  we  have  not  data  sufficient  for  the 
full  solution  of  the  problem.  But  I  would  observe,  that  our 
previous  results  of  forces  acting  on  rigid  bodies,  that  is,  on 
bodies  the  constituent  molecules  of  which  are  in  a  state  of 
relative  rest,  are  not  hereby  falsified,  because  the  molecules  of 
the  body  though  disturbed  at  first  are  ultimately  in  relative 
rest.  It  is  the  amount  of  this  disturbance  which  we  shall 
generally  calculate :  and  upon  the  hypothesis  of  the  truth  of 
certain  laws,  which  laws  will  not  be  deduced  from  more  remote 
principles. 

The  disturbances  or  displacements  which  the  molecules  un- 
dergo are  of  three  kinds  :  there  may  be  (1)  a  longitudinal  com- 
pression or  dilatation ;  I  shall  calculate  the  efiects  of  this  on  a 
bar  or  a  string :  (2)  a  flexure,  as  of  a  shell  or  a  lamina :  (3)  a 
twisting  or  a  torsion,  as  of  a  twisted  bar.  Now  in  all  these,  as 
in  all  similar  displacements,  there  is  the  same  result ;  no  dis- 
turbance or  disarrangement,  at  least  within  certain  limits,  takes 
place,  unless  there  is  also  called  into  action  a  force  of  restitu- 
tion, whereby  the  body  tends  to  recover  its  former  state ;  the 
molecular  forces  are  such  that,  so  long  aa  temperature,  &c., 
remain  the  same,  they  tend  to  bring  the  body  back  again  into 
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that  state  which  it  had  before  the  disturbance  due  to  the  external 
force :  this  energy  of  restitution  is  called  Elasticity ;  "  La  force 
elastique/'  says  D'Alembert  in  the  Encyclopedic,  art.  Elasticity, 
"  est  une  propriete  ou  puissance  des  corps,  au  moyen  de  laquelle 
ils  se  r^tablissent  dans  la  figure  et  l^^tendue,  qu'une  cause 
ext^rieure  leur  avait  fait  perdre.^^  Thus  elasticity  in  the  first 
of  the  three  cases  mentioned  above,  is  the  tendency  which  a 
stretched  string  has  to  return  to  its  former  and  unstretched 
length :  in  the  second  case  it  is  the  force  of  a  spring,  as  that  of 
a  coil  which  is  the  motive  power  of  a  watch :  in  the  third  case 
it  is  the  force  of  return  which  a  twisted  wire  exhibits,  as  in 
Coulomb's  Torsion  Balance,  or  in  Cavendish's  experiment  with 
leaden  balls.  Let  this  term  then  be  plainly  distinguished  from 
expansibility,  extensibility,  compressibility,  and  so  on :  it  is  conse- 
quent upon  these  last,  but  expresses  a  property  quite  distinct  from 
them ;  and  the  greater  or  less  perfectness  of  elasticity  of  a  given 
substance  depends  on  the  degree  with  which  it  recovers  the 
state,  as  to  the  arrangement  of  its  molecules,  whence  it  has 
been  displaced :  if  the  state  is  altogether  recovered,  elasticity  is 
perfect :  if  the  body  remains  in  the  state  into  which  it  has  been 
put  by  the  disturbing  force,  it  is  said  to  be  wholly  inelastic : 
neither  of  these  conditions  is  ever  fully  satisfied  in  nature. 
Thus  much  as  to  elasticity  is  sufficient  for  our  present  purpose. 

149.]  In  the  first  place  let  us  investigate  the  most  simple 
case :  that,  viz.,  of  an  extensible  string,  which  is  stretched  by 
the  action  of  certain  forces. 

The  law  to  which  the  extension  is  subject,  and  which  is  com- 
monly called  Hookers  law,  is,  The  extension  is  as  the  tension  : 
that  is,  the  length  added  to  an  extensible  string  by  means  of  a 
stretching  force  varies  as  the  force.  Also  the  same  law  may 
be  supposed  to  be  applicable  to  compression,  that  is,  the 
compression  varies  as  the  compressing  force.  Suppose  the 
length  of  an  extensible  string  of  an  unit-length,  and  the  area  of 
whose  transverse  section  is  an  unit,  to  be%y  the  action  of  an 
unit-force  increased  by  a  quantity  e,  so  that  1  becomes  1  +  c ; 
then,  by  reason  of  the  preceding  law,  under  the  action  of  a  force 
T,  the  length  is  increased  by  et,  so  that  1  becomes  li-eT ;  and 
therefore,  the  circumstances  as  to  thickness,  density,  &;c.,  of  the 
string  being  the  same  throughout,  the  length  of  a  string  of 
length  a  becomes  a(l  +^t) ;  eh  called  the  coefficient  of  elasti- 
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city.  If  the  stretching  force  is  not  the  same  throngfaont  the 
length  of  the  string,  this  formula  is  inapplicable  as  it  stands ; 
but  we  may  resolve  the  string  into  infinitesimal  parts,  and 
apply  it  to  each  of  these. 

It  is  sometimes  convenient  to  express  e  in  another  form.  Let 
a'  be  the  length  of  a  when  stretched  by  the  constant  force  t 
throughout ;  so  that      „.  ^  ^  (j  +  ^^^^  (94) 

and  let  e  be  the  value  of  t,  when  a  is  stretched  so  that  its 
length  is  doubled : 

then  2a  =  fl  (1  -}-  ce)  ; 

.-.     e  =  \;  (95) 

and  (94)  becomes  «'  =  a  ( 1  +  -) :  (96) 

E  is  called  the  Modulus  of  Elasticity. 

Ex.  1.  A  heavy  extensible  string  of  constant  thickness  and 
density  is  suspended  by  one  end^  and  hangs  vertically ;  it  is  re- 
quired to  find  the  length  of  it  thus  stretched. 

Let  o,  fig.  68,  be  the  end  by  which  it  is  suspended  :  a  =  the 
length  of  it  when  unstretched :  oa  =  a'=  the  length  when 
stretched:  p  =  the  density:  o)  =  area  of  transverse  section:  g  = 
earth^s  attraction  on  an  unit-mass :  ot=ix\  fq  =  dir':  and  sup- 
pose ^  to  be  the  distance  of  p  from  o,  when  the  string  is  not 
stretched :  then  the  weight  of  pa  =  p^(d(a— ^) :  and  this  is  the 
stretching  force  on  pq  :  therefore 

daf  =  cbff  {l-^epffooia—x)}  ; 

.'.     [^J  =/  {l-^epff<a(a—w)]dx; 
Ll  +  tEP^, 

=  «ll  +  '-^|-  (97) 

If  the  whole  weight  of  the  string  had  been  collected  at  the 

lowest  point,  then    _  „  .  ^  ,nQ^ 

^  Sii  =  a{l'{-epff<aa};  (98) 

and  therefore  by  its  own  weight  the  string  is  stretched  only  half 

as  much  as  it  would  be,  if  it  were  collected  at  its  lowest  point. 

If  p  or  0)  varies,  the  corresponding  alteration  must  be  made 

in  the  preceding  integral. 

Ex.  2.  A  heavy  extensible  string  of  constant  thickness  and 
density  is  suspended  by  one  end,  and  hangs  vertically;   at  a 
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given  point  in  it  a  weight  is  fixed;  it  is  required  to  find  the 
length  of  the  string  thus  stretched. 

Let  o  be  the  end  by  which  it  is  suspended :  let  a  be  the  point 
at  which  the  weighty  say  w,  is  placed,  oa  =  a,  ab  =  d,  a  and  b 
referring  to  the  string  unstretched :  then^  using  the  same  symbols 
as  in  the  preceding  Article,  we  have 

ai-^bi  =  /{l-fp^<i)«(a-fA—a?)Hcw}d!r-f/ {1+^^0)6(4— a?)}dir 
Jq  •'0 

=  a  +  A+cwa  +  ^^Ca-fA)*. 

Ex.  3.  Two  weights  p  and  q  resting  on  two  inclined  planes, 
fig.  69,  are  connected  by  an  elastic  string  fq  ;  it  is  required  to 
find  the  position  of  equilibrium. 

Let  cp  =  0?,  cq  =  y;  let  the  inclinations  to  the  horizon  of  ca, 
CB,  PQ  be  a,  )3,  ^ ;  let  the  tension  of  pq  =  t,  and  the  unstretched 
length  =  a:  .      ,,  =  „{!  +  „}. 

Then  resolving  along  the  planes,  and  eliminating  t,  we  have 

^       Q  sin  8  cos  a— p  sin  a  cos  )3 

tan  0  = 1 ; , 

(p-fQ)  sinasmjS 

P,  =  ajl  +  -^I«E^l.  (99) 

(        cos  (^ -fa))  ' 

Ex.  4.  A  heavy  elastic  ring  is  placed  round  a  smooth  vertical 
cone,  and  descends  by  its  own  weight  ,*  it  is  required  to  find  the 
position  of  equilibrium. 

Consider  the  cone  to  be  the  limiting  form  of  a  regular  pyra- 
mid of  n  sides,  of  which  two  adjacent  ones  are  the  triangles 
APQ,  AQR  in  fig.  70:  and  let  pq  and  qr  be  two  adjoining  ele- 
ments of  the  string  which  rest  on  these  sides :  let  the  triangles 
APQ  and  AQR  be  bisected  by  the  lines  Ap  and  a^  drawn  to  the 
middle  points  of  their  bases ;  and  so  that  ther  string  contained 
between  p  and  q  is  the  nth  part  of  the  whole  ring.  Let  w 
=  the  weight  of  the  ring,  a  =  the  radius  of  it  unstretched; 
r  =  the  radius  of  it  stretched;  2a  =  the  vertical  angle  of  the 

cone;    then  the  weight  of  j9Q9  =  — ,  and  this  resolved  along 

AQ  =  —  cos  a :  now  the  other  forces  acting  on  pqq  are  the  two 

tensions  along  pQ  and  q^,  and  these  are  equal  to  each  other 

and  to  T  (say) ;  let  aqp  =  aqr  =  p ;  and  resolving  along  aq,  we 

have  ^ 

—  cos  a  =  2tcos^; 


n 
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.-.     2wr  =  27ra{l  +  cT}, 

but  co%B  =  ^—-  =  sin  a ; 

AQ  «OQ 

and  this  determines  the  position  of  the  ring. 

150.3  The  last  example  of  the  preceding  Article  differs  from 
the  former  in  that  the  stringy  by  reason  of  its  increased  lengthy 
also  undergoes  a  change  of  curvature ;  and  this  change  of  form 
is  doubtless  to  a  certain  extent  resisted^  or  favoiired^  as  the  case 
may  be^  by  the  elastic  forces  of  the  matter  of  the  string :  that 
is^  by  those  forces  of  elasticity  which  affect  the  curvature  of  the 
string.  And  of  these  forces  no  account  has  been  taken ;  the 
ring  is  supposed  to  be  perfectly  flexible^  and  yet  extensible. 

We  may  however  consider^  in  a  more  general  form^  the  curve 
which  is  taken  by  a  string,  perfectly  flexible,  and  extensible 
according  to  Hookers  Law^  under  the  action  of  given  forces. 

Let  ds*  be  a  length-element  of  the  curve  before  it  is  stretched^ 
and  ds  the  corresponding  length-element  in  its  stretched  state : 
then^  if  T  is  the  tension, 

d8=  d^a-heT);  (101) 

also  let  the  thickness  and  density  of  the  curve  when  stretched 
be  the  same  throughout  the  length ;  this  supposition  is  of  course 
generally  only  approximately  true  in  applications ;  and  let  x,  y,  z 
be  the  impressed  forces  acting  on  an  unit-mass  of  the  string 
before  it  is  stretched^  then  the  equations  (12),  Art.  134,  become 

pG)X(&-|-(l4-^T)rf.T^-  =   0    ' 

pa)Y*  +  (l4-«T)rf.T^  =  0   }.  ;  (102) 

dz 
pa>zd*+(l  +  €T)rf.T-=-  =  0 
as 

from  which  the  general  properties  of  the  curve  are  to  be  de- 
duced^ and  the  properties  of  any  particular  curve  when  the  im- 
pressed forces  are  given. 

Let  8  be  equicrescent ;  then^  expanding  the  last  terms  of  each 
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of  the  equations  (102)^  and  multiplying  the  equations  severally 
,     dx   dy   dz        ,     i,.  •. 

^  l^'WH'         adding,  we  have 

pa){xclr-|-Ydy  +  zrfj2r}-f  (l  +  eT)dT  =  0.  (103) 

da 
And  from  (101),  erfx  =  rf.-r-/; 

08 

.'.     /[)a){xdr  +  Yrfy4-zd2r}-f -^,d.— ,  =:  0, 

1       /ds\^ 
.-.     p»{xcte  +  Ydy-fzrf2r}  +  ^rf.(— ,j  =  0;  (104) 

da 
whence  by  integration  -p,  and  thence  the  extension  of  the 

string,  may  be  determined. 

151.3  Suppose  however  the  string  to  be  heavy,  and  gravity 
to  be  the  sole  acting  force :  the  string-curve  will  manifestly  be 
wholly  in  one  vertical  plane.  Let  the  plane  be  that  of  a^y^  and 
let  the  axes  of  a?  and  y  be  respectively  horizontal  and  vertical : 
and  let  the  curve  be  above  the  axis  of  x :  then 

x  =  z  =  0,       Y=  -^; 
therefore  from  the  first  of  (102) 

d.T$  =  0;  (105) 

ds 

and  therefore  the  horizontal  tension  is  constant  throughout  the 

curve :  let  it  be  equal  to  the  weight  of  a  string  of  length  c,  the 

thickness  and  density  of  which  are  the  same  as  those  of  the 

string-curve :  then  integrating  (105)  we  have 

ds 
T-T-  =  p<acff.  (106) 

Again^  from  the  second  of  (102), 

p(affd8  =  (i-\-eT)d,T-^y 

...    *=c(l  +  ep«cy|)rf.|.  (107) 

To  integrate  these,  let  —^  =  tan  t  ;  therefore  from  (107), 

fib  =  c  (1  -f  epiiicg  sec  t)  rf.tan  r,  (108) 

.-.     da?  =  dicosr  =  c(co8r  +  epG>c^)(/.tanr, 
dy  =  da 
and  integrating 


1;   (109) 
dy  =  da  nmr  =.  c(8inr  +  epc0C^tanr)(/.tanr  J 
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X  =  c|logtan(^-f  g) -f  cptoC^tanrt,  (110) 

y  =  c|8ecr  +  ^^(tanT)a|,  (mj 

the  limits  of  integration  being  such  that  ^  =  0,  y  :=  c,  when 
r  =  0 ;  80  that  the  axis  of  x  is  the  directrix  of  the  curve^  and  at 
a  distance  c  below  the  lowest  point  of  the  curve ;  and  the  axis 
of  y  passes  through  the  lowest  point.  Also  from  (108)  and 
(106)  we  have, 

*  =  c  Han T+ -^-^-^ (tan  r  sec T+log (tan T-f  seer)) >  ,  (112) 

T  =  p«c^  sec  T.  (118) 

If  r  is  eliminated  by  means  of  (110)  and  (111),  the  resulting 
equation  is  that  of  the  string-curve :  the  expression  however  is 
so  complicated  that  it  is  not  worth  while  to  write  it  at  length. 
But  in  the  case  wherein  e  is  small,  and  the  second  and  higher 
powers  of  it  may  be  neglected  without  appreciable  error,  from 

(110)  we  have,  x      _« 

ec — e   c 
smT  =  - ^;  (114) 

and  therefore  from  (111) 

y  =  l^eUe-U'-^(e'-e-')'\,  (115) 

which  is  the  equation  to  the  catenary  of  slight  extensibility. 
Also  to  determine  the  increase  of  the  length  of  the  arc,  in  this 
case  we  have  from  (101), 

1-h^T 

=  (&(1  — eT); 
therefore  from  (113),  and  neglecting  terms  in  (111)  involving  e, 
ds'  =  ds  —  epfAcg  sec  rds 

=  ds  —  epangyds^ 
.•.     da  —  ds'  =  ep^gyda, 

.•.     s  —  s'^epioglyds.  (116) 

Now  if  ^  is  the  distance  from  the  directrix  of  the  centre  of 
gravity  of  the  arc  s,  ^ 

ys  =jyd8; 
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that  is^  the  increase  of  the  arc  s  due  to  the  tension  varies  as  the 
distance  from  the  directrix  of  the  centre  of  gravity  of  the  arc. 

152.]  Instead  however  of  proceeding  farther  into  the  discus- 
sion of  particular  problems  of  elastic  strings^  elastic  membranes^ 
and  springs^  it  is  better  to  enter  at  once  on  the  general  investi- 
gation of  the  equations  of  equilibrium  of  elastic  bodies :  because 
these  may  be  applied  to  the  solution  of  particular  cases^  and 
because  they,  in  an  extended  sense,  will  be  required  in  a  future 
part  of  our  work.  But  to  this  end  some  of  the  more  prominent 
physical  properties  of  such  bodies  must  be  stated  with  greater 
precision  than  heretofore. 

A  body  consists  of  material  molecules,  the  relative  positions 
of  which  are  assigned  by  the  action  of  certain  forces  of  which 
the  molecules  are  the  subjects :  and  a  body  is  supposed  to  be 
rigidy  either  when  the  relative  position  of  the  molecules  is  not 
changed^  or,  if  changed^  when  the  displacements  of  them  are 
infinitesimally  small,  and  not  taken  account  of,  by  the  action 
of  the  other  external  forces.  The  internal  forces  which  act  on 
the  molecules  are  of  two  kinds :  firstly,  there  is  an  attractive 
force  arising  from  the  mutual  action  of  the  molecules,  and  which 
is  commonly  called  the  force  of  cohesion :  and,  secondly,  a  re- 
pulsive force  depending  on  the  heat  of  the  body ;  and  such  that^ 
when  the  heat  of  the  body  is  increased,  the  repulsive  force  is 
also  increased :  when  these  two  forces  balance  each  other,  the 
molecules  of  the  body  are  at  relative  rest.  The  action  of  the 
former  is  the  subject  of  inquiry  in  the  following  Articles.  And 
I  shall  suppose  no  change  of  heat  in  the  body  to  take  place 
owing  to  a  change  of  temperature  in  the  surrounding  medium; 
and  no  increase  of  heat  to  be  developed  in  the  body  itself  by 
reason  of  the  change  of  position  of  the  constituent  molecules : 
so  that  hereby  our  inquiry  will  be  restricted  to  the  change  only 
of  the  molecular  attractions  or  repulsions ;  to  the  change  only, 
I  say ;  because  the  original  molecular  forces  and  the  heat-forces 
are  in  equilibrium  of  themselves.  This  hypothesis  is  doubtless 
only  partially  verified  in  nature :  for  no  change  of  position  of 
the  molecules — ^and  it  is  such  a  change  which  an  alteration  of  the 
molecular  forces  necessitates — can  take  place  without  velocity 
being  communicated  and  absorbed,  and  perhaps  transmuted 
into  heat :  this  change  however  of  the  heat-forces  must  be 
neglected  at  present. 
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153.]  Imagine  a  body  to  be  under  the  action  of  no  external 
pressure,  and  its  molecules  to  be  acted  on  by  no  external  forces, 
so  that  the  molecules  are  in  a  state  of  relative  rest  from  the 
action  of  the  molecular  and  the  heat-  forces :  also  imagine^  by 
reason  of  some  external  force,  the  distance  between  two  mole- 
cules^ which  are  so  near  as  to  attract  each  other,  to  be  altered ; 
then  a  new  force  will  be  brought  into  action^  and  this  will  be 
attractive  or  repulsive  according  as  the  original  distance  be- 
tween the  molecules  is  increased  or  diminished.  Suppose  the 
original  distance  to  be  r^  and  the  increase  or  diminution  of  it^ 
which  1  shall  call  the  dilatation^  to  be  dr :  then  the  force  thus 
brought  into  action  is  a  function  of  the  original  distance  r  and 
also  of  dr.  We  know  that  this  force  is  zero,  when  dr  =  0,  what- 
ever is  the  distance  r;  and  therefore  dr  must  enter  as  a  factor 
into  its  mathematical  expression :  and  as  dr  is  infinitesimal,  we 
may  reasonably  suppose  that  it  enters  in  the  first  degree,  and 
that  all  higher  powers  of  it  must  be  neglected ;  also  the  force 
decreases  rapidly  as  r  increases,  and  vanishes  when  r  becomes 
finite.    The  law  of  it  therefore  may  be  expressed  by 

F(r)rfr,  (117) 

where  p(r)  is  a  function  of  r  which  vanishes  when  r  is  finite.   Of 
the  form  or  properties  of  F(r),  we  can  say  no  more  at  present. 

The  greatest  value  of  r  for  which  the  molecular  forces  act  on 
a  given  molecule  is  called  the  radius  of  the  sphere  of  molecular 
activity:  so  that  the  centre-molecule  is  acted  on  by  all  the 
molecules  within  the  sphere  of  activity,  and  by  none  outside 
of  it ;  the  sphere  therefore  includes  many  molecules,  and  the 
radius  of  the  sphere  is  infinitely  greater  than  the  distance  be- 
tween any  two  adjacent  molecules,  whatever  is  the  molecular 
constitution  of  the  body.  Now  imagine  f  to  be  a  molecule  of 
an  elastic  body,  and  imagine  the  sphere  of  activity  to  be  de- 
scribed about  p  as  a  centre :  let  any  plane  be  drawn  fhrough  p, 
whereby  the  sphere  is  divided  into  two  hemispheres :  and  at  f 
in  the  dividing  plane  let  an  infinitesimal  surface-element  o)  be 
taken,  and  imagine,  on  <»  as  a  base,  a  cylinder  to  be  taken  which 
is  bounded  by  the  surface  of  the  sphere  of  activity :  let  us  confine 
our  attention  to  one  of  the  hemispheres.  When  the  molecules 
are  displaced  by  the  action  of  external  forces,  the  small  cylinder 
standing  on  a>  is  displaced,  and  a  force  acts  on  »,  which  is  pro- 
portional to  (0,  and  which  may  therefore  be  represented  by  e»^ 
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where  e  is  called  the  coefficient  of  elasticity,  and  em  is  the  elastic 
force  exercised  by  the  hemisphere  on  o) ;  the  line  of  action  of 
this  elastic  force  is,  in  general^  inclined  to  the  normal  of  the 
plane  of  (a,  and  the  force  may  be  either  attractive  or  repulsive 
along  its  line  of  action :  if  the  line  of  action  of  eco  is  normal  to 
(a,  the  elastic  force  is  an  attraction  or  a  repulsion  according  as 
it  tends  to  draw  a>  from,  or  to  press  it  towards,  the  dividing  plane 
of  the  sphere.  If  the  line  of  action  of  the  elastic  force  is  parallel 
to  the  plane  of  «,  it  tends  to  make  the  cylinder  slide  on  the  di- 
viding plane^  and  it  is  then  called  the  tangential  elastic  force. 

In  a  similar  way  if  the  cylinder  raised  on  o)  is  in  the  other 
hemisphere  of  the  sphere  of  activity,  the  resultant  of  the  forces 
which  act  on  this  cylinder  is  the  elastic  force  e'o),  which  varies 
as  »,  and  whose  line  of  action  may  have  any  direction.  If  the 
plane  »  is  at  rest,  the  elastic  forces  eo»  and  ^a>  which  act  on  it 
are  equal,  and  have  the  same  line  of  action,  and  act  in  opposite 
directions. 

The  elastic  force  eo),  corresponding  to  od,  will  doubtless  not 
be  the  same,  throughout  every  body,  as  to  intensity  and  line 
of  action,  even  if  <a  remains  equal  and  moves  parallel  to  itself; 
also  at  a  point  f,  it  will  generally  vary  as  the  direction  of  co  is 
changed,  that  is,  as  the  position  of  the  dividing  plane  of  the 
sphere  of  activity  is  changed.  In  crystallised  bodies,  this  is 
evidently  the  case :  because  such  a  body  consists  of  molecules 
which  have  different  attractive  powers  in  different  directions, 
and  at  their  different  faces,  and  admit  of  different  compressions. 
And,  similarly,  if  the  texture  of  the  body  is  fibrous,  the  elastic 
force  in  the  direction  of  the  fibre  is  doubtless  different  to  that 
which  is  transverse  to  the  fibre.  Also  in  bodies  of  such  textures 
the  surface  which  limits  the  distance  of  molecular  activity  is 
generally  not  a  sphere :  a  sphere  however  is  sufficient  for  our 
definition  of  elastic  force.  Thus  in  the  functional  expression 
for  the  molecular  force  (117),  p(r)  will  vary  as  the  direction  in 
which  r  is  taken,  and  will  therefore  be  a  function  of  the  direc- 
tion-angles which  determine  r :  and  it  will  also  generally  change 
with  the  temperature,  and  as  the  temperature  varies  from  one 
point  to  another,  so  will  also  F(r). 

Our  problem  is  this :  we  shaU  consider  a  body  of  any  mate- 
rial and  form,  the  constituent  molecules  of  which  are  subject  to 
forces  of  the  kind  which  we  have  stated.  Other  external  forces 
act  on  it  and  produce  displacements  of  the  molecules,  and  hereby 
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brmg  elastic  forces  into  action :  the  effects  of  these  forces  are 
to  be  determined. 

154.]  Let  o)  be  an  infinitesimal  surface-element  in  the  inte- 
rior of  a  solid  and  elastic  body,  and  let  the  elastic  force  acting 
on  it  due  to  the  action  of  given  external  forces  be  6a> ;  suppose 
the  direction-angles  of  the  line  of  action  of  this  elastic  force  to 
be  a,  /3,  y :  so  that  the  components  of  it  along  three  rectangular 
axes  of  coordinates  are 

e<a  cos  a,      ea>  cos  /3,      ecu  cos  y ; 

then,  by  the  preceding  Article,  these  quantities  are  functions 
of  07,  y,  z,  the  coordinates  of  o>,  and  of  the  direction-angles  of 
the  normal  of  o). 

Let  the  solid  body,  the  equilibrium  of  the  elastic  forces  of 
which  we  are  about  to  consider,  be  referred  to  a  system  of  rect- 
angular axes :  and  let  the  coordinates  to  a  certain  volume-ele- 
ment of  it  be  x,y^2\  let  p  be  the  density  of  the  volume-element : 
then  the  mass-element  is  pdxdydz:  also  let  x,  y,  z  be  the  com- 
ponents of  the  impressed  external  pressures  acting  on  a  mass- 
unit  ;  then  the  components  of  the  impressed  pressures  acting 
on  the  mass-element  are 

pxda^dydz,      pYdxdydz,      pzdxdydz:  (118) 

and  as  the  elastic  forces,  which  these  bring  into  action,  are  in 
equilibrium  with  these  pressures,  they  must  satisfy  the  six  equa- 
tions of  equilibrium.  Let  us  therefore  investigate  the  elastic 
forces  which  are  active  on  the  mass-element. 

Now  dy  dz  is  the  area  of  that  face  of  the  element  which  is 
perpendicular  to  the  axis  of  x :  let  the  elastic  coefficient  cor- 
responding to  it  be  €i,  and  let  the  direction-angles  of  the  elastic 
force  be  aipiyu  so  that  the  components  of  the  elastic  force 
acting  on  the  face  dydz  are 

dydz€iC09a]j     dydzei  cos  fiiy     dydzcicosyi;      (119) 

hence  also  the  components  of  the  elastic  force  acting  on  the 
opposite  face  of  the  elementary  parallelepipedon  are 

,    -   (                  rf.eicosai  -  )      J  J    {           o      d.eicosfii.  ) 
dydz  lei  cos  ai  H ^ dx>,   dydz  ^ ei  cos ^i  -f -z — ^dx^, 

dydz^ei  cos  yi^^^^^^^^dxlia^) 

and  these  of  course  act  in  directions  opposite  to  those  of 
(119),  and  the  differences  are 
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.dxdydz^:^^,    -dxdydz^:^^,    -d^dydz^:^^;  (121) 

similarly,  if  the  subscripts  2  and  3  refer  to  the  faces  perpen- 
dicular to  the  axes  of  y  and  z,  we  have  the  components  of  the 
differences  between  the  elastic  forces  on  the  opposite  faces, 

.dxdydz^:^^^,    -da^dydz^^^^^,    -dxdydz^^^^^m) 

.dxdydz^:^^,    -dxdydz^-:^^^,    -da^dydz^^^.  (123) 

And  these  forces  are  in  the  aggregate  to  balance  the  im- 
pressed pressures  given  in  (118)^  so  that 


d.Bi  cos  ai      d.e2  cos  a^      d.e^  cos  as  ^ 

d.eiGO%Q\      d.e2COs82      d.e^cosBz  ^ 

— ^  +  -^  +  -rf^+''"  =  ^ 

d,ei  cos  yi      d,e2  cos  72      d.e^  cos  73  _^  ^ 


(124) 


da?  dy  dz 

These  equations  however  admit  of  simplification  by  reason  of 
the  equations  of  moments  given  in  (95),  Art.  57,  which  signify 
that  the  moment-axes  of  the  couples  turning  the  element  about 
three  axes  parallel  to  the  coordinate  axes  vanish.  For  suppose 
the  three  rotation-axes  of  these  couples  to  pass  through  the 
centre  of  the  element :  then  x,  y,  z  act  at  the  centre,  and  have 
no  effects  of  rotation :  similarly  the  lines  of  action  of  ei  cos  ai, 
e%  cos  )32>  ^3  cos  ys,  and  of  their  increments  pass  through  the 
centre  of  the  element,  and  have  no  effects  of  rotation. 

And  as  to  the  other  faces ;  for  the  moment-axis  of  the  couple 
whose  rotation-axis  is  perpendicular  to  the  face  dydz,  we  hav& 
no  moment  of  rotation  for  e\  cos  )3i  and  for  ei  cos  yi  and  their 
increments,  because  their  lines  of  action  pass  through  the  centre 
of  the  face ;  nor  for  e^  cos  a^  and  63  cos  as  and  their  increments, 
because  their  lines  of  action  are  parallel  to  the  axis  of  ^ :  so 
that  there  remain  only  e2Cosy2  and  escos^s  and  their  incre- 
ments ;  and  in  respect  of  these  we  have 

dxdydz      (                  d.e^co^y^  ,  )  dxdydz 
€2COsya ^  +  JC2COS  ya  -h df^^^\  — f~" 

^  dxdydz      (  .    .  d.escosfis.  )  dxdydz       ^ 

-"^scosft — f jesCOSiSs-f  — ^^-^£foj — f—  =  0. 

Therefore,  neglecting  infinitesimals  of  the  higher  orders. 
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«»  COS  ya—Ci  COS  jSs  =  0:  (125) 

for  a  similar  reason 

Cacosas— eicosyi  =  0,  (126) 

61  cos /3i^  62  cos  as  =  0;  (127) 

therefore  of  the  nine  elastic  forces  contained  in  (124),  only  six 
are  independent. 

Let  the  components  of  the  elastic  forces  which  are  normal  to 
the  three  sides  of  the  parallelepipedon^  respectively  perpendi- 
cular to  the  axes  of  x,  y,  z,  be  Ni,  N2,  N3 ;  and  let 

eacosys  =  esCosjSs  =  Ti  1 

escosaa  =  ^icosyi  =  Tj  V\  (128) 

ei  cos  ft  =  e%  cos  03  =  T3  J 

where  Ti^  T2,  ts  are  the  tangential  forces  which  tend  to  turn  the 
element  about  axes  through  its  centre  severally  parallel  to  the 
axes  of  x,y,z:  so  that  (124)  become 


dNi      dn^      dTi 

dXs         dS2         rfTi 
rfT2         dTi         rfNs 


(129) 


which  equations  express  the  equilibrium  of  the  elementary 
parallelepipedon. 

155.]  Thus  also  will  the  sum  of  them  express  the  equili- 
brium of  any  finite  portion  of  a  solid  body,  whatever  is  its 
position  and  its  form^  provided  that  it  is  decomposable  into 
rectangular  parallelepipeda,  the  forces  of  which  are  parallel  to 
the  coordinate  planes.  If  however  the  bounding  facets  of  the 
body  are  inclined  to  the  coordinate  planes,  the  residue  of  the 
body  over  and  above  these  parallelepipeda  will  consist  of  tetra- 
hedra^  the  equilibrium  of  which  under  the  action  of  forces 
acting  on  their  surfaces  requires  further  investigation. 

The  tetrahedra,  according  to  the  mode  of  resolution  explained 
above^  will  have  three  faces  at  right  angles  to  each  other :  let 
the  fourth  face,  or  the  base,  be  inclined  to  the  coordinate  planes 
at  the  angles  whose  direction-cosines  are  l^m^n:  so  that  these 
are  also  the  direction-cosines  of  angles  which  its  normal  makes 
with  the  coordinate  axes.  Let  the  area  of  this  face  be  o),  and 
let  the  external  forces  acting  on  it  be  ox',  <»y',  <cz\     Let  the 
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elastic  forces  acting  on  the  three  facets  which  are  perpendicular 
to  each  other  be  expressed  by  the  same  symbols  as  in  the  last 
Article:  and  the  area  of  these  three  facets  are  »/, <»m, »n:  so 
that  the  equations  of  equilibrium  are 

/Ni-f  wTs+«Ta— x'=  0  1 

/Ts+WNa-f «Ti— y'=  0   V;  (180) 

/Ta  +  »»Ti  +  «N8  — Z'=  0  J 

the  three  equations  of  moment-axes  have  already  been  intro- 
duced into  these  equations  by  the  same  process  as  in  the  last 
Article. 


156.]  For  the  equilibrium  of  a  finite  portion  of  an  elastic 
solid,  (129)  and  (130)  must  be  satisfied  throughout  the  body 
and  its  whole  surface  respectively.  Let  us  therefore  multiply 
the  first  of  (129)  by  dxdydz,  and  integrate  throughout  the 
body,  so  that  we  have 

-^jfjpxdxdydz  =  0.    (181) 

In  the  first  term  of  this  expression,  let  the  ^^-integration  be 
performed;  whereby  we  have 

//[niJW^^^;  (182) 

Ni     being  the  definite  integral  of  Ni,  the  limits  of  which  are 

given  by  the  bounding  surface  of  the  solid.  Now  if  <i>i  and  oiq 
are  the  areas  of  the  facets  of  the  small  tetrahedra  at  these 
limits,  and  li  mitii,  lotnofh  &re  the  direction-cosines  of  the  nor- 
mals of  these  facets,  since  dydz  =  l<a,  (182)  is  the  difference 
between  the  values  of  Nio)/  at  these  two  limits ;  and  which  we 
may  represent  by  2.Nitt/,  wherein  the  sign  of  summation  ex- 
tends to  the  whole  bounding  surface  of  the  body :  and  operating 
by  a  similar  process  on  the  second  and  third  terms  of  (181)  we 

a.{Ni/-f-T3W-fTa«}«-|-///pxda?rfy(fo  =  0;  (188) 

and  therefore  substituting  from  (180)  we  have 

2.x'<a+l     pxdxdydz  =  0, 

and  using  the  notation  of  Art.  134,  Vol.  II,  and  writing  down 
the  equations  which  follow  from  the  second  and  third  of  (129), 
we  have 
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x'^dxdy  -{-       pxdxdydz  =  0 
Jfr'-dxdy  Jffffp^dxdydz  =  0    j>;  (134) 

/  /  z'—dxdy  -\-\Upzdxdydz  =  0 

which  equations  express  the  conditions  that  the  sum  of  all  the 
components  of  all  the  forces  along  the  three  coordinate  axes 
are  equal  to  zero. 

Again  multiplying  the  second  of  (129)  by  0,  and  the  third  by 
y^  and  subtractings  we  have 

dx  dy  dz 

the  diflTerentiations  being  partial.  Now  if  we  multiply  this  ex- 
pression by  dxdydz^  and  integrate  once  each  of  the  triple  inte- 
grals, and  follow  a  process  similar  to  that  pursued  above,  we  shall 

ff^{zY'-y^')dxdy+jjjp{zY^yz)  =  0 


jf—iicz'-zj!)dxdy-\-JJjp{xz-zx)  =  0 
jf^{yx:^x^)dxdy-\-jjjp{yx^xY)  =  0 


>\       (186) 


the  last  two  following  severally  from  the  third  and  first,  and  from 
the  first  and  second,  of  (129).  Thus  there  are  six  equations  of 
equilibrium  of  an  elastic  solid  body  acted  on  by  any  forces. 

157.3  The  preceding  investigation  shews  that  the  equations 
of  equilibrium  of  an  elemental  parallelepipedon,  combined  with 
those  for  the  equilibrium  of  an  elemental  tetrahedron  are  suffi- 
cient for  the  equilibrium  of  the  whole  elastic  body :  we  return 
now  to  the  consideration  of  the  element,  and  to  the  calculation 
of  the  elastic  forces  which  act  on  it ;  the  circumstances  of  the 
elements  in  the  interior  of  the  body  thus  come  under  considera- 
tion, as  well  as  the  determination  of  certain  properties  of  the 
six  elastic  forces  which  are  symbolized  by  the  n's  and  the  t*s. 
Now  the  functions,  which  these  symbols  express,  must  satisfy 
the  three  equations  (129),  and  also  be  subject  to  the  conditions 
at  the  surface  given  by  (130) ;  but  three  partial  differential 
equations  of  the  first  order  will  give  us  only  three  undetermined 
functions,  and  the  three  conditions  at  the  surface  can  introduce 
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only  relations  which  these  must  satisfy ;  the  six  quantities,  the 
N^s  and  the  t's^  must  depend  therefore  on  three  functions. 

Let  the  elastic  body  be  referred  to  a  system  of  rectangular 
axes :  let  (x,  y,  z)  be  the  position  of  a  molecule  in  it :  let 
{af^ y\ z)  be  the  position  of  another  molecule  within  the  sphere 
of  activity  of  the  former :  and  let 

a/=a?H-A,  y'=  y  +  A:,  /=«  +  /:  (137) 

and  let  r  be  the  distance  between  these  two  molecules :  now  by 
the  action  of  external  forces  let  the  positions  of  these  molecules 
be  changed^  so  that  (a?,  y, «)  becomes  (a?+f,  y-fiy,  «-fO>  *"^d 
{af^  y\  /)  becomes  (^  -+  f ,  y'  +  ly',  /  +  f'),  and  r  becomes  r-^dr: 
then,  because  f ,  rj,  C  are  functions  of  x,  y,  z,  and  f',  rf,  {'  are 
functions  of  of,  y',  sf,  that  is,  o{  x-\-h,  y^k,  z  +  l,  by  (88),  Art. 
128,  Vol.  I,  we  have 


V;  (138) 


,  ^dx'         ^dy'         ^dz'    _ 


=  l*^(i)*^(i)*^(i)'r 


dyf'^^Xdzrs  +•••  +  ••• 

and  since  ^,  t;,  (  are  infinitesimals  in  reference  to  x,  y,  z,  neglect- 
ing infinitesimals  of  the  higher  orders,  we  have 

+*'l(S)+(|)}+»|(|)-(S)}-"|(|K(|)}^<>»»' 

let  a,  y3,  y  be  the  direction-angles  of  r,  so  that 

h  =  rcosa,  k  =  rcosyS,  /  =  rcosy; 


-h  COS  y3  cosy; 


-fcosacosyS-^ 


and  this  is  the  general  value  of  the  dilatation  of  the  distance 

PRICE,  VOL.  III.  H  h 

Digitized  by  VjOOQ  IC 


234  EQUILIBRIUM  OP  ELASTIC  BODIES.  L^S^- 

between  the  molecules,  which  are  originally  at  a  distance  r  from 
each  other. 

If  the  two  molecules  are  on  the  axis  otx,a  =  0,p=zy  =  9(JP, 

and  the  dilatation  =  r  {-=-) ;  similarly  the  dilatation  of  two  mole- 
cules at  a  distance  r  firom  each  other  on  the  axis  of  y  is  r  l-p-j ; 

and  on  the  axis  of  z,  r(g);   so  that  (g),  (g),  (g)  are 

severally  the  dilatations  of  a  line  of  an  unit-length  in  the  axes 
of  3p,  y,  and  z,  and  are  called  t?ie  linear  dilatations. 

As  these  quantities  lead  to  an  expression  which  has  been 
proved  before,  in  Art.  200,  Vol.  II,  by  a  diflTerent  process,  it  is 
worth  while  to  shew  the  identity  of  the  results. 

Under  the  action  of  the  external  pressures,  lines  which  were 
originally  dx,  dy^  dzy  become 

these  are  therefore  the  dilated  values ;  and  are  in  fact  com- 
pressed values,  if  the  dilatations  are  negative. 

Hence  also  an  element  which  was  originally  of  the  volume 
dx  dy  dZy  becomes  of  the  volume 

^*^{..(i)Hu(|)Hi.(g)r. 

and  neglecting  infinitesimals  of  the  highest  orders  becomes 
And  therefore  the  cubical  dilatation  of  the  volume-element  is 

-^^^KD-O  +  d)}-  a«) 

158.]  To  return :  in  the  expression  for  dr  in  (140),  if  the 
position  of  the  molecule,  which  was  originally  (a;,  y,  z),  and  is 
subsequently  (^  +  f,  y-hrjy  ^  +  0>  remains  the  same,  and  the 
other  molecule  changes  within  the  sphere  of  activity,  then 
a^  P,y  vary,  but  the  coefficients  of  the  cosines  involving  the 
partial  derived  functions  remain  the  same.  Hereby  we  are 
able  to  determine  the  general  form  of  the  components  of  the 
elastic  forces  acting  on  any  small  area  a>;  for  suppose  two 
molecules  to  be  at  a  distance  r  from  each  other,  and  suppose 
this  distance  to  be  increased  (or  diminished)  by  dr:  let  the 

Digitized  by  VjOOQ  IC 


159']  EQUILIBRIUM  OP  ELASTIC  BODIES.  236 

mass  of  one  molecule  be  m  and  of  the  other  m' :  and  let  the 

attractive  or  repulsive  action  due  to  the  dilatation  be  symbolised 

as  in  Art.  153,  then  the  attraction  or  repulsion  of  the  two  is  (see 

Art.  170, equation (1))  /   ,xj  /-iaa^ 

'   ^  ^  ^'     mmv{r)dri  (144) 

and  as  the  direction-angles  of  the  line  of  action  of  this  force  are 
o,fty,  the  components  are  easily  found  for  this  pair  of  particles : 
now  if  m  is  the  type-particle  of  the  small  cylinder  standing  on 
«,  and  !»'  is  the  type-particle  of  the  sphere  of  activity,  the 
^ggregsite  of  all  the  corresponding  components  will  yield  the 
components  of  the  elastic  forces ;  and  the  results  will  evidently 
be  of  the  form 

and  where  i  is  to  be  replaced  in  each  expression  by  1, 2,  and  3. 
Such  are  the  forms  of  the  general  results  for  the  particular 
kind  of  elastic  matter  which  we  suppose  to  be  the  subject  of 
the  forces,  and  these  are  arrived  at  without  determining  the 
particular  form  of  F(r);  each  of  the  above  contains  six  unde- 
termined quantities,  which  are  constant  in  the  case  of  a  solid  of 
constant  density  and  constant  elastic  force,  and  are  functions  of 
X,  y,  z  if  the  bodies  are  heterogeneous,  and  if  they  are  crystals ; 
and  therefore  there  are  in  the  whole  thirty-six  such  quantities, 
each  of  which  involves  a  definite  integral,  and  which  depends 
on  the  arrangement  and  other  circumstances  of  the  molecules 
of  the  elastic  body. 

159.]  For  the  purpose  of  application  let  us  consider  the 
forms  of  (145)  and  (146)  in  the  case  of  a  solid,  homogeneous 
and  of  uniform  elasticity,  and  in  which  the  quantities  a,  b,  &c., 
are  constant;  and  first  let  us  investigate  the  elastic  forces 
acting  on  that  facet  of  the  parallelepipedon  which  is  perpendi- 
cular to  the  axis  of  ^.  Ni,  the  normal  component,  evidently 
depends  on  f,  the  resolved  part  of  the  displacement  along  the 
axis  of  ^9  in  a  manner  different  to  that  in  which  it  depends  on 

nho, 
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rj  and  C'y  and  by  the  principle  of  sufficient  reason^  it  depends  in 
the  same  manner  on  each  of  these  last  two ;  therefore  in  the 

expression  for  Ni,  the  coefficient  a  of  (-^-  j,  is  different  to  b  the 
coefficient   of  (-7-)  and  of  ( j-);    and    for  a  similar    reason 

y-~)  -f  y-^j  will  have  a  coefficient  d  distinct  from  b,  which  is 

the  common  coefficient  of  the  other  two  terms.  Also  in  the 
expression  for  Ti,  the  parts  of  it  corresponding  to  (  will  be  dif- 
ferent to  those  corresponding  to  rj  and  f,  which  latter  will  be 
the  same.  Also  on  account  of  the  uniform  density  and  elasti- 
city of  the  body,  the  same  results  hold  good  of  the  other  n's, 
and  of  the  other  t's.  And  we  may  collect  the  results  in  the 
following  scheme : 


\dy> 

(S) 

(£)+(|)(I)h(S) 

\dyf  '^  W 

Nl 
Nj 

N3 
Ti 
T, 
Ts 

A 

B 
B 

a' 
b' 
b' 

B 

A 
B 

b' 
a' 
b' 

B 
B 
A 
B' 

b' 

A 

D 
E 
E 

d' 

e' 
e' 

E 
D 
E 

b' 
b' 
e' 

E 
E 
D 

b' 
e' 
d' 

wherein  the  several  letters  placed  under  the  quantities  in  the 
upper  row  are  the  coefficients  of  the  corresponding  quantities  in 
the  expressions  for  the  n's  and  the  t's. 

There  are  thus  eight  coefficients :  an  intelligible  conception 
of  a  body  of  constant  density,  and  of  an  elasticity  invariable  in 
all  directions,  will  enable  us  to  reduce  them  to  a  smaller  num- 
ber :  for  this  purpose  we  assume  the  two  following  laws  : 

Firstly ;  imagine  a  solid  body  of  the  given  molecular  struc- 
ture to  be  acted  on  by  a  pressure  in  the  direction  of  the  axis 
of  z^  so  that  the  molecular  displacements  are  in  accordance  with 
the  three  following  equations, 

f  =  0,     i;  =  0,      C--c»,  (148) 

that  is,  the  molecules  suffer  no  displacements  in  lines  parallel 
to  the  axes  of  ^  and  y,  and  that  parallel  to  the  axis  of  z  varies 
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directly  as  the  distance  of  the  molecule  from  the  plane  of  xy ; 
this  is  therefore  the  case  of  a  simple  pulling  force.  Now  for 
the  purpose  of  determining  the  special  forms  of  the  above  ex- 
pressions^ let  us  take  a  small  surface-element  o)  perpendicular 
to  the  axis  of  a,  raise  on  it  a  small  cylinder,  as  in  Art.  153^ 
and  investigate  the  elastic  force  acting  on  it.  Now  imagine^  as 
in  fig.  71^  F  to  be  a  molecule  of  the  cylinder  whose  base  is  a»^ 
and  Q  to  be  another  molecule  within  the  sphere  of  activity ;  and 
let  us  suppose  f  to  be  on  the  axis  of  x :  also  imagine  q'  to  be 
another  molecule  at  a  distance  from  f  equal  to  that  of  q,  and  at 
the  same  distance  below  the  axis  of  x^  and  suppose  all  these  to 
be  in  the  displaced  position  of  the  body :  then  the  actions  on  p 
of  Q  and  q'  in  directions  of  the  axes  of  y  and  z  neutralize  each 
other;  and  in  the  direction  of  the  axis  of  x  they  act  in  the  same- 
direction  ;  and  therefore  the  resultant  of  the  action  of  the  pair 
of  molecules  on  f  is  normal  to  the  base  o)  of  the  cylinder :  and 
as  for  all  molecules  in  a>  there  are  pairs  of  molecules  within  the 
sphere  of  activity^  so  will  the  aggregate  of  all  the  resultants 
give  a  force  perpendicular  to  the  plane  of  oi^  and  thus  there  will 
be  no  force  in  that  plane.     Hence 

Ta  =  Ts  =  0.  (149) 

Secondly ;  imagine  a  solid  of  elastic  matter,  such  as  we  have 
supposed^  to  be  twisted  about  the  axis  of  z ;  and  its  nature  to 
be  such  that  no  displacement  of  a  particle  takes  place  parallel 
to  the  axis  of  z,  and  that  the  displacements  in  directions  parallel 
to  the  axes  of  x  and  y  are  proportional  to  (1)  the  distance  of 
each  particle  from  th&  plane  of  xy,  (2)  the  distance  of  each  par- 
ticle from  the  axis  of  z :  then^  if  A  is  a  constant^ 

i  =  —kyz,       ri  =  kxz,       C=  0.  (150) 

Let  us  investigate  the  elastic  forces  acting  on  a  cylinder 
perpendicular  to^  and  raised  on,  a  small  plane  area  perpen- 
dicular to  the  axis  of  x.  In  fig.  72  let  f  be  a  molecule  within 
the  cylinder ;  and  let  q  and  q'  be  two  points  equally  distant 
from  FA  (which  is  parallel  to  the  axis  of  x)  and  in  the  plane 
xz :  also  let  q  be  the  projection  of  two  molecules,  m  and  mi, 
equally  distant  from  the  plane  of  xz^  and  on  opposite  sides  of 
it :  similarly  let  q'  be  the  projection  of  two  molecules  m'  and 
m\,  also  at  equal  distances  and  on  opposite  sides  of  the  plane 
of  xz :  and  imagine  all  these  to  be  in  their  several  positions 
after  the  displacements  have  taken  place,  and  the  elastic  forces 
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have  been  brought  into  action ;  and  these  positions  are  possible 
by  reason  of  the  hypothesis  which  we  have  made  as  to  the 
homogeneity  of  the  body.  Now  according  to  the  laws  of  dis- 
placement expressed  by  (150),  the  displacements  of  m^  f»'i  are 
less,  and  the  displacements  of  m,  mi  are  greater^  than  the  dis- 
placement of  F :  therefore  the  distances  of  m  and  m\  from  f  are 
increased  by  the  torsion^  while  those  of  mi  and  m'  are  diminished  : 
also  in  the  configuration  of  the  system  which  we  have  imagined, 
the  distances  of  the  four  molecules  from  p  are  all  equals  and 
therefore  the  actions  of  them  on  p  are  also  all  equal ;  two  how- 
ever are  repulsive,  and  two  are  attractive:  and  thus  the  total 
resultant  in  the  plane  perpendicular  to  fa  is  zero :  and  therefore 

Ni  =  0,        T2  =  0,        T8  =  0.  (151) 

In  the  plane  however  which  is  parallel  to  that  of  wy,  the  elastic 
force  parallel  to  the  axis  of  y  does  not  vanish,  that  is^  of  the 
three  components  of  the  elastic  force  on  this  plane  Ns  =  0, 
Ts  =  0,  Ti  is  finite ;  and  thus  the  elastic  force  which  the  torsion 
brings  into  action  is  tangential  to  the  circle  which  it  causes  any 
molecule  to  describe :  and  the  same  result  of  course  holds  good 
of  all  the  constituent  molecules  of  the  body. 

It  is  also  to  be  observed  that  as  these  results  are  true  for  the 
coordinate  axes  chosen  arbitrarily^  so  are  they  also  true  of  every 
system  of  axes.  This  may  be  proved  by  certain  analytical  trans- 
formations^ which  have  been  worked  out  by  M.  Lam^ :  but  as 
they  are  only  the  mathematical  interpretations  of  homogeneity 
and  constant  elasticity,  it  is  unnecessary  to  introduce  the  in- 
vestigations. 

160.]  Let  us  apply  the  results  of  the  last  Article  to  the  sim- 
plification of  the  expressions  in  (147).    From  (148) 

(!)  =  »■  (|)  =  0,  0  =  c,   (|)  =  0, 

.  • .     T2  =  b'c,       T3  =  a!c  ; 
and  therefore  by  reason  of  (149), 

a'=b'=0.  (152) 

Again,  from  (150),  and  bearing  in  mind  that  y  =  0,  we  have 

and  therefore  by  virtue  of  (151),  and  of  the  paragraph  foUow- 
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Hence,  if  we  replace  as  follows, 

B  =  A,       A  =  A  +  2/x,  (154) 

where  a  is,  by  reason  of  equation  (143),  the  dilatation  of  a  cube 
whose  volume  is  unity,  we  have  from  (147) 

-=»1(S)-(|)}-  -°1(S)-(I)|.  -»1(|)-(S)|  ■(>»') 

If  however  the  coordinate  axes  are  changed  from  one  rect- 
angular system  to  another,  it  will  be  found  that  the  n^s  and  the 
it's  cannot  continue  of  the  same  form  as  in  (156)  and  (157),  unless 
d'  =  fA ;  so  that  we  have  ultimately 

Ni  =  Ao  +  2M(g),   n,  =  AO  +  2m(^),   N8  =  Xo  +  2m(^),(168) 

wherein  only  two  constants  X  and  fx  are  involved;  and  these 
depend  on  the  law  of  the  elastic  action  of  the  body. 

Let  these  expressions  be  substituted  in  the  general  equations 
(129),  and  let  the  simplification,  given  in  (155),  be  intro- 
duced ;  then  omitting  the  brackets  indicative  of  partial  differen- 
tiation, we  have 


,^        da        id^c     dH     dH)  n 

^^'^^^d^-^^\d^^dy^^W^\^^'-'' 


(160) 


and  the  molecular  displacements  are  subject  to  the  laws  ex- 
pressed by  these  equations. 

These  equations  have  the  following  remarkable  property :  take 
the  ^-differential  of  the  first,  the  ^-differential  of  the  second,  the 
^^-differential  of  the  third,  and  add;  and  differentiating  twice 
(155),  we  have 
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and  therefore^  if  the  external  forces  are  such  that 

to  the  condition  expressed  in  which  equation  the  cubical  dilata- 
tion is  subject. 

161.]  As  to  the  coefficients  X  and  fjL,  they  are  quantities  of 
the  same  nature  as  the  n's  and  the  it's,  that  is,  they  are  elastic 
forces,    because   they  enter  into  the   expressions   (158)   and 

(159)  as  coefficients  of  l-p-j  &c.  which  are  numbers;  they  may 

be  expressed  therefore  as  ordinary  pressures :  their  values  for  a 
solid  of  uniform  elasticity  and  density  and  of  a  given  nature  are 
to  be  determined  by  experiment,  and  in  the  following  manner : 
Let  the  solid  be  subject  to  an  uniform  pressure  f  throughout 
its  surface,  so  that  its  bounding  form  remains  similar  after  the 
contraction  or  the  dilatation.  Suppose  that  the  origin  of  coor- 
dinates remains  fixed,  so  that 

i  =  ax,      r]=z  ay,      f  =  az,  (164) 

where  a  is  a  constant  depending  on  the  nature  of  the  body ; 
therefore  from  (158)  and  (159) 

Ni  =  N2  =  Ns  =  (8  \  +  2/ui)  a,  (165) 

Ti  =  Ta  =  Ts  =  0.  (166) 

And  as  the  normal  pressure  is  constant  throughout,  and  there- 
fore at  the  surface  it  is  equal  to  f, 

.-.     F  =  (8A-f2/ui)a. 
Let  a  be  the  cubical  compression  or  dilatation  of  the  body 
due  to  an  unit  of  pressure,  so  that  by  reason  of  (155)  a  =  3a, 

and  therefore,  if  a  is  found  by  experiment,  this  equation  gives 
a  relation  between  A  and  pi. 

Again,  suppose  a  body  to  be  cylindrical  or  prismatic,  and  its 
generators  to  be  parallel  to  the  axis  of  z :  and  also  suppose  the 
terminal  surface  at  each  end  to  be  perpendicular  to  the  axis 
of  z,  and  each  unit  surface  at  each  end  to  be  subject  to  a  force 
p ;  then  the  displacement  of  each  molecule  in  the  plane  parallel 
to  that  of  a^y  is  uniform ;  and  we  have 
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.'.     Ni  =s  N2  =  (c+2a)A-f  2fia, 
N8  =  (c  +  2a)X-f-2ftc,    . 

Tx  =:  Tj  =  Ts  =:  0; 

but  Ni  =  Ns  =  0,  since  there  is  no  lateral  pressure  on  the  sides 
of  the  solid ;  and  Ns  =  p. 

.-.     (c  +  2a)X  4-2^0  =  0, 
(c+2a)X  +  2/xc  =  p, 
u+A       p  A         p 


•  •     "  M     8X  +  2m'  ,        2m8A4-2m' 

also  a  =  2a-fc  =  3^. 

Let  tf,  as  in  Art.  149^  be  the  dilatation  of  an  unit-length  of 
the  prism,  under  the  action  of  an  unit  force^  and  which  is  to  be 
determined  by  experiment ;  and  so  that  pe  =s  c ; 

•      c-       ^-^^      ■  (168) 

which  gives  another  relation  between  A  and  fi :  and  from  it  and 
from  (167)  we  have, 

M  =  Q-^,  A  =  1-5-^.  (169) 

9c— a  a      9e— o 

I  am  unable  to  proceed  further  into  the  general  theory  of 
elasticity  of  bodies,  and  must  refer  the  reader  who  desires  more 
information  to  (1)  a  memoir  of  M.  Poisson  in  the  XXth  Cahier 
of  the  Journal  of  the  Polytechnic  School,  Paris,  1881 :  (2)  the 
treatise  on  Elastic  Bodies  by  M.  Lam^,  Paris,  1852 :  (3)  a  me« 
moir  on  Elasticity,  &c.  by  Mr.  J.  Clerk  Maxwell,  in  Vol.  XX.  of 
the  Transactions  of  the  Royal  Society  of  Edinburgh,  in  which 
the  results  are  tested  by  the  phsenomena  of  polarized  Light; 
and  (4)  some  memoirs  by  MM.  Lame  and  Clapeyron  inVoLYII. 
of  Crelle^s  Journal.  It  is  desirable  however  to  apply  the  prin- 
ciples on  which  the  preceding  investigations  are  founded  to  the 
solution  of  some  particular  problems. 

162.)]  And  I  will  first  consider  the  bending  of  an  elastic 
lamina. 

Imagine  a  rectangular  plate  of  an  uniform  elastic  action  and 
of  constant  density,  of  a  finite  length  and  breadth,  a  and  b ; 
and  of  infinitesimal  thickness  2r,  which  however  is  such  as  to 
develope  forces  of  elasticity  when  the  lamina  is  bent  in  the 
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direction  of  its  length  by  the  action  of  certain  external  forces. 
Also  imagine  the  plate  to  be  resolved  into  a  series  of  rods,  all 
of  which  are  parallel  to  the  length  a  of  the  plate,  and  are  of  in- 
finitesimal de^^ih'dz;  so  that  of  each  of  these  the  thickness  is 
2r  and  the  length  is  a.  When  the  flexure  takes  place  each  of 
these  rods  may  undergo  three  different  kinds  of  change :  (1)  the 
length  may  be  contracted  or  increased ;  (2)  the  absolute  curya- 
ture  may  be  altered ;  (3)  one  element  of  a  rod  may  be  twisted 
upon  the  consecutive  element  of  the  same  rod :  the  first  two 
effects  I  shaH  consider :  the  latter  will  not  enter  into  the  inves- 
tigation, as  the  material  is  supposed  to  be  of  a  non-crystalline 
texture,  and,  as  such,  to  be  incapable  of  developing  forces  which 
would  cause  the  twisting. 

Suppose  the  rectangular  plate,  fig.  73,  to  be  that  whose  length 
is  a  and  breadth  is  b ;  and  suppose  it  to  be  perpendicular  to  the 
plane  of  the  paper,  and  in  its  original  unbent  form  to  pierce  the 
plane  of  the  paper  along  the  axis  of  w :  also  suppose  it  to  be 
fixed  throughout  its  breadth  at  the  extremity  passing  through  o, 
so  that  when  the  plate  is  bent,  that  end  of  it  which  is  inter- 
sected by  the  plane  of  the  paper  at  o  may  be  unchanged  as  to 
position;  and  suppose  the  end  of  the  plate  at  a  to  be  stiff 
throughout  its  breadth,  so  that  the  plate  may  be  bent  by  a 
single  force  applied  at  that  extremity ;  and  thus  that  its  sur- 
faces, which  were  originally  plane  and  parallel  and  at  a  distance 
2r  apart,  may  be  the  two  surfaces  of  a  cylinder :  and  thus  all  the 
rods,  into  which  we  have  imagined  the  plate  to  be  divided,  will 
be  rods,  equal  and  similarly  bent,  of  the  form  delineated  in  the 
figure ;  and  where  x  and  y  are  the  pressures  parallel  to  the  axes, 
applied  at  the  extremity  a  and  causing  the  flexure  of  the  plate. 

Let  us  consider  the  bent  rod  of  infinitesimal  depth  dz,  and 
whose  under-surface  in  the  figure  is  oab;  and  let  us  assume 
that  the  molecules,  which  in  the  bent  state  are  along  the  normal 
common  to  both  surfaces,  were  originally  in  a  line  normal  to 
the  two  plane  faces;  so  that  np'^p'  is  the  common  normal  to 
the  two  curves  op'  and  bp";  let  another  consecutive  normal  be 
drawn  to  these  curves,  and  let  it  meet  the  former  normal  in  n, 
so  that  n  is  the  centre  of  curvature.  Again,  let  the  rod  be  re- 
solved into  other  smaller  rods  or  fibres,  the  depth  of  each  of 
which  is  the  same  as  that  of  the  rod,  and  the  sum  of  the  several 
breadths  of  which  is  2r :  then  each  of  those  contained  within 
the  space  pVq"p"  is  of  course  parallel  to  p'q'  and  to  pV;  and 
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of  these  let  us  consider  pq.  n  is  the  common  centre  of  curva- 
ture of  all :  let  p  be  the  radius  of  curvature  of  that  one  which 
is  equally  distant  from  p'  and  p''^  and  which  I  shall  call  the 
mean  fibre;  and  let  <r  be  the  length  of  this  mean  fibre  con- 
tained between  pV  and  QV^  and  let  the  angle  at  n  =  rf^ ;  so 

**^  <r^pdylf.  (170) 

Let  </  be  the  length  of  pq^  and  let  pq  be  at  a  distance  u  from 
the  mean  fibre,  .      y^^^^^-^a^.  (171) 

u  being  positive  or  negative  according  as  pq  is  nearer  to  or 
farther  from  the  convex  side  of  the  plate  than  the  mean  fibre. 

Now  in  the  process  of  bending,  the  fibres  on  the  side  towards 
the  convexity  of  the  bent  plate  will  undergo  dilatation^  and 
those  towards  the  concavity  will  undergo  contraction.  For 
assuming  the  coefficients  of  dilatation  (or  contraction,  as  the 
case  may  be,)  to  be  different  for  different  fibres,  if  s  is  the  ori- 
ginal length  of  the  fibre  contained  between  p'p''  and  q'q'^^  we 
have  by  Hookers  law, 

<7  =  «(!  +  «),      <7'=#(l4-«'),  (172) 

and  which  correspond  to  dilatation  or  contraction  according  as 
e  is  positive  or  negative.  Therefore  from  the  last  three  equations 

l-\-e'  __  p+tt 

1-fe  ""      P    ' 
whence,  as  e,  e\  and  u  are  infinitesimal, 

^  =  c  +  -.  (178) 

P 
Whence  it  appears  that  if  the  length  of  the  mean  fibre  is  not 
changed,  that  is,  if  e  =  0,  then  e  and  u  have  the  same  sign ;  and 
therefore  the  fibres  undergo  dilatation  or  contraction  according 
as  they  are  on  the  side  towards  p V  or  p^'q''  ;  and  in  either  case 
the  change  of  length  is  proportional  to  the  distance  from  the 
mean  fibre. 

163.]  And  imagining  the  bent  lamina  to  be  in  a  rigid  state 
under  the  action  of  the  several  forces,  let  us  investigate  the 
elastic  forces  which  act  on  the  part  aqV  by  means  of  the  sec- 
tion q''qq\  Now  as  any  fibre  pq  has  undergone  expansion  or 
contraction,  so  does  it  tend  to  contract  or  expand ;  let  us  sup- 
pose its  force,  referred  to  an  unit  of  surface,  to  vary  as  the 
coefficient  of  elasticity;  so  that  the  force  acting  on  an  unit  of 

I  i  2 


Digitized  by  VjOOQ  IC 


244  ELASTIC  PLATES.  [164. 

surface  zs  ke;  and  let  us  suppose  the  thickness  of  the  plate  to 
be,  with  the  exception  of  a  variation  infinitesimal  in  comparison 
with  the  thickness,  the  same  as  before  the  flexure,  so  that  its 
thickness  is  2r  and  its  depth  is  dz ;  then  if  t  =  the  whole  force, 
and  this  acts  in  a  line  normal  to  q'^qq^ 

T  =:pke'dzdu;  (174) 

and  if  we  replace  e'  by  its  value  from  (173),  and  integrate, 

T  ==  2keTdz.  (175) 

Also  let  L  be  the  moment  of  these  elastic  forces  about  an  axis 
perpendicular  to  the  plane  of  the  paper  and  passing  through 
the  mean  fibre;  then 

/•t 

ke'dzudu 


5=  kdzr( 


e  +  -)udu 
pi 

=  ^^.  (176) 

Hence  it  appears  (1)  that  t  varies  as  the  contraction  or  expan- 
sion of  the  mean  fibre,  and  is  independent  of  its  curvature; 
(2)  that  L  is  independent  of  the  extension,  and  varies  directly 
as  the  curvature  of  the  mean  fibre :  (3)  that  t  varies  directly  as 
the  thickness,  and  i^varies  as  the  cube  of  the  thickness. 

Also  when  the  length  of  the  mean  fibre  is  not  changed  by  the 
bending,  e  =  0,  t  =  0,  and  l  remains  the  same. 

And  because  similar  results  are  truefor  each  rod  into  which 
the  plate  is  divided,  so  for  a  section  parallel  to  the  side  whose 
length  is  b  and  through  .the  whole  breadth  of  the  plate, 

T  =  2ft*er,  (177) 

2**t8  ,^^^' 

^  =  ^T  '  ^^^ 

and  if  w  it  the  area  of  the  section, «» =  26r ;  therefore 

T  =  *«»,  (179) 

.  =  ^.  (180) 

164.]  The  preceding  investigations  also  enable  us  to  find  the 
equation  to  the  curves  which  the  fibres  take.  Since  the  force 
T  (175)  acts  on  the  element  v'qIqI'-b"  at  the  side  qV^  an  equal 
and  opposite  foroe  acts  on  the  side  p'p'',  because  there  is  equili- 
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briam  and  no  other  force  acts.  And  as  the  same  result  is  true 
for  all  the  elements  of  the  lamina^  t  is  constant  throughout, 
and  is  therefore  equal  to  the  parts  of  x  and  y  which  are  normal 
to  the  end  at  a  ;  e  is  also  constant,  and  by  virtue  of  equation 
(175)  is  proportional  to  this  force,  and  is  positive  or  negative 
according  as  the  impressed  forces  act  to  dilate  or  contract  the 
mean  fibres. 

Let  (jpQ,  yo)  be  the  point  a  at  which  are  applied  forces  x,  t 
which  cause  the  bending  of  the  lamina :  then  these  forces,  to- 
gether with  those  applied  on  that  section  of  the  plate  whose 
intersection  with  the  plane  of  the  paper  is  q'q'',  keep  in  eqid- 
librium  the  part  of  the  plate  between  a  and  q'q".  Now  if  (x,  y) 
is  the  point  p^  x  and  y  will  also^  neglecting  infinitesimals^  be 
the  coordinates  to  the  point  of  intersection  of  the  mean  fibre  and 
qV  ;  and  therefore,  taking  moments  about  that  point,  we  have 
L  +  x(yo-y)-Y(a?o-a?)  =  0;  (181) 

and  substituting  for  l  from  (178),  and  replacing  p  by  its  equi- 
valent expression,  we  have  for  the  differential  equation  of  the 
curve, 

the  integral  of  which  will  contain  two  arbitrary  constants :  and 

these  will  be  determined  by  the  condition  that  -^  =  0,  when 

^  =5  y  s  0,  and  by  the  length  of  the  curve  between  the  origin 
and  (xo,  yo)  being  given. 

If  the  lamina  is  not  fixed  at  o,  a  force  equal  and  opposite  to 
the  resultant  of  x  and  y  must  be  supplied  at  it. 

165.)]  Let  us  consider  more  at  length  two  particular  cases 
of  (182)  in  which  the  forces  act  (1)  wholly  perpendicular  to, 
(2)  along,  the  plate  in  its  original  unbent  state.  In  the  first 
case  X  =  0 ;  so  that  (182)  becomes 

therefore  integrating,  see  Vol.  II,  Ex.  8,  Art.  878,  and  observing 
that  at  the  inferior  limit,  ^  =  0,  when  ^  =  0, 
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2.|=(2xo*-^«)(l  +  ^)*;  (184) 

.-.     dy  =  ^^ T, 

2cdx 
d$  =  ^^-= T  ;  (186) 

neither  of  which  expresdons  can  he  integrated  further. 

If  however  the  elastic  force  of  the  lamina  is  very  great  com- 
pared with  the  deflecting  force^  ^  is  yery  small,  and  neglecting 
the  second  and  higher  powers  of  it  we  have  from  (184) 
2cdy  5=  (2;Po^— ^)rf!a?» 
6cy  =  8a?o«»-a?»;  (187) 

hence  when  x  ^  Xq,    y  s=  yo  =  q^  ; 
and  therefore  replacing  c  by  its  equivalent, 

*'^"2iFA?' 
that  is,  the  distance  through  which  the  end  of  the  lamina  has 
been  moved  varies  as  the  deflecting  force,  as  the  cube  of  the 
length  (approximately),  inversely  as  the  breadth  of  the  plate, 
and  inversely  as  the  cube  of  the  thickness. 

166.)]  In  the  second  case,  suppose  y  =  0,  and  x  to  act^  like  a 
crushing  pressure,  towards  o :  then  if  the  lamina  under  the 
action  of  such  a  force  is  bent  at  all,  its  deflection  from  a  straight 

line  is  very  slight,  and  thus  ^  is  very  small :  I  shall  neglect 

therefore  the  second  and  higher  powers  of  it :  also  yo  =  0,  since 
the  force  x  acts  still  along  the  axis  oix\  therefore  (182)  becomes 


(188) 
(189) 


and  supposing  the  end  of  the  plate  to  press  against  a  rough 
fixed  plane  at  o,  but  not  to  be  fixed  as  heretofore,  we  have 

^  +  C»(y2-a«)  =  0; 


8  d^^^^y-^-' 

and  if  we  put 

2*At»  ~  "  ' 

we  have 

lil+^'y-O' 
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80  that  ^  =  ca,  when  y  = 
and  integrating  again        _ 


80  that  ^  =  ea,  when  9  =  0,  and  where  a  is  undetermined 


a  sin  c^,  (190) 

becaose  y  =  0,  when  ;p  r=  0.  The  plate  therefore  takes  a  corru- 
gated form,  the  section  of  which,  by  a  plane  perpendicular  to  it, 
and  parallel  to  its  length,  is  the  curve  of  sines.  And  from  (189) 
a  is  the  greatest  amplitude  of  this  curve,  and  therefore  is  very 
small  in  comparison  of  the  length  of  the  curve,  because  the  de- 
flection of  the  plate  from  a  plane  is  supposed  to  be  very  small. 

If  a  =  0,  the  plate  will  continue  plane,  and  its  length  will, 
by  reason  of  Art.  149,  be  slightly  diminished,   and  become 

a\l  —  e  ^T-)  •    If  a  is  not  equal  to  zero,  the  plate,  which  is  as  a 

rectangular  piece  of  watch-spring,  takes  the  corrugated  form, 
and  the  number  of  undulations  on  the  cylindrical  surface  will 
depend  on  c;  let  A  be  the  distance  oa,  then  since  y  =  0,  when 
w=ih,  c  and  h  must  be  related  by  the  equation, 

iri 

'  =  T' 

where  t  is  any  whole  number ; 

.-.     y  =  asin-^w;  (191) 

nh 

and  therefore  also  y  =  0,  when  a?  =  -r- ,  where  n  is  any  number 

from  0  up  to  f,  so  that  the  curve  cuts  the  axis  of  a?  in  1 4- 1 
points,  and  therefore  the  surface  has  t  elevations  or  depressions. 
Also  if  /  is  the  length  of  the  curve, 

and  omitting  the  fourth  and  higher  powers  of  a,  we  have 


1=  h  + 


4A    ' 


whereby  a  is  given  in  terms  of  h  and  /. 

167.]  The  greatest  value  of  the  compressing  force  x  which 
can  be  applied  at  the  end  of  a  spring,  and  not  bend  it,  is  called 
the  vertical  etrength  qf  the  spring;  in  this  case  2  =  A,  t  s  1 : 
therefore  from  (189)  2kbr^c^ 

8      ' 

8P    ' 
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and  using  for  I  its  approximate  value  a, 

X  =  ?^,  ,198) 

SO  that^  other  incidents  being  the  same,  the  vertical  strength  of 
the  spring  varies  inversely  as  the  square  of  the  length. 

Hereby  also  are  we  enabled  to  calculate  the  greatest  weight 
that  a  vertical  pillar  of  a  given  form  and  height  can  bear  with- 
out being  bent  by  the  weight. 

Suppose  the  piUar  to  be  of  a  height  h  and  its  transverse  sec* 
tion  to  be  rectangular^  the  sides  of  the  rectangle  being  a  and  b ; 
then  the  greatest  weight  which  it  will  bear,  without  being  bent 
perpendicularly  to  the  side  6,  is 

12A»  ' 
and,  without  being  bent  perpendicularly  to  the  side  a,  the 
greatest  weight  is  kv^a^b 

12Aa  ' 
and  if  the  transverse  section  is  a  square,  a=b,  and  the  strength 
of  the  beam  perpendicularly  to  either  of  the  sides  is 

w-  <"«> 

and  varies  therefore  as  the  fourth  power  of  the  side. 

Suppose  a  transverse  section  to  be  square  and  to  be  hollow, 
so  that  the  side  of  the  external  square  is  a  and  of  the  internal 
square  b ;  then 

the  vertical  strength  of  the  beam  =  — ^^r^s — - . 

Also  let  us  investigate  the  vertical  strength  of  beams,  the 
transverse  sections  of  which  are  of  forms  other  than  rectangles ; 
and  let  us  assume,  as  the  most  probable  hypothesis,  that  the 
mean  fibre  is  that  which  passes  through  the  centres  of  gravity 
of  all  similar  transverse  sections ;  then  l  must  be  calculated  in 
each  case,  as  in  Art.  163,  so  that  we  may  substitute  in  equation 
(181) ;  and  let  (  and  97  be  the  coordinates  to  any  element  of  the 
area  of  the  transverse  section ;  and  let  us  consider  the  following 
examples. 

Ex.  1.  The  section  of  the  beam  is  a  circle,  of  which  the 
radius  is  a. 

Suppose  the  mean  fibre  of  the  cylindrical  beam  originally  to 
be  coincident  with  the  axis  of  a: ;  and  ultimately,  if  bent,  to  be 
in  the  plane  of  a?y,  so  that  the  bending  takes  place  about  an 
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axis  perpendicnlar  to  the  plane  oixyi  let  (  be  taken  in,  and  -q 
perpendicular  to,  the  plane  of  xy :  then 


L 


80  that  (181)  becomes 

a  comparison  of  this  result  with  (194)  shews^  that  if  the  areas 
of  the  transverse  sections  are  equal  in  the  two  cases,  the  vertical 
strengths  of  the  square  and  the  circular  beams  are  as  tt  :  8 ; 
there  is  therefore  a  small  advantage  in  favour  of  the  square 
beam. 

Ex.  2.  Let  the  beam  be  circular  and  hollow :  let  a  be  the 
radius  of  the  external,  b  the  radius  of  the  internal  surface : 
then  by  the  last  result,  if  x  is  the  vertical  strength, 

Ex.  3.  Let  the  transverse  section  of  the  beam  be  an  isosceles 
triangle,  of  which  the  base  is  a  and  the  altitude  c :  then  if  the 
altitude  lies  in  the  plane  of  xy^  and  the  base  of  the  triangle 
becomes  convex, 

^  "  86^^  •'•     ^  ""  "36^- 

168.]  To  conclude  this  part  of  the  subject,  let  us  consider 
the  deflexion  which  a  given  rectangular  and  prismatic  beam 
undergoes,  when  it  is  fixed  in  a  horizontal  position  by  one  end, 
and  is  bent  by  its  own  weight. 

Let  a  be  the  length  of  the  beam,  b  its  thickness,  and  2r  its 
depth ;  and  let  it  be  placed  in  a  horizontal  position,  with  the 
side  2r  vertical :  then  as  the  deflexion  is  very  small,  we  may,  in 

equation  (181),  consider  ^o  =  a>  x  =  0,  and  -^  to  be  very  small, 

so  that  its  second  and  higher  powers  may  be  neglected.   Taking 
moments  for  the  section  QV^  in  fig.  73, 
_  2kb^d^ 
^  ""      3      *r»^ 
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and  as  the  weight  of  that  part  of  the  beam  which  lies  beyond  q'q" 
is  in  equilibrium  with  this  force  of  elasticity,  we  have,  if  p  =  the 
density  of  the  beam,  g  =:  the  earth's  attraction, 

2*4t»  rf«y       . 

•••     I  =  &{-'-<—>'>' 

because  -^  =  0,  when  a?  =  0 ;  therefore 
ax 

and  therefore  the  whole  deflexion  at  the  extremity  is 

that  is^  yaries  as  the  fourth  power  of  the  length  of  the  beam^ 
and  inversely  as  the  square  of  the  depth  of  the  beam. 

Such  are  the  principles  on  which  is  founded  the  mathematical 
inyestigation  of  the  strength  of  materials :  for  a  more  complete 
investigation  I  must  refer  the  reader  to  treatises  wherein  the 
subject  is  specially  discussed ;  because  the  constants,  which  are 
left  undetermined  in  the  preceding  expressions,  are  to  be  found 
by  experiment;  and  particular  and  very  delicate  apparatus^  the 
construction  of  which  requires  explanation,  is  needed  for  their 
determination. 
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CHAPTER  VI. 

ON  ATTRACTIONS. 

169.]  In  the  following  chapter^  amongst  many  properties  of 
matter  which  will  be  formally  stated  as  axiomatic  principles  of 
the  science  of  motion,  will  occur  one  which  is  called  the  law  of 
Inertia^  and  which  declares  that  matter  has  no  power  to  change 
the  state  in  which  itself  is ;  and  experiment  amply  verifies  it  in 
the  phsenomena  of  nature :  it  is  not  however  hence  to  be  in- 
ferred that  matter  has  no  power  of  acting  on^  or  of  influencing^ 
other  matter :  on  the  contrary^  matter  does  act  on  other  matter 
in  the  way  of  either  attraction  or  repulsion,  and  according  to 
certain  laws :  and  this  action  is  not  impeded  by  the  presence 
or  the  intervention  of  other  matter ;  every  particle  of  matter 
attracts  or  repels  every  other  particle  in  the  same  way  as  if  the 
two  existed  alone.  As  evidence  of  this  active  power  of  matter^ 
Nature  presents  to  us  many  phaenomena.  There  is,  in  the  first 
place^  that  universal  law  of  gravitation^  by  reason  of  which  every 
material  particle  of  the  celestial  system  exercises  on  every  other 
particle  a  force  which  varies  as  the  product  of  the  masses  of  the 
particles^  and  inversely  as  the  square  of  the  distance  between 
them ;  and  which  acts  along  the  line  joining  the  two  particles, 
and  tends  to  draw  them  nearer  together.  So  again  in  the  ex- 
planation of  magnetic  and  electrical  phaenomena,  there  are 
doubtless  two  states  in  which  particles  active  with  the  influence 
may  be :  and  the  attraction  or  repulsion  which  mutually  acts 
between  them  varies  as  the  product  of  the  intensities  of  the  two 
particles^  and  inversely  as  the  square  of  the  distance  between 
them;  and  the  force  is  attractive  or  repulsive  according  as  the 
particles  are  in  opposite  or  in  the  same  magnetic  states ;  and 
the  line  of  action  is  that  which  joins  the  two  particles.  There 
are  also  other  phaenomena  where  the  attraction  varies  inversely 
as  the  square  of  the  distance^  but  where  the  line  of  action  is 
not  that  which  joins  the  two  particles.  These  and  similar  cases 
require  investigation,  and  for  this  reason:    when  two  single 

Kk2 
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material  particles  attract  or  repel  each  other,  it  is  easy  to  con- 
ceive the  force  which  mutually  acts  from  one  to  the  other ;  we 
can  easily  imagine  the  tendency  of  the  one  to  move  towards  or 
from  the  other  in  the  straight  line  which  joins  the  two.  But 
when  one  material  particle  is  attracted  simultaneously  by  many 
others,  aggregated  into  a  finite  body  of  a  given  form  and  den- 
sity, the  determination  of  the  intensity  and  of  the  line  of  action 
of  the  resultant  force  requires  investigation ;  and  perhaps  also 
the  density  of  the  attracting  body  may  vary,  in  which  case  the 
difficulty  is  increased.  The  following  inquiry  will  be  for  the 
most  part  confined  to  the  cases  where  the  law  of  attraction  is 
that  of  the  product  of  the  two  attracting  particles,  and  of  the 
inverse  square  of  the  distance  between  them,  because  this  is  the 
law  of  gravitation,  and  generally  rules  in  cosmical  phsenomena : 
but  it  will  also  embrace  other  laws;  so  that  by  operating 
with  general  laws  we  may  determine  the  results  which  they 
necessitate,  and  by  a  comparison  of  these  with  the  works  of 
nature,  may  obtain  a  knowledge  of  the  special  laws  which  rule 
therein. 

And  the  investigation  is  of  great  importance  in  its  application 
to  natural  phsenomena :  the  determination  of  the  form  of  the 
earth  and  of  the  heavenly  bodies  depends  on  it.  It  underlies 
the  theories  of  Electricity,  Magnetism,  and,  in  many  cases,  of 
Heat.  Into  these  special  studies  I  have  not  entered :  but  I 
believe  that  the  general  theorems  which  are  investigated  in  the 
following  Articles  are  sufficient  for  a  full  comprehension  of 
those  subjects. 

170.]  As  to  the  attraction  varying  as  the  product  of  the 
masses  of  the  attracting  and  the  attracted  particles :  let  there 
be  two  particles  m  and  m'  at  a  distance  r  apart ;  and  let  the  law 
of  attraction  which  is  a  function  of  the  distance  between  them 
be/(r) ;  so  that  the  attraction  of  an  unit-particle  in  the  position 
of  m'  on  an  unit-particle  in  the  position  of  m  is  /(r) :  now  m' 
contains  m'  unit-partides ;  and  each  one  of  these  attracts  the 
unit-particle  in  the  position  of  m  with  a  force  /(r) ;  therefore 
the  whole  force  of  m'  on  the  unit-particle  in  the  position  of  m  is 
m'f(r) :  but  m  also  contains  m  unit-particles,  and  each  of  these  is 
attracted  with  equal  force  by  m';  therefore  the  whole  attractive 
(or  repulsive)  force  of  m'  on  m  is 

mm'fir).  (1) 
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If  the  attraction  varies  inversely  as  the  square  of  the  distance^ 

then  «itn' 

the  attractive  force  =  — j- ;  (2) 

and  in  all  cases  which  we  shall  investigate^  the  line  of  action  of 
the  force  lies  along  r. 

Suppose  now  m  to  be  the  mass  of  an  attracted  particle,  and 
£^v  to  be  a  volume-element  of  the  attracting  body,  and  p  to  be 
the  density  of  dv,  and  r  the  distance  between  m  and  dy^  then 
the  attraction  of  dy  on  m  is 

mpdyfir);  (8) 

and  the  attraction  of  the  whole  body  on  m  will  be  found  by 
means  of  the  Integral  Calculus. 

The  course  of  our  enquiry  will  be — (1)  to  solve  certain  parti- 
cular problems  of  attractions  of  rods,  plates,  shells,  and  solids 
on  given  particles  :  and  (2)  to  investigate  some  general  proper- 
ties of  a  function  (the  potential  of  attraction),  and  to  shew  that 
the  complete  solution  of  the  problem  depends  on  this  function, 
by  means  of  differeutiation  only.  And  let  it  be  observed  that 
whenever  the  law  of  attraction  is  not  expressly  stated,  it  is 
assumed  to  be  that  of  gravitation. 

171.]  The  attraction  of  a  straight  rod  or  wire  of  uniform 
thickness  and  density  on  an  external  particle.     Fig.  74. 

Let  o  be  the  attracted  particle  whose  mass  is  i9i,  and  let  ab 
be  the  attracting  bar :  of  which  let  the  density  be  />,  and  let  the 
area  of  a  transverse  section  be  » ;  from  o  draw  oc  perpendicular 
to  AB ;  let  CA  =  a,  CB  =  6 :  oc  =  c.  Let  fq  be  a  volume-element 
of  the  bar,  CT  =  y,  TQ  =  dy:  therefore  the  mass-element  at 
F  =  pnndy;  and  let  the  attractions  be  calculated  along,  and  per- 
pendicular to,  oc ;  let  the  attraction  of  the  bar  on  o  along  oc 
and  towards  c  =  x,  and  let  the  attraction  at  right  angles  to  oc 
and  towards  a  =  y.    Then 

the  attraction  of  p  on  o  along  of  ss     ^^  f ; 

therefore  the  attraction  of  p  on  o  in  the  direction  oc 

m»pdy 

=     ^         I  cos  FOG, 

_  tmapcdy 
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The  attraction  of  p  on  o  at  right  angles  to  oc 

mcipydy 


moipdy   . 
^      i  sinpoc. 


=£ 


{«»+»»)*' 


mmpcdy 

(c»+y»)* 

c     L(c»+y»)*J., 


» 


{sin  Aoc H-sin  boc}  ;  (4) 


ma>p  (CA      CB] 

C        (OA        OBJ 

m(opydy 

(ca  +  y2)» 


=£ 

(OB         OA) 


I{a  =  b,  so  that  c  is  the  middle  point  of  the  bar^  t  =  0,  and 

X  = sin  AOC ;  that  is,  the  attraction  of  the  bar  acts  only 

in  a  direction  at  right  angles  to  its  length. 

172.]  By  the  following  geometrical  construction  we  obtain  a 
remarkable  equivalent  for  the  attraction  of  a  rod  on  a  particle 
outside  of  it^  as  in  the  last  Article. 

From  centre  o,  fig.  75,  and  radius  oc^  describe  an  arc  of  a 
circle  meeting  oa^  ob^  of,  oq  in  the  points  a,  b,p,  q ;  and  sup- 
pose a  bar  of  the  same  material^  density,  and  thickness  as  ab  to 
be  bent  into  an  arc  of  a  circle^  and  to  coincide  with  the  arc  ab  ; 
then  the  attraction  of  this  bent  bar  on  o  is  the  same  as  that  of 
the  straight  bar  ab. 

From  o  as  a  centre^  and  with  the  radius  o?^  describe  a  small 
arc  PR;  then 

PQ  PRSeCQPR  OP 

—  =  =  — secpoc, 

pg  pq  op 

__  ^^* 


oj»* 
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OP*       op*  ' 
Now  the  attraction  of  pq  on  o  in  the  direction  op  =       ^^    , 

OP* 

and  therefore  is  equal  to         ^    ;  that  is,  is  the  same  as  that  of 

the  element  pq  of  the  circular  arc :  and  as  a  similar  result  is 
true  for  all  the  elements  of  the  circular  arc^  so  the  total  attrac- 
tion of  the  bar  ab  on  o  is  the  same  as  that  of  the  circular  bar 
ab.  If  the  angle  aob  is  bisected  by  the  line  on,  the  line  of 
action  of  the  whole  attraction  of  the  bar  ab  manifestly  is  on : 
OD  is  therefore  also  the  line  of  action  of  the  whole  attraction  of 
the  bar  ab  on  o. 

Hence  it  follows  that  if  o  is  capable  of  moving  towards  ab, 
as  each  element  of  its  path  bisects  the  angle  aob,  so  will  the 
path  be  an  hyperbola  of  which  a  and  b  are  the  two  foci,  and  the 
particle  will  iQtimately  meet  the  bar  at  a  point,  the  difference 
between  whose  distances  from  a  and  b  is  equal  to  oa— ob.  Thus 
if  o  is  a  particle  of  iron  filings  and  ab  is  a  magnetized  bar,  the 
path  which  o  will  take  in  moving  towards  a  b  is  an  hyperbola. 

Hence  also  if  three  bars  of  the  same  thickness  and  density, 
and  attracting  with  a  force  varying  inversely  as  the  square  of 
the  distance,  are  arranged  as  a  triangle,  a  particle  placed  in  the 
centre  of  the  circle  inscribed  in  the  triangle  is  equally  attracted 
in  all  directions. 

The  preceding  process  is  also  applicable  when  the  density  of 
the  attracting  bar  is  variable. 

Also  let  the  following  results  be  proved : 

(1)  The  attraction  of  a  bar  of  uniform  thickness  and  density, 
when  the  attraction  varies  directly  as  the  distance,  on  a  particle 
in  contact  with  it  at  distances  a  and  b  respectively  from  the 
ends  of  the  bar  is  _ 

and  therefore  if  the  attracted  particle  is  placed  at  the  end  of 
a  bar  whose  length  is  a,  so  that  i  =  0, 

tne  attraction  ^  — ^ — » 

and  is  the  same  as  if  the  whole  bar  were  condensed  into  its 
centre  of  gravity  at  the  middle  point  of  a, 

(2)  The  attraction  of  a  bar  of  uniform  thickness  and  density, 
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on  a  particle  in  the  same  straight  line  with  it^  and  at  distances 
a  and  b  severally  from  the  ends  of  the  bar,  is 

'^      ab 

(3)  The  attraction  of  two  straight  bars,  each  of  which  is  of 
uniform  thickness  and  density^  on  each  other,  in  the  same  straight 
line,  of  the  lengths  a  and  b,  and  at  a  distance  c  apart>  is 

and  this  is  of  course  the  force  which  is  required  to  keep  the 
bars  asunder. 

Since  the  result  involves  the  anharmonic  ratio  of  the  four 
points  which  are  the  ends  of  the  bars,  it  follows  that  if  ab 
and  CD  are  the  bars,  and  if  through  any  point  v  lines  va,  vb, 
vc,  VD  are  drawn  of  any  length,  and  any  line  a'b'c'd'  is  drawn 
cutting  them,  the  mutual  attraction  of  a'b'  and  c'd'  is  the  same 
as  that  of  ab  and  cd. 

(4)  Two  straight  bars  of  lengths  2  a  and  2  b  and  of  constant 
thickness  and  density,  and  each  particle  of  which  attracts  with 
a  force  varying  inversely  as  the  square  of  the  distance,  are 
placed  parallel  to  each  other  at  a  distance  c  apart,  and  so  that 
the  line  joining  their  middle  points  is  perpendicular  to  each  of 
them :  it  is  required  to  shew  that  the  force  necessary  to  keep 
them  apart  is 

^£^{{..  +  (A+«)»}4  +  {c»+(*-a)«}*}. 

173.]  The  attraction  of  a  bent  rod  of  uniform  thickness  and 
density  on  a  given  particle. 

Let  us  first  investigate  the  attraction  of  a  bar  bent  into  the 
form  of  a  circular  arc  on  a  particle  at  the  centre. 

Let  p  =  the  density,  <»  =  the  area  of  a  transverse  section  of 
the  bar :  a  =  the  radius  of  the  circle,  2a  =  the  angle  subtended 
at  the  centre  by  the  bar ;  fig.  76.  Now  it  is  manifest  that  the 
resultant  attraction  acts  along  the  line  oc  bisecting  the  sab- 
tended  angle,  for  the  resultant  attraction  which  is  p«rpendicnlar 
to  that  line  vanishes.  Let  poc  =  ^,  aoc  =  boc  =  a :  then 
the  attraction  of  the  bar  in  the  direction  oc 

a  J». 

2inwi)8ina  ^^n 

= ,  (b) 

a 


Digitized  by  VjOOQ  IC 


1 73-]  ATTRACTION  OP  CURVED  BARS.  257 

and  therefcHre  varies  directly  as  the  sine  of  half  the  subtended 
angle  and  inversely  as  the  radius  of  the  arc. 

Hence  the  whole  attraction  of  the  bar  ab,  in  Art.  171,  on  o, 
and  along  the  line  od^  see  fig.  75,  is 
2m»p   .    AOB 
oc  2 

Hereby  we  are  enabled  to  solve  the  following  problems : 

Ex.  1.  Three  bars^  each  of  which  is  of  uniform  density  and 
thickness,  form  a  triangle ;  find  the  position  of  a  particle  placed 
within  the  triangle  which  is  equally  attracted  in  all  directions. 

Let  the  densities  of  the  bars  be  respectively  p,  a,  t,  and  let 
the  transverse  sections  of  all  three  be  the  same ;  let  the  perpen- 
diculars from  the  attracted  particle  on  the  sides  be  p^q,r;  and 
let  the  sides  subtend  at  the  attracted  particle  angles  2a,2p,2y; 
then  the  particle  is  kept  at  rest  by  the  three  forces 
2w6>p  sin  g  2m<a<rsinj3  2ma>rsiny 
p  q  r 

the  angles  between  the  lines  of  action  of  which  are  /3+y,  y  +  a^ 
a  +  /3;  or  180°- a,  180°- A  180°- y,  because  aH-j3  +  y  =  180°; 
and  therefore  by  the  triangle  of  forces,  Art.  19,  the  forces  are 
proportional  to  the  sines  of  these  angles ;  therefore 
par 
p'^q'^r' 
And  it  p=z(r=zT,  pz=q^r,  and  the  attracted  particle  is  at  the 
centre  of  the  circle  inscribed  in  the  triangle. 

Ex.  2.  Two  bars  ca  and  cb  of  the  same  constant  thickness 
and  density  meet  at  right-angles  and  attract  a  particle  placed 
at  the  foot  of  the  perpendicular  from  c  on  ab  ;  it  is  required  to 
find  the  magnitude  and  the  Une  of  action  of  the  whole  attraction. 

Let  CA  =  a,  CB  =  A,  a*+ d*  =  c*;  and  let  p  be  the  position  of 
the  attracted  particle.    Then  the  attraction  of  c  a  on  f  in  the 

line  bisecting  the  angle  apc  is -^ —  sin  45° ;  and,  similarly^ 

the  attraction  of  cb  on  f  in  the  line  bisecting  the  angle  bfc  is 
— T— ^ —  sin  45° ;  and  as  these  two  lines  of  action  are  perpen- 
dicular to  each  other^ 

the  resultant  attraction  = , .;      ; 

and  the  line  of  action  of  it  is  inclined  at  45°  to  each  of  the  lines 
CA  and  CB. 

FRICE*  VOL.  III.  L  1 
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From  (6)  it  appears,  that  the  attraction  of  a  circular  rod  on  a 
particle  at  its  centre  is  the  greatest  when  a  =  9(f,  that  is,  when 
the  arc  is  a  semicircle ;  and  if  a  =  180°,  that  is,  if  the  circle  is 
complete,  the  attraction  vanishes. 

Suppose  however  the  ring  to  be  complete,  and  the  attracted 
particle  to  be  in  the  plane  of  the  ring,  and  at  a  small  distance 
a;  from  the  centre ;  it  is  required  to  find  the  force  acting  on  the 
particle. 

Let  p  be  the  density,  and  <a  the  area  of  a  transverse  section 
of  the  ring :  a  =  the  radius,  fig.  77,  co  =  ^,  which  is  very  small, 
and  such  that  we  shall  neglect  the  third  and  higher  powers  of 
it ;  PCA  =  0,  QCP  :=  dO;  m  =  the  mass  of  o,  om  =  a  cos  6—x, 
OT^  =  a^—2aa^  cos  $-\'xK  It  is  manifest  that  the  ring  attracts 
o  along  the  line  coa  alone;  and  • 

the  attraction 

*       f'p<aad$ 
=  2m/    ' — =--cosPOM 

Jo        OP* 

rt  f'      (acosd— d?)d9 

=  2mpiaal   — ^ j 

Jo  (a*--2aFC0S^+a?*)* 

=  — f-     (acos(9— ^)(1 +  -r)     de 

a^    Jo  ^  a  a^f 

2mp(,^f'i  ^    8cos2^H-l        9cosd-|-15cos8^   ,)  ^^ 

ittnp^ 

and  therefore  the  attraction  varies  directly  as  the  distance  of 
the  particle  from  the  centre  of  the  ring. 

174.]  To  find  the  attraction  of  a  circular  ring  of  uniform 
thickness  and  density  on  a  particle  (m)  at  a  given  distance  from 
its  plane,  and  in  the  line  perpendicular  to  the  plane  and  passing 
through  the  centre  of  the  ring. 

Let  a  be  the  radius,  p  the  density,  c*  the  area  of  a  transverse 
section  of  the  ring,  c  the  distance  of  the  attracted  particle  from 
the  plane  of  the  ring ;  see  fig.  78 ;  suppose  the  plane  of  the  ring 
to  be  perpendicular  to  that  of  the  paper;  let  p  be  an  element 
of  it,  and  let  the  line  pc  drawn  frt)m  p  to  c,  the  centre  of  the 
ring,  make  an  angle  6  with  the  plane  of  the  paper ;  then  the 
mass  of  the  element  at  T  =  p(aadd;  and  the  attraction  of  p  on 

o  along  the  line  oc 

mpfi^adO 

=  — ^ 5- cos  POO ; 

c^  +  a*  ' 
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therefore  the  attraction  of  the  ring  =  — ;  2w. 

Hereby  we  can  determine  the  attraction  of  a  hollow  cylin- 
drical tube  on  a  particle  at  a  given  point  in  its  axis. 

Let  r  =  the  radius  of  the  interior  surface  of  the  tube,  r  =  the 
thickness,  p  =  the  density ;  and  let  the  distances  of  the  attracted 
particle  (m)  from  the  ends  of  the  axis  of  the  tube  be  a  and  b ; 
and  let  the  tube  be  resolved  into  a  series  of  rings  of  infinitesimal 
depth  by  means  of  planes  perpendicular  to  the  axis  of  the  tube  : 
then  if  ^  is  the  distance  from  m  of  any  ring  whose  thickness  is  djp, 

the  attraction  of  the  whole  tube 

=  2'ttmpTr  \ T if  • 

175.]  The  attraction  of  a  thin  circular  plate  on  a  particle 
(m)  in  the  line  passing  through  the  centre  of  the  plate  and  per- 
pendicular to  it. 

Let  the  attracted  particle  and  the  centre  of  the  plate  be  in 
the  plane  of  the  paper,  fig.  79 ;  and  let  the  plane  of  the  plate  be 
perpendicular  to  it.  Let  p  =  the  density,  r  =  the  thickness  of 
the  plate:  a  =  the  radius^  and  oc  =  c,  the  distance  of  the  at- 
tracted particle  from  the  plate.  Resolve  the  plate  into  concen- 
tric circular  rings,  of  which  let  the  radius  of  that  containing  the 
element  p  be  r,  and  the  depth  be  dr ;  then  if  acp  =  B,  pcq  =  dB, 

the  mass  of  the  element  at  p  =  prrdrdB; 
therefore  the  attraction  of  the  plate  on  o  in  the  direction  oc 
_  r^r^'  rdOdr 

""  ^^^  Jo  Jo    (c*H-r«)* 

1       T=" 


=  2vmpTC r 


The  attraction  of  the  plate  in  a  direction  at  right-angles  to  oc 
is  evidently  zero. 

Since  in  (7) r  =  cos  aoc,  it  follows  that  the  attraction 
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of  all  circular  plates  of  the  same  thickness  and  density  on  a 
particle  in  the  line  passing  through  their  centres  and  perpen- 
dicular to  their  planes  is  the  same^  if  their  diameters  subtend 
the  same  angle  at  the  attracted  particle.  Hence  if  a  right  cone 
is  divided  into  a  series  of  circular  plates^  all  of  which  are  of  the 
same  thickness,  by  means  of  planes  perpendicular  to  the  axis 
of  the  cone,  the  attraction  of  each  of  these  on  a  particle  at  the 
vertex  is  the  same. 

In  (7)  if  the  radius  of  the  plate  is  infinite,  that  is,  if  a  =  00 , 

the  attraction  =  2tt mpr, 

which  is  independent  of  the  distance  of  the  attracted  particle 
from  the  attracting  plate :  therefore  the  attraction  of  a  plate  of 
infinite  extent  on  a  particle  outside  of  it  is  the  same,  whatever 
is  the  distance  from  the  plate  at  which  the  particle  is  placed. 

Hence  for  particles  near  to  the  surface  of  the  earth,  the  earth^s 
attraction  is  constant ;  because  the  earth  may  be  conceived  to 
be  divided  into  a  series  of  thin  plates  by  planes  perpendicular 
to  the  vertical  line  passing  through  the  attracted  particle,  the 
radius  of  each  of  which  is  very  large  in  comparison  of  the  dis- 
tance of  the  particle. 

If  the  law  of  attraction  varies  as  the  nth  power  of  the  dis- 
tance, the  attraction  of  the  circular  plate  on  a  particle  outside 
of  it  in  the  line  passing  through  its  centre,  and  perpendicular 
to  its  plane, 

=  ^{(cH«^;-^-c-};         (8) 

which  is  the  same  as  (7),  if  n=  —2. 

176.]  To  determine  the  attraction  of  a  solid  of  revolution  on 
a  particle  in  its  axis. 

Let  the  solid,  fig.  80,  be  resolved  into  circular  slices  of  infi- 
nitesimal thickness  by  means  of  planes  perpendicular  to  the 
axis  of  revolution.  Let  o  be  the  attracted  particle,  of  which  the 
mass  is  m;  and  let  y  =/(<r)  be  the  equation  to  the  generating 
curve  of  the  bounding  surface  of  the  solid. 

Let  oM  =  ^,  MP  =  y,  oA  =  a,  OB=:d;  and  let  the  thickness  of 
the  circular  slice  pmp'  be  dx}  then  by  (7), 

the  attraction  on  o  of  the  differential  circular  slice 
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therefore  the  attraction  of  the  solid  on  m 

y  having  been  replaced  by  its  equivalent  value  in  terms  of  ^ 
from  the  equation  to  the  generating  curve. 

Similarly  may  the  whole  attraction  be  found  from  (8)^  when 
the  attraction  varies  as  the  nth  power  of  the  distance. 

Ex.  1.  To  find  the  attraction  of  a  right  cone  of  uniform  den- 
sity (p)  on  a  particle  at  its  vertex. 

Let  the  vertical  angle  =  a ;  so  that  the  equation  to  the  gene- 
rating line  is  y  =  ;i?tana; 
and  let  a  be  the  altitude  of  the  cone :  then  from  (10), 

the  attraction  =  27rmp  /  {1  —  cos  a}  dx 
Jo 

=  27rf»/>  (1  —  cos  o)  a. 

If  the  attraction  varies  as  the  nth  power  of  the  distance,  the 

attraction  of  the  cone  on  a  particle  at  its  vertex  is 

^^^^^  {(sec  «)--!}«-. 

Ex.  2.  The  attraction  of  a  circular  cylinder  of  length  a  and 
radius  c,  whose  density  is  constant,  on  a  particle  in  the  centre 
of  its  circular  end,  is,  if  the  attraction  varies  as  the  nth  power 
of  the  distance, 

Ex.  8.  To  find  the  attraction  of  a  sphere  of  uniform  density 
on  a  particle  external  to  it. 

Let  a  =  the  radius,  p  =  the  density  of  the  sphere;  m  =  the 
mass  of  the  attracted  particle ;  c  =  the  distance  of  the  particle 
from  the  centre  of  the  sphere,  so  that  the  equation  to  the 
generating  circle  of  the  sphere,  is 

y*-f  (^— c)*  =  a*. 
The  attraction  of  the  sphere  on  m 

_     '^^Pj^^^   I    "(fla_ca  +  2ca?)*) 

=  '-^  <") 

*""  (12) 


*.«  ' 
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if  M  =  the  mass  of  the  sphere :  but  as  c  is  the  distance  of  the 
attracted  particle  from  the  centre  of  the  sphere,  this  result  ex- 
presses the  attraction  on  each  other  of  two  particles  m  and 
M  at  the  distance  c  apart :  therefore  the  attraction  of  a  sphere 
on  a  particle  external  to  it  is  the  same  as  if  the  mass  of  the 
sphere  were  condensed  into  its  centre. 

This  result  is  physically  of  great  importance ;  because  in  the 
investigation  of  the  circumstances  of  a  particle  moving  under 
the  attraction  of  a  sphere,  every  particle  of  which  attracts  it 
with  a  force  varying  inversely  as  the  square  of  the  distance^  the 
attracting  sphere  may  be  supposed  to  be  condensed  into  its 
centre ;  and  the  problem  becomes  reduced  to  that  of  the  mutual 
attraction  of  two  particles. 

Also  if  two  spheres  attract  each  other,  the  action  is  the  same 
as  that  of  two  particles  whose  masses  are  equal  to  those  of  the 
spheres^  and  placed  at  the  centres  of  the  spheres :  and  there- 
fore the  force  which  acts  mutually  on  them  is  equal  to  the  pro- 
duct of  their  masses  divided  by  the  square  of  the  distance 
between  their  centres. 

Ex.  4.  To  find  the  attraction  of  a  homogeneous  sphere  on  a 
particle  on  its  surface. 

In  this  case,  y*  =  2aa?— a?* ;        therefore 

the  attraction  =  2'nmpJ     si—  (^)  ^  dx 

=  2vmp-^ 
t> 

4iTrmpa 

and  therefore  the  attraction  varies  directly  as  the  radius  of  the 
sphere. 

Ex.  5.  To  find  the  attraction  of  a  sphere  of  constant  density 
on  a  particle  within  it. 

If  c  is  the  distance  of  the  particle  from  the  centre  of  the 
sphere,  and  a  is  the  radius  of  the  sphere,  the  attraction  of  the 
liurger  segment  of  the  sphere  whose  base  is  the  plane  through 
the  attracted  particle  and  perpendicular  to  the  line  joining  it 
and  the  centre  is 

and  the  attraction  of  the  lesser  segment  is 
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and  the  attraction  of  the  whole  sphere,  being  the  excess  of  the 
former  of  these  over  the  latter,  is 

4ivmp 

-8-"' 
and  varies  therefore  as  the  distance  of  the  attracted  particle 
from  the  centre  of  the  sphere.  But  by  the  last  example  this 
would  be  the  case  if  the  particle  were  on  the  surface  of  a  sphere 
whose  radius  is  c ;  therefore  the  spherical  shell,  of  the  thickness 
a—c,  exerts  no  attraction  on  the  particle. 

Ex.  6.  By  similar  processes  let  it  be  proved  that  the  attrac- 
tion of  an  oblate  spheroid  on  a  particle  (m)  at  its  pole  is 

where  b  and  e  are  respectively  the  semi  minor  axis  and  the 
eccentricity  of  the  generating  ellipse.  And  that  the  attraction 
of  a  prolate  spheroid  on  a  particle  (m)  at  its  pole  is 

where  a  and  e  are  respectively  the  semi  major  axis  and  the 
eccentricity  of  the  generating  ellipse. 

177.]  The  Calculus  of  Variations  enables  us  to  solve  the  fol- 
lowing problem. 

To  determine  the  form  of  the  bounding  surface  of  revolution 
of  a  homogeneous  mass  of  given  volume,  so  that  the  attraction 
of  it  on  a  particle  in  its  axis  may  be  a  maximum. 

Let  u  be  the  attraction,  and  let  v(^  be  the  volume  of  the 
given  mass,  which  is  to  be  contained  between  Xi  and  ^o ;  ^nd 
thus,  if  r"  =  a?*-hy', 

u  =  2itmp£^l-^^da:,  (18) 

vc^  =:  vl  y^dx;  (14) 

Jo 

...     8«  =  0  =  [(l-J)jte]^-jr'|^rfy8ar-^rfir8y[,   (15) 

8.c»  =  0  =  [y«  Jte]  -f  {2ydyix-2yda!iy}  ;  (16) 

therefore,  if  it'  is  an  arbitrary  constant. 
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y«  =  Of*  (**-«*).  (17) 

Hence  it  appears  that  the  curve,  which  by  its  revolution  about 
the  axis  of  x  generates  the  solid,  cuts  the  axis  of  ^  at  the  origin, 
and  also  when  x^k\  thus Xq  =  0^  ^1  =  A:,  and  the  integrated 
part  of  (15)  shews  that  it  cats  it  in  both  points  at  right  angles. 
Also  substituting  from  (17)  in  (14)  we  have 

c^  =  f  (x^k*-x^)dx 

Jo 

16      ' 

4 
substituting  from  which  in  (17),  the  equation  to  the  curve  is 
completely  determined.     And  the  attraction  of  it  on  (m) 


=  2.m,£ll-f^\d. 


=  ^irmpk 

=  125/  ^^f^^  =  ^1  (**y^- 

Now  the  attraction  of  a  sphere  whose  mass  is  irpc'  on  a  particle 
(m)  at  its  surface  is 

(3)  ^mpc  =  A, (say);  .-.     ^  =  {|^)  • 

Every  particle  on  the  surface  of  the  solid  of  given  mass  and  of 
greatest  attraction  attracts  (m)  with  equal  force  in  the  direction 
of  the  axis ;  for  if  r  is  the  distance  of  any  particle  on  the  sur- 
face from  {m),  and  if  0  is  the  angle  between  r  and  the  axis,  from 
the  preceding  equations  we  have, 
cos^  ^    1 

which  is  constant,  and  therefore  is  the  same  for  all  particles 
on  the  surface. 

178.]  To  find  the  attraction  of  a  spherical  shell  of  infini- 
tesimal thickness,  and  of  constant  density  on  an  external  par- 
tide,  when  the  law  of  attraction  is  represented  by/ (distance). 

Let  the  centre  of  the  shell  be  the  origin ;  and  let  the  shell 
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be  referred  to  that  system  of  polar  coordinates  in  space,  which 
is  explained  in  Art.  146,  VoLII,  and  let  the  attracted  particle  be 
on  the  axis  of  2;  at  a  distance  c  from  the  centre  of  the  shell ;  let 
r  =  the  radius,  dr  =  the  thickness^  p  =  the  density  of  the  spheri- 
cal shell :  so  that 

the  mass-element  of  the  shell  =  pf^AnOdrdOd^i 

let  tf  =  the  distance  of  this  mass-element  from  the  attracted 
particle  (m) ;  then  the  attraction  of  the  mass-element  on  the 
attracted  particle  along  the  line  joining  (m)  and  the  centre  of 

the  shell  is 

pmr»8ing(c-rco8g)y{u)  ^^^^ .  ^^^^ 

and  therefore  the  attraction  of  the  shell  on  {m) 

Jo  Jo  tt 

o         ^j  f'  sin  6  (c—r  COS  6)  _^,  .  , _  .,... 

=  2irpi»r*rfr/ -f{u)d0.  (19) 

But  since  tfi  =  r*— 2rccos^  +  c*; 

,-.     udu  =  rcsin^£^^, 

and  2cCc— rcosd)  =  tt*+c*— r*, 

and  when  $  =  v,  tt  =  c-|-^»  when  ^  =  0,  t*  =  c— r;  therefore 
substituting  in  (19),  the  attraction  of  the  shell  on  (m) 


=  I^/'V+c«-^)/(«)rf«. 

C  Jc—r 


(20) 


(1)  Let  the  law  of  attraction  be  that  of  the  inverse  square  of 
the  distance,  . 


tt» 


the  attraction  = 


irpmrdr  f^       £^^r^y+ 
^irpmr^dr 


[-^r: 


> 


(21) 


and  the  mass  of  the  shell  =  ^vpt^dr  =  m  (say), 

.'.     the  attraction  of  the  shell  =  — $-: 

and  is  therefore  the  same  as  if  the  mass  of  the  shell  were  con- 
densed into  its  centre. 

(2)  Let  the  attraction  vary  directly  as  the  distance:  then 
f{u)  =  u,  and 
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the  attraction  of  the  shell  =  ^^     —  [-^  -f     T^     tfi  I 

=  47rpmr»rfrc  (22) 

=  muc; 
and  therefore  the  attraction  is  the  same  as  if  the  mass  of  the 
shell  were  condensed  into  its  centre. 

Similarly  may  the  attraction  be  determined  for  any  other 
law  of  attraction. 

179.3  Hereby  the  attraction  of  a  sphere  on  an  external  particle 
can  be  determined  by  considering  it  as  resolved  into  a  series  of 
concentric  spherical  shells  of  infinitesimal  thickness. 

(1)  Let  the  sphere  be  homogeneous,  and  let  a  be  its  radius : 
then  if  the  law  of  attraction  is  that  of  the  inverse  square  of  the 
distance,  from  (21), 

the  attraction  on  (m)  =  — ^  /  r^dr 

c*    Jo 

and  is  the  same  as  if  the  sphere  were  condensed  into  its  centre : 
and  if  the  particle  (m)  is  on  the  surface,  c  =  a,  and 

the  attraction  =  — ^—  a,  (24) 

o 

and  varies  directly  as  the  radius  of  the  sphere. 

Let  the  law  of  attraction  be  that  of  the  direct  distance :  then 

from  (22), 

the  attraction  on  (m)  =  4Tr pmc  I  f^dr 

Jo 

=  if£^.  (25) 

and  therefore  is  the  same  as  if  the  sphere  were  condensed  into 
its  centre. 

(2)  Let  us  assume  the  density  of  a  particle  of  the  sphere  to  vary 
as  some  power  of  the  distance  of  the  particle  from  the  centre:  so 
that  the  sphere  is  composed  of  a  series  of  homogeneous  concen- 
tric shells,  the  dendty  of  which  is  different  for  different  shells. 

Thus  suppose  the  density  to  vary  inversely  as  the  distance 
from  the  centra,  and  the  law  of  attraction  to  be  that  of  the 
inverse  square  of  the  distance ;  then  by  reason  of  (21),  since 
k 
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the  attraction  on  (m)  =  — ^ —  f  rdr 

c*     Jo 


(26) 


And  if  the  attraction  varies  directly  as  the  distance, 
the  attraction  on  (m)  =  2'irpmckaK 

In  each  of  the  cases^  (21)  and  (22)^  as  the  attraction  of  the  shell 
on  (m)  is  the  same  as  if  the  shell  were  condensed  into  its  centre, 
80  will  the  attraction  of  the  whole  full  sphere  be  the  same  as  if 
it  were  condensed  into  its  centre. 

Now  in  celestial  mechanics  this  fact  is  of  great  importance : 
for  the  planetary  bodies  are  nearly  spherical^  and  the  density  of 
each  of  them  is  variable ;  and  they  are  probably  composed  of 
concentric  shells,  each  of  which  is  of  uniform  density,  and  the 
density  of  which  decreases  as  we  pass  from  the  centre  to  the 
surfiEice.  Thus  by  this  property  we  can  avoid  the  difficulty  of 
investigating  the  attracting  properties  of  them  as  solid  bodies, 
and  we  can  treat  them  as  single  attracting  material  particles. 

From  the  preceding  results  also  it  follows  that  supposing  the 
earth  to  be  nearly  a  sphere,  the  attraction  of  it  on  particles  ex- 
ternal to  it  varies  as  the  square  of  their  distance  from  the  centre 
of  the  earth.  Thus  if  ff  and  ^  are  the  attractions  of  the  earth 
on  the  same  particle  respectively  at  the  mean  surface  which  cor- 
responds to  the  radius  r,  and-  on  the  top  of  a  mountain  whose 
height  is  A,  then  ^       ^^^^^, 

180.]  And  the  preceding  results  suggest  another  important 
question :  Are  there  any  other  laws  of  attraction,  besides  those 
of  the  inverse  square  of  the  distance,  and  of  the  direct  distance, 
for  which  the  attraction  of  a  spherical  shell  on  a  particle  with- 
out it  is  the  same  as  if  the  shell  were  condensed  into  its  centre  ? 

If  p  =  the  density  of  the  shell,  and  c  is  the  distance  of  its 
centre  from  (m),  the  attraction  of  the  shell,  condensed  into  its 
centre,  is  ^irpmr*drf(c);  and  as  this  is  equal  to  its  attraction  in 
its  actual  form,  we  have  from  (20) 

4^irpmr»drf(c)  =  l^fH!^  r\u^+(^-r^)f{u)  du,       (27) 

where  the  form  of /is  to  be  determined.     Omitting  common 
factors,  and  integrating  by  parts  the  right-hand  member  of  (37), 

M  m  9 
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4^r(?J{c)  =  [(tt^-l-c^-r*)^}^")^"]'^  -  2j'^{ujf(u)du}du.  (28) 

Let   Jf(u)du  =  4>(u),     and  let   Ju4>(u)du  =  if{u);        (29) 

.-.     <t>\u)^f(u),  ylr\u)  =  u4>{u);  (30) 

and  therefore  from  (28) , 

4rcVlc)=  r(tt»  +  c2-r«)<^(tt)-2>^(tt)T'^'' 

=  2c(c+r)<^(c  +  r)-2c(c-r)<^(c-r)-2^(c+r)4-2^(c-r) 

^  o^«  rf  (V^(c-hr)-^(c-r)^ 

...    2,/(,)  =  ^|i(£±^0zi(£z!5|;  (31) 

which  is  a  functional  equation  to  be  satisfied  by  the  form  of/. 
Now  expanding  by  Taylor's  series^  we  have 

and  as  no  relation  exists  between  r  and  c,  the  coefficients  of  the 
several  powers  of  r  must  vanish  separately ;  therefore 

0  =  4-  ^^^ ;  and  80  on;  (34) 

dc      c 

but  from  (80),  i^'(c)  =  c4>(c) ;  therefore  from  (33), 

/(c)  =  ^<^(c) 

=  /(c), 
which  is  only  an  identity.    Also  since  fium  (30) 
t^'(c)  =  c<^(c), 
.-.     ^|r"(c)  =  ^(c)  +  c^'(c) 

=  0(c)+c/(c),  fi«m  (30); 
.-.     t^"'(c)  =  il>\c)+f(c)+cf'{c) 
=  mc)+cf'(c); 
therefore  from  (34),  if  3a  is  an  arbitrary  constant, 
^Ac)  +  cf'(c)  =  3ac, 
.-.     2ef{c)  +  c^f'{c)  =  3ac»; 

C»/(C)   =  AC»  +  B, 

where  b  is  another  arbitrary  constant :  therefore 

/(c)  =  AC  + -J;  (35) 
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and  this  value  of /(c)  also  makes  to  vanish  the  coefficients  of  all 
the  other  powers  of  r  in  (32) :  it  is  therefore  the  complete  solu- 
tion of  the  equation  (31). 

Thus  the  only  laws  which  satisfy  the  requirements  of  the 
problem  are  (1)  that  of  the  inverse  square  of  the  distance,  when 
A  =  0  and  B  is  finite ;  (2)  that  of  the  direct  distance,  when  b  =  0 
and  A  is  finite;  and  (3)  that  of  these  laws  in  combination, 
when  A  and  b  are  both  finite. 

These  are  of  course  the  only  laws  of  attraction  for  which  a 
sphere  can  attract  an  external  particle  with  the  same  force  as  if 
it  is  condensed  into  its  centre ;  because  the  sphere  may  be  re- 
solved into  a  series  of  concentric  homogeneous  shells,  each  of 
which  will  attract  with  the  same  force  as  if  it  is  condensed  into 
its  centre. 

Hence  also  two  homogeneous  sheUs  external  to  each  other 
will  attract  each  other  with  the  same  force  as  if  each  is  con- 
densed into  its  centre. 

181.]  To  investigate  the  attraction  of  a  homogeneous  spheri- 
cal shell  of  infinitesimal  thickness  on  a  particle  (m)  placed  within 
it,  when  the  law  of  attraction  is  represented  by  /  (distance). 

Let  all  the  quantities  and  symbols  be  the  same  as  in  Art.  178  : 
in  this  case  however  c  is  less  than  r,  and  the  limits  of  integra- 
tion in  the  expression  corresponding  to  (20)  are  r-|-c  and  r— c ; 
so  that  the  attraction  of  the  shell  on  (m) 

=  2^rV+c»-rV(«)rf«.  (36) 

C  Jr-c 

(1)  Let  the  law  of  attraction  be  that  of  the  inverse  square  of 
the  distance :  so  that  f(u)  =  —^  : 

Ttpmrdrr       r^—c^-ir  +  e 


the  attraction  =  "^"''  '^'    ^  , 

{2c-2c} 


irpmrdr 


=  0;  (37) 

therefore  the  attraction  of  the  shell  on  an  interior  particle  is 
zero,  and  the  particle  is  equally  attracted  in  all  directions. 

The  geometrical  proof  of  this  proposition  is  so  simple  that  it 
is  desirable  to  insert  it.  In  fig.  81,  let  the  centre  of  the  shell 
and  the  attracted  particle  be  in  the  plane  of  the  paper,  and  let 
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the  drcalar  ring  apbf'  be  the  section  of  the  shell  by  the  same 
plane.  At  o,  the  place  of  (m),  let  solid  angles  be  foimed^  which 
occupy  all  space  about  it:  and  let  each  be  considered  with 
reference  to  an  equal  opposite  and  vertical  one;  let  o  be  the 
area  of  a  spherical  surface^  described  from  o  at  the  radius  = 
unity,  which  is  intercepted  by  one  of  these  solid  angles :  then 
the  area  of  the  spherical  surface  intercepted  at  the  distance  r 
is  r^o) :  thus  a  mass-element  of  pjp^Q  at  the  distance  r  from  o 
s  pr^c^dr ;  and  as  the  attraction  of  this  on  m 

=  -jpr^<adr  =  mp(adr^ 

so  will  the  attraction  of  all  the  mass  at  pp^Q  be  mp^xvp: 
similarly,  the  attraction  at  v'p'qfol  is  mpiaxv'p' :  but  by  the 
geometry  of  the  circle  Yp  —  v'p'\  therefore  the  attractions  of 
these  masses  are  equal :  and  acting  on  o  in  opposite  directions, 
they  neutralize  each  other.  And  because  the  same  result  is 
true  of  every  pair  of  such  opposite  small  masses  into  which  the 
whole  shell  may  be  divided,  the  attraction  exercised  by  it  on 
the  particle  (m)  at  o  is  zero. 

The  shell  has  been  considered  to  be  of  finite  thickness^  but  it 
is  obvious  that  the  same  result  is  true  for  a  shell  of  infinitesimal 
thickness. 

Hence  it  follows  that  the  attraction  of  a  full  homogeneous 
sphere  on  a  particle  within  it  varies  as  the  distance  of  the  par- 
ticle from  the  centre :  for  if  a  concentric  spherical  surface  is 
described  passing  through  the  attracted  particle,  the  shell  lying 
outside  of  that  sphere  has  no  attraction  on  the  particle ;  and  it 
is  attracted  only  by  the  mass  lying  within  that  sphere ;  and  that 
varies  directly  as  its  radius :  see  equation  (24). 

If  the  sphere  is  composed  of  a  series  of  concentric  homo- 
geneous shells^  the  density  of  which  however  varies,  then  the 
attraction  of  all  those  lying  outside  of  the  concentric  sphere 
passing  through  the  attracted  particle  is  zero :  and  as  the  at- 
traction of  each  of  the  others  is  the  same  as  if  it  were  condensed 
into  its  centre,  so  if  c  =  the  distance  of  (m)  from  the  centre 
and  M  =  the  mass  of  all  those  shells  lying  nearer  than  (m)  to 
the  centre, 

the  attraction  of  the  sphere  on  {m)  =  — ^ ; 

and  if  the  matter  of  m  is  homogeneous,  so  that  m  varies  as  c\ 
the  attraction  varies  directly  as  the  distance  from  the  centre. 
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(2)  Let  the  attractioii  Taiy  directly  as  the  distance ;  then 

and  (36)  gives 

attraction  =  2^^^  [^  -  ^^7'>"'T'' 

and  which  is  the  same  as  if  the  shell  were  condensed  into  its 
centre. 

182.]  The  result  in  (37)  leads  us  to  inquire  whether  there 
are  any  other  laws  besides  that  of  the  inverse  square  of  the  dis- 
tance, for  which  the  attraction  of  a  homogeneous  spherical  shell 
on  a  particle  within  it  is  zero. 

In  this  case  from  (36), 

0  =  /      {tt«-|.c»-r>}/(tt)dM 

Jr-c 

=  [(«» + c*-r^)jf{u)  rf«][*'-  2j'*\ujf{u)  du}  du } 
now  making  the  rabstitntions  of  (29),  we  hare 

0  =  r(tt»+c»-r»)«/.(tt)-2^(«)T'^' 
.'.    0  =  c(r+c)il>(r+c)  +  e(r—c)il>(r—c)—ylf(r+e)  +  \jf{r—c) 

-d^i        c       r 

and  integrating, 

^'(r)+ylf"'ir)j^  +  ...  =  a  constant  =  aj  (88) 

and  as  no  relation  exists  between  r  and  c, 

^'(r)  =  A,  (89) 

^"(r)  =  0,  and  so  on. 
And  since  firom  (80),  ^'(r)  =  r«l>{r), 

.-.     r4>{r)  =  A,  <^(r)  =ff(r)dr  =  ^; 

.-.  /(r)=  -■^; 

therefore  the  law  of  the  inverse  square  of  the  distance  is  the 
only  one  for  which  the  attraction  of  a  homogeneous  spherical 
shell  on  an  internal  particle  is  zero. 
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188.]  Before  I  proceed  to  other  parts  of  the  subject^  there 
are  two  obseryations  to  be  made. 

(1)  In  the  preceding  investigations^  whenever  the  law  of  at- 
traction has  been,  as  to  distance,  that  of  the  distance  directly, 
the  attraction  of  the  body  on  the  attracted  particle  has  been 
the  same  as  if  the  body  were  condensed  into  its  centre  of  gravity. 
Now  this  property  admits  of  generalization,  so  that  in  all  cases, 
whatever  is  the  form  of  the  attracting  body,  the  total  attraction 
of  it  on  a  material  particle  is  the  isame  as  if  the  body  were  con- 
densed into  its  centre  of  gravity. 

Let  the  centre  of  gravity  be  taken  as  the  origin ;  (a,  fi,  y)  the 
position  of  (m)  the  attracted  particle ;  (x,  y,  z)  a  point  of  the 
attracting  body,  at  which  let  the  element  dxdydz  of  its  volume 
abut :  let  p  be  the  density,  and  r  =  the  distance  between  (m) 
and  dxdydz:  then  if  x, y,  z  are  the  resolved  attractions  along 
the  three  coordinate  axes, 

=  ml  1 1  prdxdydz 

J  p{a—x)  dxdydz 

Y  =  fnjjjp(fi'-y)dxdydz 

z  =  ml  I lp{y-'Z)dxdydz; 
but  because  the  origin  is  the  centre  of  gravity, 

1 1  Ipxdxdydz  =  1 1 1  pydxdydz  =  1 1 1  pzdxdydz  =  0; 
and  if  M  =  the  mass  of  the  attracting  body, 
M  =jjjpdxdydz; 

.•.     x  =  mMa,       Y  =  mMj9,       z  =  mMy; 

and  these  are  the  resolved  parts  of  the  attraction  of  m,  which  is 
at  the  origin,  on  m  placed  at  the  point  (a,  /3,  y) ;  and  therefore 
the  proposition  is  proved. 

(2)  Some  remarkable  results  arise,  when  a  spherical  shell  or 
a  sphere  attracts  a  material  particle,  if  the  law  of  attraction  is 
that  of  the  inverse  square  of  the  distance;  (1)  the  attraction 
of  a  spherical  shell  or  of  a  sphere  on  an  external  particle  is  the 
same  as  if  they  were  respectively  condensed  into  their  centres ; 
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and  (2)  the  attraction  of  a  spherical  shell  on  an  internal  par- 
ticle is  zero.  Also  we  shall  hereafter  shew  that,  Kepler's  laws 
being  assumed  to  be  true^  the  same  law  of  attraction  holds  good 
in  the  motion  of  the  celestial  bodies  ;  and  also  in  electrical  and 
magnetic  phsenomena^  results  can  be  explained  and  accounted 
for  by  the  same  law.  Now  is  there  for  this  law  any  a  priori 
probability?  Can  we  assign  any  reasons  why  the  attraction 
should  vary  directly  as  the  product  of  the  attracting  masses, 
and  inversely  as  the  square  of  the  distance?  Suppose  m  to  be 
the  mass  of  an  attracting  particle^  the  influence  of  the  attrac- 
tion of  which  on  other  matter  radiates  from  it  in  all  directions ; 
and  which  is  such  that  none  of  its  intensity  is  lost  by  the  pro- 
cess of  propagation ;  let  m  be  the  vertex  of  a  cone,  whose  ver- 
tical angle  is  (say)  2a;  and  let  us  consider  the  parts  of  spherical 
surfaces  which  are  described  from  (m)  as  a  centre  with  different 
radii,  and  are  intercepted  by  the  cone.  The  areas  of  these 
spherical  segments  vary  as  the  squares  of  their  radii,  and  the 
same  amount  of  attracting  influence  is  spread  over  each  one ; 
therefore  the  intensity  of  the  amount  of  attraction  on  an  unit 
surface  varies  inversely  as  the  area  of  the  spherical  surface  in- 
tercepted by  the  cone;  and  therefore  varies  inversely  as  the 
square  of  the  distance  of  the  unit  surface  from  the  centre  of  the 
cone,  that  is,  from  the  position  of  m ;  and  as  the  same  result  i? 
true  for  each  unit  which  is  at  the  same  distance  from  m,  there- 
fore, if  there  are  m'  units,  and  r  is  the  distance, 

the  attraction  =  — 5- ; 

and  thus,  on  the  hypothesis  that  none  of  the  attracting  influence 
is  lost  by  means  of  or  during  the  propagation,  the  law  of  attrac- 
tion is  that  of  the  inverse  square  of  the  distance. 

184.]  The  attraction  of  a  homogeneous  eUipsoid. 

Let  the  attracted  particle  (m)  be  at  the  origin,  and  let  the 
coordinate  axes  be  parallel  to  the  principal  axes  of  the  ellipsoid, 
the  centre  of  the  ellipsoid  being  at  (a,  /9,  y),  so  that  the  equation 
to  its  surface  is 

a2      +      bi      +      c*       ■"  ^  ^     ^ 

and  let  us  refer  it  to  the  system  of  polar  coordinates  explained 
in  Art.  146,  Vol.  II ;  so  that,  if 

PBICE,  VOL.  III.  N  n 
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/sin  B  008  d>\*     /sin  6  sin  0\*  .  /cos  d  \* 

asintfcos^      j3  gin g sin ^      ycostf  _       .  ., 

' — 55 — "*" — 45 —  +  -7r--»r'      (**> 

a*       A*       c^ 
(40)  becomes  Ar«-.2Br  +  c  =  0;  (42) 

and  if  r\  and  r^  are  the  roots  of  this  equation,  Vi  being  the 
greater,  and  r^  the  less, 

^^   ^  B  +  (B'-AC)t^  ^^  ^   B-(B'-AC)*  ^^^ 

If  p  is  the  density  of  the  ellipsoid, 

its  mass-element  =  pr*9ia$drd6d(l>; 
and  as  the  direction-cosines  of  r  are  sin  $  cos  ^,  sin  ^  sin  ^,  and 
cos  By  so  the  resolved  attractions  on  (m)  of  the  mass-element  are 
mp  (sin  ^)'  cos  ^  drdBd(f>y     mp  (sin  ^)^  sin  <^  drdBd<f>, 
mp  sin  ^  cos  ^  drMd<t> ; 
the  integrals  of  which  for  limits  assigned  by  the  geometrical 
conditions  of  the  problem  are  the  resolved  parts  of  the  total 
attraction. 

Let  X,  Y,  z  be  the  resolved  parts  of  the  attraction,  and  let  us 
first  consider  the  attracted  particle  to  be  within  the  ellipsoid ; 
so  that  the  limits  of  the  r-integration  are  ri  and  —  r2 ;  then 

I  =  /    /    /    mp  (sin  B)*  cos  4>  drdBd4>,  (44) 

^0  Jo  J^r^ 

Y=  m  p  {^  B)*  gin  <l)drdBd(l> J  (45) 

Jo  Jo  J-r^ 

z  =r  /    /    /    mp  sin  ^  COS  ^  drdBd<l>,  (46) 

Jo  Jo  J-r, 

Of  these  three  I  shall  consider  the  last,  because  it  is  the  most 
simple ;  and  results  which  are  derived  from  it  may  be  extended 
to  the  other  two  by  an  exchange  of  letters  only. 
.    Performing  the  r-integration,  and  replacing  ri  and  r^  by  their 
values  in  (48), 

z  =  /    /   mp  sin  (?  cos  ^  —  dBd<l>.  (47) 

Now  ^^^  -^^  ^ 

sintfcos^B  _  8in^co8g(yc^a8ingcos<^-f  c'fl*ffsin^sin^4-fl^yycos^) 
A         ""  (Ac  sin  ^  COS  </>)*+ (casing  sin  0)*  + (a  i  COS  d)'  ' 
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and  observing  that  the  denominator  is  a  rational  function  of 
sin  $  and  (cos  6)*,  and  that  the  first  two  of  the  three  terms  con* 
tained  in  the  namerator  are  rational  functions  of  the  same 
quantities,  and  also  observing  that  the  limits  of  the  d-integnir* 
tion  are  v  and  0,  by  virtue  of  the  theorem  in  (15),  Article  82, 
Vol.  II,  the  integrals  of  the  quantities  corresponding  to  these 
two  terms  vanish,  and  we  have 

z  =  2m  a»i2    f'f' m  0  (cos  6)^  dO  dtp ^ 

""        ^        Vo  Jo  (be  sin  0  cos  0)*  +  (ca  sin  ^  sin  ^)*  +  (a  A  cos  (?)* ' 

and  performing  first  the  ^integration,  we  have 

z  =  2.mpabyr sin  ^  (cos  ^)«  rf3 ^ 

Jo  {c»(sind)a  +  a«(co8d)«}*{c«(8in^)«  +  *^(cos^)»}* 

and  therefore  by  virtue  of  Theorem  VII,  Art.  82,  Vol.  II, 

z  =  ^Tftnpabyf  ~ -.  (49) 

Vo  {c«(8in^)«-ha*(cos^)a}*{ca(sin^)«-f-*^(cos^)«}* 

Let  cos^  =  /^      .-.     8in^rf^=  —dt;  and  since  /  =  0,  wheti 

d  =  ^ ,  and  /  =  1,  when  ^  =  0,  we  have,  substituting  in  (49), 

z  =  ^irmpabyl : .     (50) 

^      Vo  {c2  +  (aa-c«)n*{c«  +  (*^-c*)^*}* 
Similarly, 

.  .       n  fidt      ,.-, 

X  :=  4iirmpOcal r,      (51) 

'^      Jo  {a3  +  (A«-a«)/2}*{a2^(c«-a«)/»}* 

Y  z=  ^TrmpcaBl  : r;     (53) 

'^     Vo  {i2^.(c«-A«)^«}4{i2H-(aa-4«)/>}* 

which  definite  integrals  represent  the  resolved  attractions  of 
a  homogeneous  ellipsoid  on  an  internal  particle. 

Now  these  three  expressions  involve  elliptic  integrals  which 
cannot  be  expressed  in  circular  or  logarithmic  functions.  The 
problem  however  is  reduced  to  simple  quadrature;  and  the 
required  integration  involves  the  summation  of  the  attractions 
of  a  series  of  conical  shells,  whose  common  vertex  is  the  at- 
tracted point,  and  the  thickness  of  which  increases  directly 
as  the  distance  from  the  vertex,  because  the  r-  and  the  ^-inte- 
grations have  been  taken  between  limits  which  give  a  double 
conical  shell;  and  therefore  the  element-function  in  (51)  ftc.  is 
the  attraction  of  such  a  double  shell. 

/,  it  will  be  observed,  is  the  cosine  of  the  semi-vertical  angte 


N  n  2 
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of  the  cone :  the  axis  of  the  cone  being  that  principal  axis  of 
the  ellipsoid  parallel  to  which  the  attraction  is  resolved. 

Jacobi  has  pnt  the  three  preceding  expressions  for  x^  y^  z  under 
an  elegant  form  by  means  of  the  following  substitution : 

Let        /*  = y:  .•,*=  — 


««  +  «*'  '  *  2(a«-|-«)*' 

^  tt  +  a^' 

and  when  /  =  0,  ttsoo;  when  <  =  1,  tt  =  0:  therefore 

du 


/••  du 

=  ZTrmpabcal  —7:: —77 

Jo  («+a>){(tt+a«)(i*+A»)(«  +  c«)}* 

ir du 

Jo  (u-hfl*){(tt+a*)(tt4A^)(tt  +  c«)}*' 


2 

if  M  =  the  mass  of  the  ellipsoid.     Similarly^ 
Sump 


Y  = 


2 
8Mmy 


3r du 

Jo  (w-f-A*)  {(«  +  «*)(«  +  **)  (tt  +  c^)}*' 

Y* du 

Jo  (tt  +  O  {(«  +  «*)  («  +  *^)(tt  +  c«)}*' 


185.]  It  is  to  be  observed  that  the  values  of  x,  y,  z  in  (51)  &c. 
are  not  changed^  if  the  quantities  a,  b,c  are  replaced  by  ka,  kb, 
kc,  where  A:  is  any  number :  the  attractions  therefore  are  not 
changed  by  the  addition  or  subtraction  of  a  shell  contained 
between  two  ellipsoidal  surfaces  concentric  and  similar,  provided 
that  the  attracted  particle  is  within  the  interior.  Hence  we 
infer  that  a  homogeneous  shell  contained  between  two  similar 
and  concentric  ellipsoids  attracts  a  particle  within  it  equally  in 
all  directions.  This  theorem  is  generally  known  by  the  name 
of  Newton's  theorem  on  attractions^  and  is  proved  synthetically 
in  the  Principia.  To  it  also  the  geometrical  method  of  Art. 
181  is  immediately  applicable. 

In  fig.  82  let  o  be  the  attracted  particle,  and  let  the  shell,  of 
which  the  section  through  o  and  the  centre  by  the  plane  of  the 
paper  is  drawn  in  the  figure  be  contained  between  two  similar 
ellipsoidal  surfaces  concentric  and  similarly  placed,  and  let  us 
suppose  the  shell  to  be  homogeneous.     Consider  o  to  be  the 
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vertex  of  solid  angles  which  fill  up  the  space  around  it ;  and  to 
each  one  of  these  angles  let  the  opposite  and  vertical  angle  be 
drawn  as  in  the  figure  :  let  qfofV  be  one  of  the  lines  of  such 
angles  made  by  the  paper.  Now  of  similar  and  similarly  situated 
ellipsoids  it  is  a  property  that  pq  =  f'q';  let  a  be  the  area  of  a 
spherical  surface,  described  about  o  as  a  centre,  with  unity  as 
the  radius,  which  the  cone  intercepts :  so  that  the  volume,  of 
which  VQqp  is  the  section  made  by  the  paper,  consists  of  ele- 
ments, each  of  which  is  equal  to  af^dr,  and  the  attraction  of 
each  of  which  on  (m)  placed  at  o  is 

-—oif^dr  =  mpoidr; 

and  of  which  the  sum  is  mpo^  x  fq  ;  similarly  the  attraction  of 
F^QYy,  is  mpm  X  p'q^  which  is  equal  to  the  preceding;  therefore 
the  two  attractions  acting  in  opposite  directions  neutralize  each 
other :  aud  as  the  same  result  holds  true  for  all  the  solid  angles 
at  o,  so  the  resultant  attraction  of  the  shell  on  o  vanishes. 

As  this  proposition  is  independent  of  the  thickness  of  the 
shell,  it  is  also  true  for  a  shell  of  infinitesimal  thickness ;  and 
therefore  is  true  also  for  a  shell  of  any  thickness,  composed  of 
homogeneous  concentric,  similar,  and  similarly-placed  shells,  the 
density  of  each  of  which  varies  according  to  any  given  law. 

Hence  also  it  appears  that  if,  as  in  fig.  83,  (m)  is  without  the 
shell,  and  from  o  a  cone,  intercepting  a  spherical  area  (a>)  with 
a  radius  unity,  is  drawn,  the  attraction  of  the  intercepted  part 
of  the  shell  at  p  is  equal  to  that  at  q  ;  and  as  the  same  result  is 
true  for  all  similar  cones,  it  follows  that  if  o  is  considered  to  be 
a  pole  with  reference  to  the  exterior  ellipsoid,  the  polar  plane 
will  divide  the  shell  into  two  parts,  the  attractions  of  which  on 
(m)  at  the  pole  are  equal. 

186.]  In  the  cases  however  of  the  bounding  surfaces  being 
surfaces  of  revolution,  x,y,z  in  Art.  184  can  be  integrated  again. 

(1)  Let  the  spheroid  be  oblate;  that  is,  let  a  =  6;  and  let  e 
be  the  eccentricity  of  the  generating  ellipse  of  the  spheroid,  so 

**^»*  a»-c«  =  a^e\  c^  =  a2(l  -  c*) ; 

_  isTrpmca  P      fidt 


(58) 
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ainularly      y  = ^-^~ ^{sin-ie— e(l  — c*)*},         (54) 

e*       (        ae  e  ) 

4wmpy(-      (1  — e*)*  .     ,    >  ,c-, 

=  -/^|i — r^«^-^^5-  (55) 

Hence  it  appears  that  the  attraction  depends  solely  on  the 
eccentricity  of  the  bounding  spheroid,  and  is  independent  of  its 
magnitude. 

Thus  if  through  the  attracted  particle  a  spheroidal  surface  is 
drawn  similar  to  the  given  one,  it  will  attract  (m)  with  the  same 
force  BA  the  given  spheroid,  and  as  any  other  similar  concentric 
spheroid  which  includes  (m)  within  its  mass.  Hence  a  spheroidal 
shell,  the  surfaces  of  which  are  similar  and  concentric,  attracts 
a  particle  within  it  equally  in  all  directions. 

(2)  Let  the  ellipsoid  be  a  prolate  spheroid :  and  let  &  =  c ; 
also  let  the  eccentricity  of  the  generating  ellipse  be  e,  so  that 

then  we  have 

_  ^vmpb^a  n   Pdt 

,  =  ?!5££|i_(l:y!l'bgi±f|,  (57) 

._»^jl_(l^*,.,l±£|.  ,58, 

As  these  expressions  involve  the  eccentricity  only,  it  follows 
that  a  spheroidal  shell  the  bounding  surfaces  of  which  are 
similar  and  concentric  prolate  spheroids,  attracts  a  particle 
within  it  equally  in  all  directions. 

(8)  Let  the  bounding  surface  be  a  sphere :  a  =  4  =  c ; 

,  _  4Trmpa  4^'JTmpP  _  4rnmpy^ 

where  a,  ^,  y  are  the  coordinates  of  the  attracted  particle  from 
the  centre  of  the  sphere  as  origin. 

187.]  Returning  now  to  the  expressions  (44)  (45)  and  (46) 
with  the  object  of  applying  them  to  the  case  of  the  ellipsoid  attract- 
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ing  an  external  particle,  the  limits  of  the  r-integration  will  be  Vi 
and  r^,  ao  that 


=  /    /    /   fnptan0coHOdrdBd<f> 

Jo    Jo  Jr^ 

=/■/ 

Jo  Jo 


'  r'  2(B«-AC)* 


flip  sin  ^  cos  0  -^ —d6d<t>; 

'0  Jo  -A. 

but  as  this -expression  involFes  a  radical  quantity,  it  cannot  be 
integrated  further.  We  are  therefore  obliged  to  have  recourse 
to  a  different  method  of  investigation ;  and  for  which  we  are 
indebted  to  Mr.  Ivory. 

Let  the  centre  of  the  ellipsoid  be  the  origin,  and  {a,  fi,  y)  the 
position  of  (m)  the  attracted  particle.    Let  a,b,c  he  the  semi- 
axes  of  the  ellipsoid^  of  which  the  equation  is 
j?s       t/*       jgr* 

F  +  ^  +  F  =  ^^  ^^> 

and  let  us  consider  first  x,  which  is  the  resolved  attraction 

along  the  axis  ots;  now 

pm(a''X)dxdydz 

(61) 


^rrr pn^ 

JJJ  {(a-a?)«- 


and  performing  in  order  the  ^-,  y-,  jr-integrations,  we  have  for 
the  whole  ellipsoid, 

if      x  =  «|l-$-|l|;  (62) 


*  >«_«»^* 


Y  =  ^  (««_«»)♦,  (68) 

J-cJ-nJ-x  {(a_a?)«  +  (/3-y)»  +  (y-«)»}* 
Let  the  variables  be  changed  by  the  following  substitations : 
ar  =  of,  y  =  A»J,  «  =  cCi 

.-.     i*W+C  =  l: 
let       «  =  (l-.^-f«)*,  H  =  (!-(:»)*;  (66). 

ao  that  (64)  becomes 

J-iJ-bJ-m  {(a-af)«+03-A^)»  +  (y-cO*}* 
=  pmAcjr'^jr^[{(a-af)»+08-A,)»+(y-cO'}"*]*^Aj*: 

(a-a«)»+(/3-i„)«+  (y-eO'  =  n*  1  ^ 

(o+a«)»+08-i^)»+(y-cC)»  =  r,»  J  ' 
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...     x  =  p«.6c£/_"(l-^)rf,*.  (67) 

Suppose  now  that  there  is  a  second  ellipsoid  of  the  same 
density  as  the  former^  of  which  the  semi-axes  are  Oi,  bi,  Ci,  and 
which  attracts  a  particle  (m)  placed  at  (auPi,yi) ;  then  if  Ri  and 
K2  <ure  the  quantities  analogous  to  ri  and  r%  in  (67), 

Xi  =  pmb,ci  r  r  {-  -  i)  dri  dC;  (68) 

and  let  the  second  ellipsoid  be  such,  that  Bi  =  Ti,  and  R2  =  ^s* 
so  that  the  definite  integrals  in  (67)  and  (68)  may  be  equal ; 
then  we  have  ^^         ^^ 

also  because  ri  =  Bi,  and  r^  =  R29  we  have,  replacing  s  by  its  value, 

a2  +  /3«+ya  +  a»-2aa{l-ij»-C*}* 

-2A^iy~2cyf-(a»-i*)ij»-.(a«-c»)f« 

-2AiAT?-2cayif-(ai«-*i«)if-(ai«-Ci>)C«; 

and  a  similar  equation,  because  r2  =  Bs  :  therefore  equating 
coefficients, 

a«+/3«  +  y2  +  a2  =  ai^+A^  +  yi^  +  aiV  (70) 

aa=:  aiai,  bp  =  bipi,  cy  =  c^yi,  (71) 

a»-*«  =  ai«-*i*,  a«-c»  =  ai«-Ci«,  (72) 

.-.     ai>-a«  =  *i«- A«  =  Ci«-c*  =  a>  (say).  (78) 

Prom  (72)  it  appears  that  the  two  ellipsoids  are  concentric  and 
confocal,  that  is,  their  principal  sections  are  confocal. 
Also  from  (71) 

a       Oi'  b        bi'  c        Ci'  ^ 

from  which  substituting  for  a,  /3.  y,  in  (70),  and  observing  that 
all  the  terms  are  multiplied  by  equal  factors,  see  equation 
(73),  we  have  ^3       32       ^2 

and  .-.  by  (74)  ^'4.  §"  +  ^'  =  1;  (76) 

whence  it  appears  that  the  second  ellipsoid  passes  through  the 
point  which  is  attracted  by  the  first,  and  that  the  second 
attracted  point  lies  on  the  surface  of  the  first. 
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Now  to  determine  the  values  of  ai,  bi,  Ci,  ai,  /3i,  y,i ;  from  (78) 
(74)  and  (75)  we  have 

a»  ^  y^     _  „ 

which  is  a  cubic  equation  in  a>,  and  has  one  positive  real  root : 
because  when  it  is  expanded^  the  last  term  is 

which  is  negative :  and  therefore  if  a  =  00 ,  the  result  is  positive, 
and  if  a>  =  0,  the  result  is  negative :  there  is  therefore  one  posi- 
tive real  root ;  and  the  other  two  roots  of  the  equation  are 
n^ative*,  and  give  negative  values  to  (say)  Ai*  and  Ci* ;  and 
therefore  refer  to  two  other  surfaces  of  the  second  order  which 
pass  through  the  attracted  particle,  and  are  confocal  with  the 
ellipsoid,  and  which  are  therefore  hyperboloids  of  one  and  of 
two  sheets  respectively :  let  us  in  this  case  take  the  real  positive 
root :  and  we  have 

Oi*  =  «*  +  ©,  Aj*  =  A*  +  «,  Ci*  =  c*  +  a) 


2  _  .^        « 2  _  *'^'        ..2  _  j^V'   Y '    (^») 


«l*  =  -TT-  >  A*  = 


Cl*  =  C'  +  O)  1 
2  ^V'      [- 


The  attraction  of  the  second  ellipsoid  on  (m)  at  (ai,  /9i,  yi), 
which  is  an  internal  point,  may  be  found  as  in  Art.  184;  and 
thus  xi,  Yi,  Zi  may  be  expressed  as  in  (60),  (51),  (52);  and  we 

^ave  be  ca  ab 

^\9  hi  Ci  being  given  by  (78) :  so  that  from  (51)  we  have 
^Ttmpabcc 


X  = 


(a«+<»)*X  {a«+«  +  (A»-««)f»}*{o2+«  +  (c»-a«)<»}* 
and  also  similar  values  for  t  and  z. 

IS  the  ellipsoid  becomes  a  figure  of  revolution,  we  can  by  this 
process  find  the  attraction  of  it  on  an  external  particle :  thus 
for  example  let  us  take  the  oblate  spheroid :  here  a=ib;  and  if 
tfi-i»  =  (a«+«)c'»  =  (c*+M)e"», 

*         (a»+«)*  .'0  (1 -«'«/«)* 

(a«  +  a))te'8 

^  See  a  Memoir  by  Plana,  On  the  Attraction  of  a  homogeneous  Ellipsoid, 
Crelle's  Journal,  Vol.  XX.  page  189. 
PRICE,  VOL.  III.  o  o 
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Similarly  v  ^  If^^  {sin- V- «'(!-«'«)*}, 

and  Inhere  co  is  the  positive  root  of  the  quadratic  equation 

The  point  (ai,  /9i^  yi)  on  the  first  ellipsoid  is  called  the  point 
corresponding  to  (a,  p,  y)  on  the  second  ellipsoid  :  the  definition 
of  correspondence  being  that  given  in  equations  (74),  which 
assign  the  ratio  of  the  several  coordinates  to  be  the  same  as 
that  of  semi-axes  of  the  ellipsoids  which  are  parallel  to  them : 
thus  if  {Xytf, z)  (f, 77, 0  are  points  on  two  ellipsoids  whose  semi- 
axes  are  severally  a,  b,  c,  a,  fi,  y,  the  points  are  corresponding, 

and  therefore  we  may  enuntiate  the  theorem  contained  in  (79), 
and  which  is  known  by  the  name  of  Ivory^s  theorem,  in  the 
following  form  : 

The  attractions  with  which  two  confocal  homogeneous  ellipsoids 
attract,  parallel  to  each  axis,  equal  particles  placed  at  corre- 
sponding points  on  their  surfaces,  are  as  the  products  of  the  axes 
perpendicular  to  each  component. 

This  theorem  has  also  been  extended  by  Poisson  to  the  case 
in  which  the  law  of  attraction  is  any  function  of  the  distance. 

188.]  Hence  also  may  we  derive  the  following  theorem  which 
was  stated  first  by  Maclaurin,  but  in  only  a  particular  form. 

Two  confocal  homogeneous  ellipsoids  attract  an  external  par- 
ticle along  the  same  line  of  action,  and  with  forces  proportional 
to  their  masses. 

Let  X,  Y,  z  be  the  components  of  the  attraction  of  the  ellipsoid 
(a,  b,  c)  on  the  particle  (m)  placed  at  (a,  j3,  y) ;  and  let  x',  y  ,  z' 
be  the  components  of  the  confocal  ellipsoid  (ai,  bi,  Ci)  passing 
through  (a,  /3,  y)  on  the  corresponding  point  on  the  first  ellipsoid  : 
and  let  also  x",  y^',  z"  be  the  components  of  the  attraction  of 
the  second  ellipsoid  on  the  point  (a,  jS,  y)  on  its  surface.  Then 
by  (79),    x^^  L^  £±  1  =  £*. 

x'  ""  61  Ci'         y'  ""  CiUi'         z'  ~  aiii' 
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But  by  reason  of  (51)^ 

X  =  4sirmpoiCial  r 1, 

•^0  {ai>-h{V-ai«)/>}*{ai>-h((?i«-ai>)/»}* 

,^  iiirmpbiCiaa  n  fldt 

^  ^  «i         h  {fli>4-{V-Oi')^'}*{oi*+{Ci*-ai»)/«}*' 

the  last  two  being  inferred  hj  reason  of  the  symmetry  of  the 
formula,;  x  _    «Ac    _  v  _  «  ._.. 

Let  there  be  another  homogeneous  confocal  ellipsoid  of  the 
same  density,  and  of  which  the  semi-axes  are  af^  b\  c'\  and  let 
Xi,  Ti,  Zi  be  the  components  of  its  attraction  on  the  particle  (m) 
placed  at  (a,  ^8,  y)  without  it ;  then 

(83) 
(84) 


189.]  I  propose  now  to  investigate  certain  properties  of  a 
general  function  from  which  by  differentiation  the  components 
of  attraction  of  a  finite  body  on  a  given  particle  may  be  deter- 
mined. 

Let,  as  before,  x,  t,  z  be  the  components  of  attraction ;  (a,  /9,  y) 
the  position  of  (m)  the  attracted  particle,  (^,  y,  %)  the  place  of  a 
particle  of  the  attracting  mass,  of  which  dxdydzis  the  volume, 
and  p  is  the  density;  and  let  the  attraction  vary  directly  as  the 
product  of  the  masses,  and  inversely  as  the  square  of  the  distance ; 

■^  *^*      X  =  fff  pMa-a^)dxdydz 

pm{fi—y)dxdydz 


x" 

dh'd 

= 

Yi 

^=1  . 

a\h\C\ 

=  z''' 

X 

Xl 

_    T    _ 

"   Yi  " 

Z 

= 

abc 
a'b'i/  ' 

which 

proves 

the  theorem. 

-JiJw- 

=111-, 


pm{y'-z)dxdydz 


(85) 


{(a-a?)>-f(^-y)»-f(y-2^)»}» 

and  where  the  attractions  tend  to  draw  (m)  towards  the  origin : 

oo2 
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and  the  triple  integrals  extend  to  the  whole  mass  of  the  attract- 
ing body. 

Now  suppose  V  to  be  the  function  which  expresses  the  sum 
of  every  mass-element  of  the  attracting  body  divided  by  its  dis- 
tance from  the  attracted  particle,  so  that 

pdxdydz 


'Iff — 

JJJ  /ra-j 


(86) 


then      ipl^-fff ^(--^)^^y^^ _.  (87) 


.-.     x=~m(^);  (88) 

similarly      y  =  -  m  (^) ,  z  =  -  w  (^) ;  (89) 

and  thus  v  has  this  remarkable  property:  the  three  partial 
derived  functions  of  it  with  reference  to  the  three  coordinates 
of  the  attracted  particle,  when  multiplied  by  (m)^  are  the  com- 
ponents along  the  coordinate  axes  of  the  attraction  of  the  whole 
body  on  (m). 

V  has  been  named  by  Oauss  the  Potential  of  the  Mom  to  which 
it  refers :  evidently  if  it  can  be  found,  the  whole  attraction  may 
be  easily  found  by  means  of  its  components^  which  are  the  de- 
rived functions  of  v.  The  potential,  as  it  is  here  defined^  is  used 
in  a  restricted  sense  as  applicable  to  the  law  of  gravitation  only : 
to  other  laws  of  attraction  there  are  their  own  potentials,  and 
it  may  generally  be  defined  as  that  function,  the  partial  derived 
functions  of  which  with  respect  to  the  three  coordinates  of  the 
attracted  particle  are  the  components  of  the  whole  attraction. 
In  polar  coordinates  the  potential  for  the  law  of  gravitation^  if 
the  attracted  particle  is  at  the  origin,  is 

V  :=  JJJ pr  sin  edrded<f>.  (90) 

Also  if  R  =  the  whole  force  of  attraction^ 

190.]  Suppose  the  point  (a,  fi,  y)  to  be  on  a  curve  of  which 
£b  is  a  length-element,  so  that  the  direction-cosines  oids  Kse 
da  dp  dy 

ds'         *'         A' 
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then  the  resolyed  part  of  r  along  ds 
da        dp        dy 

=  -m^;  (92) 

d\ 
BO  that  "^-jZ  ^  ^he  resolved  part  of  the  total  attraction  along 

the  line  ds. 

Suppose  the  line  9  at  the  point  (a,  /3,  y)  to  be  such  that  the 
attraction  of  the  body  is  wholly  perpendicular  to  it ;  then 

£  =  0,  (98) 

.'.     V  =  a  constant;  (94) 

and  as  V  is  a  function  of  (a,  /3,  y),  this  equation  is  that  to  a  sur- 
face, to  which  at  every  point  the  line  of  action  of  the  resultant 
attraction  is  perpendicular.  Such  a  surface  is  called  a  stnface 
of  equilibrium  (surface  de  niveau),  and  at  every  point  of  it  a  par- 
ticle under  the  attraction  of  the  attracting  mass  will  remain  at 
rest.  The  lines  perpendicular  to  such  a  surface,  being  those 
along  the  tangents  to  which  at  each  point  of  them  the  resultant 
attraction  acts,  are  called  Unes  of  force.  Of  these  we  have  had 
an  instance  in  Art.  172 :  hyperbolae  are  the  lines  of  force  of  a 
straight  bar:  and  spheroids  are  the  surfaces  of  equilibrium. 
We  diall  hereafter  see  that  of  an  ellipsoid  attracting  an  external 
particle  the  confocal  ellipsoid  passing  through  the  particle  is 
the  sur&ce  of  equilibrium.  For  the  same  surface  of  equilibrium 
the  constant  in  the  right-hand  member  of  (94)  is  the  same ;  it 
changes  however  as  we  pass  from  one  such  surfEU^e  to  another. 
If  0  is  the  angle  between  ds  and  the  resultant  attraction,  by 

^^^^'  ncoBeds=  — mrfv. 


/ 


1 

Rcos^cb  ==  m(Vo— Vi); 
0 


where  vo  and  Vi  are  the  values  of  v  for  the  limiting  points  of  s ; 
and  therefore  if  «  is  a  closed  line,  and  if  the  integration  is  ex- 
tended through  the  whole  line. 


/. 


R  cos  0  <b  =  0. 
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191.]  For  a  simple  application  of  this  theory  of  the  potential, 
let  us  consider  a  sphere  consisting  of  homogeneous  concentric 
shells,  the  density  of  each  of  which  varies  as  some  function  of  the 
distance  from  the  centre,  and  let  the  attracted  particle  (m)  be  on 
the  axis  of  z  at  a  distance  y  from  its  centre.  Let  the  radius  of 
the  sphere  be  a,  and  let  the  density  of  a  shell,  the  internal 
radius  of  which  is  r,  be  expressed  by /(r) ;  then 

m^^  r^f(r)sined<f>dedr 
-    -    -     (y*— 2yrcos^-f  r*)* 

^iJ'f    rV(r)»nededr  ^^^ 

Jo  Jo  (y*— 2yrcos^+r*)* 

Here  we  have  two  cases,  according  as  the  attracted  particle  is 
external  or  internal ;  for  an  external  particle  y  is  greater  than  r, 
so  that  (y«  — 2yr-|-r')*  =  y—r^ 


=  ^f%V{r)dr 
y  Jo 


yJo 

M 


if  M  is  the  mass  of  the  sphere :  taking  the  y-differential  of 
which,  we  have,  by  reason  of  equation  (92),  the  attraction  along 
the  axis  of  z :  and  thus 

and  which  therefore  varies  inversely  as  the  square  of  the  dis- 
tance. 

For  an  internal  particle,  the  integral  (95)  must  be  divided 
into  two  parts,  the  former  of  which  will  correspond  to  the  shell 
on  the  interior  surface  of  which  the  attracted  particle  is,  and 
the  latter  to  the  sphere  on  the  surface  of  which  the  attracted 
particle  is :  so  that 

fafw   r^f(r) sin edSdr        „    fyf'   r^fir)smededr 

y  =  ^irf    I -\- Air  I    I r 

JyJo  (y»— 2yrcos^-hr*)*  Jo  Jo  (y>— 2yrcos^  +  r*)* 

=  4^'!rrrf(r)dr+—rr^f(r)dr', 
Jy  yJo 

therefore,  by  reason  of  the  Theorems  contained  in  (10)  and 
(11),  Art.  178,  Vol.  II, 
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and  because  4ir  /  r^f{r)  dr  is  the  mass  of  the  sphere  whose 

Jo 

radius  is  y,  it  follows  that  the  shell  lying  outside  of  that  sphere 
exercises  no  effect  on  the  attracted  particle. 

For  another  application  of  the  theory  of  the  potential^  let  us 
investigate  the  components  of  attraction  of  a  body  of  finite  dimen- 
sions on  a  particle  at  a  very  great  distance. 

Let  the  centre  of  gravity  of  the  attracting  body  be  the  origin ; 
and  (a,  fi,  y)  the  place  of  the  attracted  particle ;  then  if  «  =  the 
distance  between  the  attracted  particle  (m),  and  (x,  y,  z)  the 
place  of  an  element  of  the  attracting  body, 
«»  =  (a-a?)»  +  03~y)»  +  (y-.z)> 

=  (a»-|-/3>4-y')~2(aar-h^y-|-yz)-fa?>-|-y"-f2r» 

if  c  is  the  distance  of  m  from  the  origin.    Therefore  expanding 
i  =  -  + ^8 + 2^5 +  ...(98) 


=/// 


pdxdydz 


Of  the  terms  in  this  series^  the  second  disappears,  because  the 
origin  is  the  centre  of  gravity :  and  the  last  may  be  omitted, 
because  c  is  assumed  to  be  very  much  greater  than  any  value  of 
*'  y.  or  z :  therefore  rrfpO^dydz 


-m 


V 

c 


M 


if  M  =  the  mass  of  the  attracting  body. 
dy\  mua 


(99) 


=  -m{—\  = 

=  -m{—\  =        '""y 


(100) 
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and  therefore  if  b  is  the  resultant  of  x,  y,  z, 
__        mu        _  f»M 

and  is  therefore  the  same  as  if  the  whole  attracting  mass  were 
condensed  into  a  particle  at  its  centre  of  gravity. 

192.]  I  also  propose  to  investigate  the  attraction  of  an  el- 
lipsoidal shell  on  a  particle  (m)  external  to  it,  by  means  of  the 
potential,  and  according  to  the  method  which  has  been  pursued 
by  M.  Chasles*.  With  this  object  let  us  first  compare  with 
each  other  the  attractions  of  two  concentric  and  confocal  el- 
lipsoidal shells  of  the  same  density  on  an  external  particle. 

Let  there  be  two  ellipsoidal  surfaces  which  are  concentric, 
and  the  principal  sections  of  which  ar?  confocal;  and  which  we 
will  call  a'  and  a  :  on  a,  the  interior,  let  two  points  p,  q  be  taken, 
and  on  a',  the  exterior,  two  corresponding  points  p',  q'  ;  then 
pq'=p'q. 

Let  X,  y,  z  refer  to  the  interior  ellipsoid,  of  which  let  the  semi- 
axes  be  a,  b,c;  and  let  similar  letters  with  an  accent  refer  to 
the  exterior.    Let  q  be  (f ,  rj^  C)s  q'  be  (f ',  rf,  (') ; 

^  y2  g%  fl  ^3  f2 

•  •     a»  ^  ft*  ^  c«  ~  a»  ^  *«  +  c«  ~    ' 

Also  hj  reason  of  the  points  being  corresponding,  see  equations 

^^^>'  a_d      y_^      z_/ 

fl~o"      b~  b"     e~  c" 


(101) 
(102) 


also  as  the  principal  sections  are  confocal, 

a'«-a»  =  A'»-ft»  =  c'»-c*;  (103) 

.-.     (p'q)»-(pq')«  =  (a/-£)»-(jr-f')»+  -  +  - 

=  (^'-f)*-(-^()'+ •••+■■• 

=(^--«')(5-§)+('"-*^(S-S)+<'-->($-S) 

*  See  Liouville's  Journal,  Tome  V,  1840,  and  Comptes  Rendus,  Tome  VI, 
p.  903, 1838. 
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=  («'»-«»)  {1-1} 

=  0; 

.-.     p'q  =  pq'.  (104) 

Again,  hj  means  of  the  relations  (101), 

where  (a?,  y,  z),  (a/,  y',  /)  are  two  points  on  the  surfaces  of  the 
interior  and  the  exterior  ellipsoids  respectively. 

Suppose  now  that  there  are  two  ellipsoidal  surfaces  a  and  b, 
concentric,  similar,  and  similarly  situated,  and  that  their  equa- 
tions are  .         ,        . 

5-H|;-h$  =  n-  (107) 

And  suppose  that  to  every  point  in  the  shell  contained  between 
them  the  corresponding  point  is  taken :  then  the  locus  of  all  these 
corresponding  points  will  be  another  shell  contained  between 
two  concentric,  similar,  and  similarly  situated  ellipsoids,  which 
we  will  call  a'  and  b^  the  ratio  of  whose  homologous  axes  will 
be  n  :  1 ;  and  the  exterior  and  interior  of  which  will  be  con- 
focal  and  concentric  respectively  with  the  exterior  and  interior 
surfaces  of  the  former  shell :  and  because  (105)  is  true  for  each 
of  the  corresponding  points,  so  will  the  volumes  of  the  shells  be 
in  the  ratio  of  abc  to  dVd. 

Let  da^  da'  be  the  thicknesses  of  the  shells  at  the  extremities 
of  the  axes  a  and  ai ;  then  if  a  and  a'  refer  to  the  exterior  sur- 
fSaces  and  na,  na'  to  the  interior, 

da^a^na^       dci ^  ci^na' \ 

.-.     -  =  ^;  (108) 

a         a 

198.]  Let  (f,  17, 0>  (f  J  ri\  O  be  two  fixed  corresponding  points 
Q  and  q'  on  the  exterior  bounding  surfaces  a  and  a'  of  the  two 
ellipsoidal  sheUs;  and  let  there  be  two  other  corresponding 
points  F  and  p^  (a?,  y,  z)  and  (j/,  f/,  /) ;  and  at  these  let  the 
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volume-elements  dxdydz,  dafdyfds^  abut;  then  by  reason  of 

(104)  and  (105), 

dxdydz        abc   dafd'Jdsf  .tin^ 

— ;^;^  =  vls7  — :^ — '  (^^^) 

FQ  a  O  C  F  Q 

and  summing  these  expressions  so  as  to  include  the  two  shells, 
pdxdydz        abc  [[Cpdafdy'ds^  .,„. 

pq'       =  7W7JJJ        P'Q       '  <"^> 

that  is^  the  potential  of  the  inner  shell  on  the  particle  q'  exte- 
rior to  it  has  to  the  potential  of  the  exterior  shell  on  the  par- 
ticle Q  interior  to  it  the  ratio  of  the  volumes  of  the  shells. 

By  reason  of  (92)^  the  component  of  the  attraction  in  any 
direction  may  be  obtained  by  taking  the  partial-derived  function 
of  the  potential  with  respect  to  that  direction.    Now  since 

^pdx'dy'd;^ 
p'Q 

is  the  potential  of  the  exterior  shell  on  the  particle  q  placed 
within  it^  that  potential  is  constant^  see  also  (147)  Art.  198, 
because  the  attraction  of  such  a  shell  on  a  particle  within  it  is 
zero,  see  Art.  185,  and  therefore  its  derived  functions  vanish. 
As  the  right-hand  member  of  (111)  is  constant,  so  is  also  the  left- 
hand  member;  and  as  the  same  result  is  true  for  all  positions  of 
the  point  q'  on  the  exterior  ellipsoid  a',  so  the  potential  of  the 
interior  ellipsoidal  shell  is  constant  for  all  points  on  the  exte- 
rior surface  of  A^  a'  therefore  is,  by  reason  of  equation  (94),  the 
equilibrium  surface  of  the  ellipsoidal  shell :  therefore 

The  equilibrium-surface  of  an  infinitesimally-thin  ellipsoidal 
shell  attracting  an  external  particle  is  a  confocal  and  concentric 
ellipsoid  passing  through  the  attracted  particle. 

This  result  is  of  great  importance :  for  since  the  exterior  el- 
lipsoid is  the  equilibrium-surface,  it  follows  that  the  line  of 
action  of  the  resultant  attraction  of  the  infinitesimally-thin 
ellipsoidal  shell  is  normal  to  it. 

This  line  is  also  the  principal  interior  axis  of  the  cone  whose 
vertex  is  at  the  attracted  particle,  and  which  circumscribes  the 
ellipsoid.  For  if  we  employ  Lamp's  system  of  elliptical  coor- 
dinates, and  place  the  attracted  particle  at  the  common  point 
of  intersection  of  three  concentric  and  confocal  surfaces  of  the 
second  order,  their  lines  of  intersection  are  the  principal  axes 
of  the  cone;  and  it  is  the  normal  to  the  ellipsoid  along  which 
the  attraction  acts. 
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Suppose  also  that  there  is  another  infinitesimaUj-thin  ellipsoid- 
al shell  of  the  same  density  lying  within  the  preceding  shell  a', 
and  that  its  principal  semi-axes  are  oi,  bi,  Ci ;  then  if  Fi  (^i,  yi,  Zi) 
and  Qi(fi,t7i,Ci)  correspond  respectively  to  (a?',  y',/)  and  (f  ,1;',  C)y 
we  have  analogously  to  (111) 

CCCpdxidyidzi       aibiCi  fffp dx' dy'ds^  , ,. 

JJJ        PiQ'        =  inrdjij        P^Qx        '  ^^^^^ 

and  because  Qi  and  q  lie  within  the  exterior  ellipsoid,  and  the 
attraction  of  the  ellipsoidal  shell  on  each  of  them  is  zero,  there- 
fore their  potentials  are  equals  or 

therefore  from  (111)  and  (112), 

and  therefore  the  potentials  of  two  infinitesimally-thin  confocal 
and  concentric  eUipsoidal  shells  of  the  same  density  on  an  ex- 
ternal particle  are  to  each  other  as  the  volumes  or  as  the  masses 
of  the  shells. 

Let  the  potentials  of  these  two  shells  be  v  and  Vi ;  and  let 
the  shells  be  of  the  same  density ;  then 

abc       aibyCi^ 
and  since  the  attraction  of  a  mass  on  (m)  in  any  direction  s  is 

rfv 

rfv  __    abc    rfvj 
rf*  ""  ai^i^i   ds  ' 
and  hence  it  follows  that 

If  two  ellipsoidal  shells,  infinitesimally  thin,  of  the  same  den- 
sity, concentric  and  confocal,  attract  an  external  particle  (m), 
the  components  of  the  attractions  in  any  dii*ection  have  the 
ratio  of  the  masses  of  the  shells :  and  therefore  also  the  shells 
attract  the  particle  in  the  same  direction. 

194.]  The  attraction  of  an  ellipsoidal  shell  on  an  external 
particle  is  still  required.  The  line  of  action  of  the  resultant  at- 
traction has  been  found  above ;  and  in  (111)  the  potential  of  an 
infinitesimally-thin  shell  on  a  particle  is  given  in  terms  of  the 
potential  of  a  concentric  and  confocal  infinitesimally-thin  shell, 

p  p  a 
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on  the  exterior  surface  of  which  the  attracted  particle  lies :  our 
object  therefore  will  be  to  investigate  this  latter  attraction ;  and 
we  shall  shew  that  the  attraction  of  an  homogeneous  and  infi* 
nitesimally-thin  shell,  whose  bounding  surfaces  are  similar  el- 
lipsoids, on  a  particle  (m)  at  the  exterior  surface  is  equal  to 
4irpmr,  where  r  is  the  thickness  of  the  shell  at  the  attracted 
point. 

Let  o  be  the  position  of  {m)  on  the  exterior  surface  of  the 
shelly  a  section  of  which  by  a  plane  through  the  normal  00  and 
the  centre  c  is  delineated  in  fig.  84 :  then  the  line  of  action 
of  the  resultant  attraction  of  the  shell  is  the  line  00.  Let  a 
series  of  very  small  solid  angles  originate  at  o :  and  let  that  one 
of  which  the  section  is  ovp'q'i^  intercept  an  area  a>  of  a  spherical 
surface  described  from  o  as  a  centre  with  the  radius  =  unity : 
so  that  the  area  intercepted  at  a  distance  r  =  a>r':  now  the 
volume  of  each  of  the  mass-elements  of  the  shell  thus  inter- 
cepted and  at  a  distance  r  from  0  =  pa>r^dr\  and  therefore  its 
attraction  on  (m)  =  mpu^dr ;  and  therefore  the  attraction  of  ofq 
on  m  =  mpa>  x  op  ;  and  the  attraction  oipp'q'q  on  o  =  mpa>  xpp'i 
but  by  reason  of  the  similarity  of  the  surfaces  or  ^pp'-  there- 
fore the  attraction  on  (m)  of  the  part  of  the  shell  intercepted  by 
the  cone  (a>)  in  the  direction  op, 

=  2mpa>xop; 
and  therefore  the  attraction  in  the  direction  00 

=  2m/>a)opcospoo 

=  2mp<»on 

=  2mpa>r, 

if  r  is  the  normal  thickness  of  the  shell.    And  since  the  surface 

of  a  hemisphere  of  radius  =  unity  is  2ir^  therefore  the  attraction 

of  the  whole  shell  =4irm/>r.    This  theorem  was  discovered  by 

Laplace. 

For  r  we  may  substitute  an  equivalent  expression.     From  c 

the  centre  of  ellipsoid  let  the  perpendicular  cy  =zp  be  drawn 

to  the  tangent  plane  at  o :  then 

on 

=  cos  coo 

om 

—  CY 

"  ^' 

.-.     on  =  r  = p.  (116) 

oc  "^  ^      ^ 
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But  by  reason  of  the  similarity  of  the  bounding  surfaces^  if 
a  =  the  greatest  semi-axis  of  the  exterior  surface,  and  if  da  is 
the  thickness  of  the  shell  at  its  extremity^ 

om       da      db      dc  ,--^, 

oc        a         b        c  ' 

the  last  two  terms  following  from  the  symmetry. 

Therefore  the  attraction  of  the  shell,  in  the  direction  of  the 
normal  og,  a    ^  ^ 

=  i^da.  (118) 

Now  if  the  equation  to  the  exterior  surface  is 

1        x^      t/*       z* 

and  the  direction-cosines  of  the  normal  are 

^'       *»>       -^^  (A-^^) 

therefore,  if  x',  y',  z'  are  the  components  of  the  attraction  of  the 
shell  on  m,  placed  at  the  point  {x^  y,  z),  along  the  three  coor- 
dinate axes, 


^  =  ^ 


(121) 


b^ 
,  _  4nrmpp^zdc 
""  c' 

Suppose  now  that  there  is  a  homogeneous  infinitesimally  thin 
shell,  the  bounding  surfaces  of  which  are  two  similar  ellipsoids^ 
the  equation  to  the  exterior  one  being 

X^         yS         ^*   _   1 

and  the  corresponding  semi-axes  of  the  interior  one  being  a— da, 
b--db,  c—dc:  and  suppose  that  this  shell  attracts  a  particle 
(m)  at  the  point  (a,  fi,  y) :  then  if  m  is  considered  to  be  placed 
on  the  exterior  surface  of  a  homogeneous  infinitesimally  thin 
shell  contained  between  two  bounding  eUipsoids  which  are 
respectively  concentric  and  confocal  with  those  of  the  former 
sheU,  and  if  ai,  bi,  Ci  are  the  semi-axes  of  the  exterior  one,  and 
«i— rfflb  *i— rf*i>  Ci—dci  of  the  interior ;  then  by  reason  of  the 
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last  Article,  if  z^  y^  z  are  the  components  of  the  attraction  of 
the  former  shell  on  (m), 

abc   4wmpj9i'arfoi 


X  = 


aibiCi  ai* 

dai       da 


But  by  (108) 

and  fli,  bi,  Ci  are  given  by  (78),  where  «  is  a  root  of  (77)^  and 
we  have  j        ^3       q2      y2 


=  ^  +  r4  +  f45  (122) 


X  = 


aiCi      6i» 
aft  4irpmjh^ 


..  (128) 


The  physical  application  of  these  results  of  the  attraction  of 
a  thin  ellipsoidal  shell  on  an  external  particle  is  so  elegant  that 
I  cannot  refrain  from  inserting  it.  Let  a  conducting  body 
whose  bounding  surface  is  of  the  form  of  the  ellipsoid  with 
three  unequal  axes  be  charged  vrith  electricity;  then  by  the 
nature  of  electricity  equilibrium  is  established  in  the  interior 
of  the  body,  and  the  excess  of  the  fluid  (if  it  is  a  fluid)  lies  on 
the  surface  of  the  body,  and  there  forms  a  shell  of  infinitesimal, 
but  variable,  thickness,  and  which  is  in  equilibrium  under  the 
pressure  of  the  surrounding  air,  and  its  contact  with  the  body. 
Thus  we  have  an  ellipsoidal  shell  of  infinitesimal  thickness,  all 
the  molecules  of  which  have  a  force  of  attraction  or  repulsion, 
which  varies  inversely  as  the  square  of  the  distance,  on  a  par- 
ticle external  to  it,  and  which  exhibits  experimentally  the  fol- 
lowing phaenomena : 

(1)  The  two  surfaces  which  bound  the  shell  of  fluid  are  simi- 
lar ellipsoids. 

(2)  The  resultant  of  the  attraction  of  the  electrical  fluid  on 
the  surface  on  a  particle  within  the  shell  is  zero. 

(8)  The  repulsive  action  of  electrical  fluid  on  each  particle  of 
air  which  is  in  contact  with  it  on  the  surface  is  along  the  normal 
to  the  external  surface. 

These  laws  of  the  distribution  of  electricity  are  the  results 
partly  of  observation  and  partly  of  calculation,  and  we  are  able 
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to  deduce  the  following  additional  ones  from  our  preceding 
investigations. 

(4)  The  line  of  action  of  the  whole  attraction  of  the  shell  on 
an  external  particle  m  is  the  normal  to  the  ellipsoid  which 
passes  through  the  particle,  and  whose  principal  sections  are 
confocal  with  those  of  the  ellipsoid  which  is  the  internal  surface 
of  the  shell. 

(5)  All  ellipsoids,  whose  principal  sections  are  confocal  with 
those  of  the  internal  surface  of  the  shell  are  equilibrium-surfaces. 

(6)  The  force-line  of  any  particle  towards  the  shell  under  the 
action  of  its  attraction  is  the  line  of  intersection  of  the  two  hyper- 
boloids,  respectively  of  one  and  of  two  sheets,  passing  through 
the  particle,  and  which  are  confocal  with  the  given  ellipsoid. 

(7)  If  the  attracted  particle  is  in  the  plane  of  one  of  the  prin- 
cipal sections  of  the  electrised  ellipsoid,  the  force-line  is  the 
hyperbola  which  is  confocal  with  that  principal  section. 

195.]  From  the  expressions  (123),  we  can  deduce  the  compo- 
nents of  the  attraction  of  an  ellipsoid  resolved  into  homogeneous 
and  similar  shells.  Let  us  investigate  the  j7-component :  and 
let  b,  Cy  01,  ii,  Ci,  Pi  be  expressed  in  terms  of  a  alone,  for  this 
may  be  effected  by  means  of  the  conditions  of  Art.  187.  And 
let  A,  B,  c  be  the  semi-axes  of  the  bounding  ellipsoid :  so  that 
the  ^-component  of  the  attraction  of  the  ellipsoid  on  {m)  will 
depend  on  the  a-integral  of  the  first  of  (123)  after  the  substi- 
tutions, between  the  limits  a  and  0. 

Since  the  whole  ellipsoid  is  resolved  into  shells,  the  bounding 
surfaces  of  which  are  similar  to  that  of  the  whole  ellipsoid,  we 
have  a       b       c 

i  =  ;  =  c-'  »«> 

and  let  Ai,bi,Ci  be  the  semi-axes  of  the  ellipsoid,  passing  through 
(m),  concentric  and  confocal  with  the  given  ellipsoid ;  so  that 

ai»-a2  =  Bi»-B«  =  ci»-c«  =  «;  (125) 

Also  we  have     ai^-a^  =  Ai*-*^  =  cj^-c*;  (128) 
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(130) 


Let        »  =  —  — ; 

A     Oi 

a  -ii.- 

*           A    V 

therefore  from  (124)  and  (128), 

ftx>  =  -^{Ai2r-«-(A«-.B«)}, 


a* 


ri»=-^{Ai«t;->-(A»-c«)}: 
therefore  (129)  becomes 


(181) 


Ai«    ^  Ai*»-2-(A«-B»)  ^  Ai«V-a-(A»-c2)  "    A«  ' 

whereby  a  is  expressed  in  terms  of  v.     Also 

aVi*  ~    Ai*  "^  {Aiat;-a-(A3-B2)}»"^  {Ai»»-a_(^a_ca)}>'  ^     ^ 
Now  differentiating  (131)^  and  observing  the  valae  of  j^i  in 
(182),  we  have  .2^ 

therefore  from  (128), 
_  4'7rpmaABC  i^dv .n^^^ 

^  ""       (A»-|-a))*       {A2-fa)4-(B*~A2)t;2}i|^S^^^(c2_^2),;2}4' 

which  is  the  ^-component  of  the  attraction  of  an  infinitesimally 
thin  ellipsoidal  shell  on  a  particle  (m)  external  to  it.  The  y-  and 
the  ^-components  are  of  the  same  form  and  symmetrical. 

The  integral  of  the  right-hand  member  of  (133)  between  the 
right  limits  will  give  the  ^-component  of  the  attraction  on  (m) 
of  the  fall  ellipsoid ;  and  observing  that  a  =  a  in  (130),  when 
t;  =  1,  the  limits  of  v  are  1  and  0 ;  so  that  if  x  is  the  ^-compo- 
nent of  the  attraction  of  the  ellipsoid, 

^«^»^  r t± .  (134) 

+  0))*  .^0  {A«-ha)  +  (B2-A2)t;2}4{A2  +  a)-f(c2-A»)v2}* 

where  a>  is  the  positive  real  root  of  (127).  Similar  and  symme- 
trical values  are  of  course  true  for  the  other  two  components. 
This  result  is,  it  will  be  observed,  the  same  as  that  deduced  by 
means  of  Ivory's  theorem :  see  equation  (80). 

196.^  In  the  case  of  the  ellipsoid  being  composed  of  a  series 
of  infinitesimally  thin  shells  contained  between  two  similar 
ellipsoids,  each  of  which  is  homogeneous,  but  of  which  the 
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density  varies  in  passing  from  one  to  another^  let  ns  suppose 
the  density  to  be  a  function  of  -;  viz., 

'=•(1) 

which  must  be  substituted  for  p  under  the  sign  of  integration 
in  (184) :  and  similar  are  the  expressions  for  y  and  z. 

If  the  density  of  each  shell  varies  directly  as  -^  a  hypothesis 

which  is  made  by  many  investigators  of  the  figure  of  the  earth, 
the  integral  admits  of  integration  in  finite  terms. 

In  these  and  similar  investigations  accomplished  mathemati* 
cians  have  almost  revelled ;  and  nothing  short  of  absolute  want 
of  space  hinders  me  from  inserting  processes  which  have  been 
applied  by  them  to  the  solution  of  the  attraction  of  an  ellipsoid 
on  an  external  particle :  I  can  only  refer  the  reader  to 

(1)  Theoria  Attractionis  Corporum  Sphseroidicorum  Elliptico- 
rum  Homogeneorum,  methodo  nova  tractata;  Auctore  Carolo 
Friderico  Gauss.  Bead  to  the  Royal  Society  of  Gottingen  in 
the  year  1813^  and  published  in  Vol.  II.  of  the  Transactions  of 
the  Society. 

(2)  M^moire  sur  I'Attraction  des  Ellipsoides^  par  M.  Chasles, 
and  contained  in  Vol.  IX.  of  the  '^  Memoires  present^s  par  divers 
savants  ^trangeres  k  P Academic  des  Sciences/'  Paris,  1846,  p. 
629.  This  memoir  contains  a  complete  historical  account  of 
the  problem,  and  of  the  several  advances  made  by  difierent 
mathematicians,  and  gives  a  synthetical  solution  of  it. 

(3)  Nouvelle  solution  du  problerae  de  TAttraction  &c.,  par 
M.  Chasles.  Liouville's  Journal,  Vol.  V,  1840,  and  Conlptes 
rendus,  Vol.  VI,  p.  902,  1838.  It  is  from  these  papers,  with 
some  modifications,  that  the  preceding  solution  of  the  attraction 
of  an  ellipsoidal  shell  has  been  in  a  great  measure  extracted. 

(4)  M^moire  sur  TAttraction  d'un  Ellipsoide,  par  M.  Poisson, 
Memoires  de  1' Academic  Boyale  des  Sciences  de  Paris,  Tome 
XIII,  p.  497.  An  abstract  of  this  memoir  is  appended  to  Vol.  II. 
of  "Systeme  du  Monde,  par  M.  De  Pont^coulant,''  Paris,  1829. 

(6)  A  memoir  by  C.F.Gauss  in  the  "  Besultate  aus  den  Beo- 
bachtungen  des  magnetischen  Vereins  im  Jahre  1839,^'  Leipsic 
1840,  on  attractive  forces  varying  inversely  as  the  square  of  the 
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distance.     A  translation  of  this  memoir  is  inserted  in  Taylor's 

Translations  of  Foreign  Scientific  Memoir8,Vol.  Ill,  p.  153, 1843. 

(6)  Some  papers  by  M.  Liouidlle,  and  contained  in  Ids  Jonr- 

nal,  wherein  he  applies  Lamp's  method  of  elliptical  coordinates. 

197.3  ^^  remains  for  us  to  investigate  another  general  pro- 
perty of  the  potential,  which  has  been  largely  applied  by  La- 
place and  others  in  the  discovery  of  the  attraction  of  spheroids 
of  small  eccentricity  on  external  and  internal  particles.  Let 
the  positions  of  the  attracted  and  attracting  particles  be  re- 
spectively (a,  fi,  y)  and  (^,  y,  z) ;  and  let  u  =  the  distance  be- 
tween them :  then 

(a-4?)2  +  03-y)2H-(y-;2)2  =  ««; 

/rfv\  fffp(a—x)dxdy€lz 

\tJ  -  ~JJJ  ^         ' 


(135) 
(136) 


umilarly  ( 


-m-^-hv^^^ 


therefore  by  addition 

/rf*v\   .  /rf*v\   .   /rf*v\ 


>\      (137) 


Vrfa^/ 


/a*v\       /a*v\       ^ 


(138) 


this  equation  was  first  discovered  by  Laplace :  it  is  only  true 
however  so  long  as  the  attracted  particle  is  not  a  particle  of  the 
attracting  mass :  because  if  the  particle  is  in  the  attracting 
mass,  at  that  particular  point  ti  =  0,  and  v  in  (186)  is  infinite, 
and  z,  T,  z  assume  indeterminate  forms.  To  determine  the  value 
of  (138)  in  this  case,  let  us  suppose  a  small  sphere  inclosing  the 
attracted  particle  to  be  taken  out  of  the  attracting  mass,  and 
the  radius  of  it  to  be  so  small,  that  the  density  may  within  the 
sphere  be  considered  constant :  let  u  be  the  potential  of  this 
small  sphere,  and  u'  the  potential  of  the  whole  excess  of  the 
attracting  mass  over  the  sphere :  then  by  reason  of  (188), 

And  for  the  small  sphere,  let  x',  y',  z'  be  the  components  of  its 
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attraction  on  the  particle  placed  at  (a,  ^,  y)  which  is  within  it : 
tiien  by  (59)^  if  p  is  the  uniform  density  of  the  sphere, 
x[^  _  _  /rfv\  __  4wpa  /rf'u\ 4irp 

And  thus  if  the  attracted  particle  is  a  part  of  the  attracting 
mass^  since  v  =  u  -f  u', 

This  Theorem  was  discovered  by  M.  Poisson. 

As  the  equivalents  of  the  expressions  (188)  and  (139)  are 
often  more  convenient  when  expressed  in  terms  of  polar  coordi- 
nates^ let  us  investigate  the  transformation.  Let  the  positions 
of  the  attracting  and  the  attracted  particles  respectively  be 
(/,  6^;  ^')  (r,  0j  (f}) :  and  let  f'  and  C  be  the  curtate  radii  vectores : 
then,  see  Vol.  II,  Art.  146, 

z  =  r^cos^  1  y  =  rcosd  ) 

r=r^8in^j  C=^8in^) 

(140) 


JJJ  /r»-S 


X  =  f'cos^'  1  a  =  f  cos^  ) 

y  =  fsin<^'  )  jS  =  fsin<^  J 


;  (141) 


{r*— 2r/(sin^sin^cos(<^— <^')+co8dcos^)+r'»}* 
and  by  Ex.  2,  Art.  93,  VoL  I, 
/rf*v\      (d*y\      /d^Y\ 

-  V"^/ +  r  V A^/ "*"  ra  \rfd»/  "*"  r^sin^VrfB/  "^  r»(sind)»V5^/ 
=  0,     or    =  --4irp,  (142) 

according  as  the  attracted  particle  is  not  or  is  part  of  the 
attracting  mass. 

198.]  For  a  very  simple  example  of  this  last  formula,  and 
for  the  purpose  of  indicating  its  use  in  the  inquiry,  let  us  apply 
it  to  a  sphere.  The  object,  be  it  observed,  is  to  determine  the 
potential,  viz.,  v ;  and  when  it  is  impossible  or  difficult  to  do  so 
directly,  we  attempt  it  indirectly;  by  the  discovery,  that  is,  of 

Qq  2 
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a  function  which  will  satisfy  either  of  the  equaticms  (138)  or 
(139),  and  (142)  The  last  is  known  by  the  name  of  ''The 
Differential  Equation  of  Laplace^s  coefficients/'  being  so  caUed 
from  the  application  which  Laplace  has  made  of  it  in  the  M^ 
canique  Celeste,  Tome  II.  The  general  integral  of  it  has  not 
yet  been  found. 

Suppose  the  sphere,  to  which  we  are  applying  (142),  to  be 
composed  of  a  series  of  concentric  homogeneous  sheUs,  the 
density  of  each  of  which  varies  continuously  as  some  function 
of  the  radius  of  its  bounding  surface :  so  that  p  =/(/) ;  let  the 
origin  be  at  the  centre  of  the  sphere :  and  let  r  be  the  distance 
of  the  attracted  particle  from  the  centre :  then  v  is  manifestly 
a  function  of  r  only,  and  is  independent  of  0  and  <^ :  so  that 
(142)  becomes 

rf^v      2  dv 

^  +  F*:  =  ^'    **    =-'^'"'^  <1^> 

according  as  m  is  without,  or  is  a  part  of,  the  attracting  sphere. 

(1)  Let  m  be  without  the  sphere, 

rf^v      2rfv  _ 

...     r^^  =  ^c;  (144) 

where  c  is  an  arbitrary  constant. 

.-.    v  =  -  +  c'.  (145) 

To  determine  c:  if  m  is  placed  at  a  great  distance,  the  attrac- 
tion is  the  same  as  if  the  sphere  were  condensed  into  its  centre : 

in  which  case  it  would  be         

Mm 

rfv  . 
and  since  —  m  ^  is  the  attraction  of  the  sphere  in  the  direction 

of  r,  therefore  ^  c  =  m. 

Also  when  r  =  oo  ,  the  potential  =r  0,  and  therefore  c'  =  0 :  so 

that  ^ 

v  =  ^.  (14«) 

(2)  If  the  attracted  particle  is  within  a  shell :  then,  because 

the  attraction  vanishes  when  the  particle  is  at  the  centre, 

rfv 

—  =  0,  when  r  =  0 ; 

therefore  from  (144),  c  =  0 ;  therefore 
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^  =  0,  v  =  c^:  (147) 

for  a  similar  reason  will  the  potential  have  a  constant  value  for 
all  points  within  a  shell  whose  bounding  surfaces  are  similar 
and  concentric  ellipsoids :  see  Art.  198. 

(8)  Let  m  be  a  particle  of  the  attracting  shell;  so  that 
(14S)  becoming      ^^      2  rfy      ^ 

we  have        ^^  j-  -f  4 W  ^^P^  =  0 :  (148) 

and  let  the  radius  of  the  interior  surfiice  of  the  shell  be  r^,  and 
that  of  the  exterior  surface  ri :  then  since  for  all  values  of  r 
between  ri  and  r  the  attraction  of  the  shells  is  zero,  we  may 
take  the  limits  of  the  r-integration  to  be  r  and  Tq. 

Now  47r  /  r'^pdr  is  the  mass  of  the  shell  of  which  the  exte- 

rior  radius  is  r  and  the  interior  is  ro ;  let  this  mass  be  Mi  ;  and 
thus  (148)  becomes  > 

and  therefore  the  attraction  is  the  same  as  if  Mi  were  condensed 

4 
into  its  centre.     Also  from  (149),   since  Mi  =  ^7r/>r',  if  the 

sphere  is  homogeneous  and  full^ 

rfv  AiTspr  2tfp  ,  ,        -., 

But  from  (146),     V,  =  i!^  ; 

o 

.-.     V  =  2irpri»-^^.  (150) 

These  results  are  evidently  in  accordance  with  those  of  the 
preceding  Articles. 

And  here  we  bring  to  an  end  our  Treatise  on  Statics;  and 
the  inquiry  into  the  laws  and  circumstances  of  equilibrium  of 
particles  and  bodies  under  the  action  of  impressed  pressures : 
and  we  shall  resume  the  course  of  the  treatise  as  it  was  originally 
laid  down,  and  subsequently  broken  off  at  Art.  11;  and  shall 
proceed  with  a  regular  statement  of  the  principles  of  the  science 
of  motion. 
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PART   11. 

DYNAMICS;  THE  MOTION  OP  MATERIAL 
PAETICLES. 


CHAPTER  VII. 

MOTION,  ITS  AFFECTIONS,  ITS  LAWS,  AND  ITS  EQUATIONS. 

199.]  On  resuming  the  course  of  our  treatise  of  the  science 
of  motion  which  was  interrupted  at  the  end  of  Article  10,  it  is 
convenient  to  make  some  preliminary  observations. 

Mechanics  is  the  science  which  treats  of  material  particles 
and  bodies^  at  rest  and  in  motion ;  that  part  of  it  which  relates 
to  bodies  at  rest,  that  is,  under  the  action  of  many  forces  in 
equilibrium^  is  called  Statics,  and  has  been  discussed  in  the  pre- 
ceding part :  and  that  part  of  it  which  relates  to  motion  is 
called  Dynamics,  and  will  be  developed  in  the  following  parts 
of  the  work :  the  passage  from  the  latter  to  the  former,  and  the 
process  by  which  the  principles  of  the  latter  include  those  of 
the  former,  as  the  general  science  includes  its  particular  subor- 
dinate, will  be  investigated  at  the  end  of  the  present  volume. 

Dynamics,  as  it  is  intended  to  unfold  the  subject  in  the  fol- 
lowing pages,  will  be  presented  to  the  student  in  a  twofold 
aspect:  primarily  and  chiefly  it  will  be  considered  as  a  positive 
and  exact  science,  such  as  I  have  attempted  to  sketch  it  in  the 
first  chapter ;  and  of  that  nature  of  which  the  pure  sciences  of 
number  and  geometrical  space  are  supposed  to  be.  Motion  is 
the  fundamental  idea  of  it;  that,  viz.,  out  of  which  spring 
all  the  truths  of  the  science,  and  from  axiomatic  statements  of 
which  they  are  deductively  inferred.    Dynamics,  as  such,  is  a 
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sdence  of  speculation  and  thought ;  doubtless  in  the  construc- 
tion of  it  experience  may  have  mggested  much^  but  the  so  called 
necessity  of  its  principles  is  derived  from  another  source. 
Secondarily  it  is  my  purpose  to  shew  that  the  science  is  useful 
to  explain  pheenomena  of  the  world  external  to  us :  hence  arises 
the  necessity  of  proving  that  the  axioms  and  the  first  statements 
of  the  pure  science  are  true  in  the  subject-matter  of  cosmical 
observation,  and  that  the  laws  of  natural  phsenomena  are  in- 
cluded within  the  range  of  the  pure  science.  Now  for  this  end 
large  experience,  in  the  way  of  observation  and  experiment,  is 
frequently  required.  The  operations  of  nature  are  complex,  and 
it  is  only  with  deep  searching  that  they  allow  themselves  to  be 
so  far  unravelled  as  to  exhibit  the  laws  they  are  subject  to.  In 
this  respect  then  it  is  necessary  to  apply  a  limit  to  our  inquiry ; 
and  I  propose  only  to  shew,  and  that  concisely,  that  the  axioms 
of  the  pure  science,  or  the  laws  of  motion,  are  true  in  cosmical 
matter ;  so  that,  thus  far  at  least,  it  is  likely  that  we  are  on  the 
right  road  of  natural  philosophy.  And  it  will  also  be  desirable^ 
here  and  there,  to  point  out  certain  salient  laws,  such  as  the 
law  of  gravitation  and  Kepler's  laws  of  planetary  motion,  that 
our  attention  may  be  directed  to  them  rather  than  to  others. 
As  in  the  last  Chapter  it  was  beside  our  object  to  enter  on  the 
applications  of  attractions  to  the  figures  of  the  earth  and  the 
planets,  to  the  theory  of  heat,  and  to  magnetism  and  electricity, 
because  such  applications  can  be  made  only  on  certain  hypo- 
theses, and  with  the  developement  of  functions  in  series  involv- 
ing infinitesimal  terms,  the  knowledge  of  which  belongs  to 
the  special  subject :  so  in  the  following  treatise  I  shall  not  enter 
on  the  planetary  or  lunar  theories,  on  the  phsenomena  of  pre- 
cession of  the  equinoxes  and  the  nutation  of  the  earth^s  axis, 
because  such  subjects  require  special  knowledge,  and  belong  to 
physical  astronomy ;  neither  shall  I  carry  on  the  investigation 
into  the  theory  of  light :  but  the  general  equations  of  dynamics 
will  be  investigated  in  all  their  breadth,  and  will  be  brought 
down  to  that  stage  where  these  special  sciences  commence ;  and 
will  not,  except  in  very  simple  instances,  be  applied  to  cases  or 
imder  circumstances  wherein  such  special  knowledge  is  required. 
Thus  our  science  is  a  principal  and  normal  one;  normal^  I  say, 
because  it  is  that  to  the  rules  of  which  each  special  subordinate 
science  conforms :  and  the  greater  or  less  that  conformity  is, 
the  more  or  less  complete  is  that  special  science ;  ^xlA  prindpcU, 
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because  the  laws  of  dynamics  are  those  which  the  special  science 
takes  and  applies,  each  in  its  form  and  degree;  and  they  are  so 
large,  that  many  forms  of  them  are  included  which  observation 
has  not  yet  shewn  to  exist  in  the  material  universe.  The  applied 
part  also  serves  a  moral  purpose,  insomuch  that  it  enables  m»a 
to  fathom  the  depths  of  the  laws  of  Cosmos,  to  express  them  in 
a  concise  form,  and  thus  to  study  the  works  of  God.  It  is  for 
these  reasons  that  the  science  of  motion  is  the  most  perfect  of 
the  physical  sciences. 

Although  philosophically  perhaps  it  might  be  more  correct 
separately  to  investigate  these  two  branches  of  the  subject,  yet, 
as  the  treatise  is  didactic,  it  is  more  convenient  to  consider 
parts  of  one  or  the  other,  as  they  arise  in  the  course  of  it. 

The  nature  of  the  symbols  which  will  be  employed  requires  a 
remark ;  we  shall  have  to  speak  of  time,  space,  velocity,  matter ; 
these  are  heterogeneous  quantities,  and  cannot  be  operated  on 
so  as  to  multiply  time  into  space  or  mass  into  velocity ;  this  is 
self-evident.  But  these  quantities  will  be  represented  by  sym- 
bols such  as  /,  dt,  s,  ds,  v,  dv,  m,  dm;  and  these  are  numbers, 
and  not  the  concrete  things.  Thus  /  expresses  the  /  times  an 
unit  of  time  is  taken ;  dv  the  dv  times  an  unit  of  velocity  is 
taken ;  and  the  numbers,  of  course,  can  be  multiplied  together, 
and  the  resultant  of  the  operation  is  number  of  that  kind  which 
the  symbols  express  before  the  operation.  The  unit  of  con- 
cretion however,  which  is  to  be  introduced  after  the  operation, 
may  be  different  to  that  previous  to  the  operation :  see  Art.  109. 
The  concrete  units  are  of  course  arbitrary,  but  remain  unaltered 
during  the  whole  of  an  operation.  Sometimes  a  second,  some- 
times a  year  is  taken  as  the  unit  of  time ;  it  varies  according  to 
the  problem ;  and  the  circumstances  of  it  will  generally  guide 
us  to  a  judicious  choice. 

200.]  Motion  is  the  fundamental  idea  of  mechanics ;  motion, 
that  is,  either  real  or  virtual,  either  in  act  or  in  power ;  and 
therefore  the  science  is  more  correctly  termed  the  science  of 
motion*  Motion  need  not  be  defined :  it  is  too  general  to  be  capa- 
ble of  useful  expression  by  means  of  a  more  general  term ;  it  is 
a  quality  or  a  state :  one  result  of  it  is  change  of  position  of  the 
thing  moving :  I  say,  thin^  moving ;  for  a  necessary  element  in 
an  adequate  conception  of  motion  as  the  fundamental  idea  of 
mechanics  is  that  something  moves:  motion  must  exist  in,  and 
be  of,  something;  and  that  something,  in  which  it  is  and  of 
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which  it  is^  is  called  matter.  Motion^  as  it  is  scientifically 
treated  of,  must  be  clothed^  and  matter  is  that  wherein  it  is 
clothed ;  motion  therefore  is  a  state  of  matter.  Now  when  we 
speak  of  matter  as  the  subject  of  the  science,  the  term  is  not 
limited  to  the  matter  of  the  members  of  the  solar  system  only ; 
to  that  which  has  sensible  properties,  and  which  gravitates ;  but 
it  embraces  every  thing  that  moves  or  is  capable  of  motion; 
the  particles  of  air  of  course  are  included ;  and  they  gravitate, 
and  they  are  the  subject  matter  by  the  vibrations  of  which 
sound  is  propagated ;  the  particles  of  light  which  the  emission- 
theory  of  light  assumes,  and  the  sethereal  molecules  of  the  un- 
dulatory  theory,  are  also  included.  Matter  is  treated  as  the 
subject  of  motion ;  and  when  it  is  spoken  of,  it  is  supposed  to 
have  one  essential  property,  and  that  is  mobility. 

Matter  also  admits  of  divisibility  without  limit :  a  very  large 
Quantity  of  it  may  have  motion,  or  a  very  small^  nay  an  infi- 
nitesimal, particle ;  such  as  is  analogous  to  a  geometrical  point : 
and  its  other  properties,  mobility  and  such  like^  are  independent 
of  the  quantity  of  it.  This  remark  is  important ;  because  it  will 
shortly  be  convenient  to  divide  the  subject,  according  as  we 
consider  the  motion  of  a  finite  quantity  of  matter^  which  is  sup- 
posed to  consist  of  an  infinite  number  of  particles,  and  which  is 
called  a  material  body :  or  according  as  we  consider  that  of  an 
infinitesimal  quantity,  and  which  is  called  a  material  particle. 
The  quantity  of  matter  which  a  body  or  a  particle  contains  is 
called  its  mass. 

201.]  Of  matter,  having  the  property  of  mobility,  there  are 
two  other  affections,  which,  by  reason  of  their  abstract  nature, 
need  not  be  defined :  viz.  time  and  space :  it  is  sufficient  for  us 
to  be  able  to  form  a  notion  of  them,  and  to  enuntiate  of  them 
such  properties  as  are  required  for  the  science  of  motion. 
Space  and  time^  like  matter,  are  continuous  and  divisible ;  and 
these  affections  are  without  limit.  Space  may  be  very  large, 
nay,  infinite ;  we  cannot  fix  the  boundaries  of  that  space  in 
which  the  heavenly  bodies  are ;  and  it  may  be  very  small,  such 
as  that  occupied  by  a  chemical  atom  or  a  material  particle. 
Time  also  admits  of  degrees  as  to  quantity ;  it  may  be  an  in- 
stant ;  such  an  infinitesimal,  that  the  aggregate  of  an  infinity 
will  make  only  finite  time :  or  it  may  reach  through  the  present 
moment  from  ages  bygone  to  ages  to  come.  Motion,  matter^ 
time  and  space,  stand  to  each  other  in  the  following  relations* 
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Matter  exists  in  space  and  time ;  all  matter,  even  the  minutest 
particle,  occupies  space.  No  two  particles  of  matter  and  also 
no  two  bodies  can  occupy  the  same  space  ^t  the  same  time; 
this  property  of  matter  is  called  its  impenetrability.  The  same 
matter  cannot  be  in  two  different  places  at  the  same  time: 
hence  a  particle  of  matter  or  a  body  cannot  pass  from  one  posi- 
tion to  another  without  lapse  of  time :  time  is  consumed  in  the 
passage;  and  therefore  a  change  of  place  requires  time.  And 
as  a  longer  or  a  shorter  time  may  be  spent  in  the  passage,  so 
do  we  conceive  of  the  rate  or  speed  at  which  a  particle  or  a  body 
moves.  And  hence  arises  the  quality  of  matter  which  is  called 
velocity ;  velocity  being  the  degree  of  swiftness  or  slowness  with 
which  matter  moves.  From  these  relations  arises  the  necessity 
of  measuring  space  and  time^  and  of  determining  equal  spaces 
and  equal  times.  As  material  bodies  exist  in  space,  they  have 
volume  and  form ;  volume  depending  on  the  quantity  of  space 
which  they  occupy,  and  form  on  the  bounding  terms  of  that 
space ;  but  the  knowledge  of  equal  spaces  must  be  found  in  an 
adequate  knowledge  of  space.  The  method  of  measuring  volume 
is  founded  on  the  geometrical  principle  of  superposition,  and 
two  volumes  are  equal  which  occupy  the  same  or  equal  spaces. 
The  notion  of  equal  times  and  also  the  measure  of  equal  times 
arises  out  of  the  idea  of  time,  and  an  idea  of  time  is  not  ade- 
quate unless  it  has  these  notions ;  it  is  true  that  the  passage  of 
time  is  marked  by  events  which  take  place  in  it;  and  equal 
times  are  marked  by  the  regular  recurrence  of  the  same  event, 
that  is,  by  uniform  motion ;  but  equal  times  *  are  in  themselves 
altogether  independent  of  any  particular  kind  of  motion ;  they 
exist  before  it  and  they  enable  us  to  apprehend  and  to  measure 
such  a  motion:  equal  times  therefore  must  be  deduced  from 
the  notion  of  time. 

202.]  The  most  simple  motion  which  a  material  particle  can 
have,  is  that  in  which  it  describes  equal  linear  spaces  in  equal 
times ;  the  motion  of  it  is  then  said  to  be  uniform,  and  the  velo- 

*  M.  PoissoD,  Traits  de  M^canique,  2^^  Ed.  Tome  I,  p.  205,  writes :  "  La 
notion  des  temps  ^gaux,  et  la  mesure  du  temps  ne  sont  fondles  n^cessuie* 
ment  sur  aucune  loi  particulidre  de  mouvement,  et  Ton  pent,  en  consequence, 
lea  supposer  dans  la  definition  du  mouvement  uniforme  et  de  toute  autre  sorte 
de  mouvemens."  Dr.  Whewell,  in  his  Treatise  on  Mechanics,  Ed.  5,  Art.  102, 
says :  "  Those  intervals  of  time,  in  which  there  is  no  discoverable  reason  why 
they  should  be  unequal,  are  supposed  equal." 
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city  to  be  constant;  these  two  expressions  in  fact  being  equiva- 
lent ;  and  when  equal  spaces  are  not  described  in  equal  times, 
the  velocity  is  said  to  be  variable.  Such  a  velocity  may  vary 
continuously  or  discontinuoasly ;  but  it  will  be  necessary  for  us 
to  consider  only  a  continuously-varying  velocity;  because  a  dis- 
continuous variation  will  be  a  succession  of  constant  velocities, 
changing  abruptly^  and^  as  it  were,  by  impulses. 

In  the  case  of  constant  velocity,  equal  linear  spaces  are  de- 
scribed in  equal  times ;  now  although  the  velocity  of  a  moving 
material  particle  is  a  quality  or  state  of  the  particle  itself  and 
resides  in  it^  and  is  that  by  which  it  differs  from  a  particle  at 
rest,  and  although  no  account  more  exact  can  be  given  of  it^ 
yet  the  velocity  can  be  measured ;  and  the  measure  is  taken  to 
be  the  number  of  units  of  linear  space  passed  through  in  an  unit 
of  time.  Suppose  therefore  a  material  particle  to  describe  uni- 
formly  v  units  of  space  (observing  that  linear  space  is  meant)  in 
one  unit  of  time,  v  is  the  measure  of  the  velocity :  and  if  s 
represents  the  space  passed  through  by  the  particle  in  /  units 
of  time,  then,  bearing  in  mind  the  last  clause  in  Art.  199, 

s  =  vt,  (1) 

and  ^"=7-  (2) 

Thus  velocity  is  linear  space,  and  is  the  linear  space  described 
in  one  unit  of  time. 

If  the  velocity  continuously  changes,  equal  spaces  are  not 
described  by  the  particle  in  equal  times,  and  the  velocity  be- 
comes a  function  of  the  time.  Let  the  time  be  resolved  into 
infinitesimal  elements,  and,  to  fix  our  thoughts,  let  us  suppose 
the  particle  to  be  moving  along  a  straight  path:  and  let  us 
suppose  it  at  the  end  of  the  time  /  to  be  at  a  distance  s  from 
an  origin  fixed  on  the  line,  and  to  be  at  that  time  moving  with 
a  velocity  v :  that  is,  if  the  particle  were  to  move  for  one  unit 
of  time  with  the  velocity  which  it  has  at  «,  it  would  describe  v 
units  of  space  in  that  unit  of  time ;  and  suppose  ds  to  be  the 
space  described  in  dt,  the  next  element  of  t ;  then,  if  v  is  the 
velocity  at  the  beginning,  and  v  +  rfv  is  the  velocity  at  the  end, 
of  dt,  the  mean  velocity  with  which  ds  has  been  described  may 
be  expressed  by  v-^Sdv,  where  ^  is  a  proper  fraction,  and  is 
positive  or  negative  according  as  the  velocity  is  increasing  or 
decreasing :  therefore  by  reason  of  (1), 
ds  =  {v  +  edv)dt; 

ar  2 
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and  Deglecting  the  infinitesimal  of  the  second  order,  as  by  the 

principles  of  infinitesimal  calculus  we  are  obliged  to  do,  we  have 

ds  =  vdt;  (3) 

that  is,  ds  units  of  space  are  described  in  dt  units  of  time  by 

the  particle  moving  with  the  velocity  v  at  the  beginning  of  dt ; 

ds 
and  therefore  dividing  through  by  dt,  we  have  -^  equal  to  the 

space  described  in  one  unit  of  time;  and  this  is  velocity;  and 
thus  we  have  »^ 

In  the  cases  therefore,  both  of  constant  and  of  varying  velocity, 
velocity  is  the  space  described  in  an  unit  of  time,  and  is,  by 
reason  of  (2)  and  (4),  the  ratio  of  the  space  described  to  the 
time  during  which  it  is  described ;  and  is  in  the  latter  case  the 
ratio  of  two  infinitesimals. 

It  will  be  observed  that  6  has  disappeared  :  now  as  it  is  upon 
the  sigu  of  6  that  an  increasing  or  decreasing  velocity  depends, 
so  are  the  results  (3)  and  (4)  true  in  both  cases. 

203.]  We  have  been  speaking  of  varying  velocity  of  a  moving 
particle,  with  reference  to  that  circumstance  alone,  and  not  with 
reference  to  any  cause  of  it  * ;  an  important  question  now  arises ; 
according  to  the  conception  of  matter,  as  the  subject  of  motion, 
has  it  any  power  of  changing  its  state ;  has  it  when  at  rest  a 
power  of  putting  itself  into  motion  ?  has  it  when  in  motion  a 
power  of  itself  either  of  increasing  or  of  diminishing  its  velocity  ? 
An  adequate  conception  of  matter  involves  a  negative  reply  to 
these  questions.  Matter  is  inert ;  it  has  no  power  of  acting  on 
itself  or  of  changing  its  own  state.  If  it  is  at  rest,  it  wiU  re- 
main at  rest :  if  it  is  moving  with  a  given  velocity  along  a  recti- 
lineal path,  it  will  continue  to  move  with  that  velocity  along 
that  path :  there  is  no  more  reason  why  it  should  change  its 
course  towards  one  side  of  that  line  than  towards  the  other : 
this  is  equivalent  to  saying  that  lapse  of  time  does  not  affect 

*  A  distinction  has  been  made,  first,  I  think,  by  M.  Ampere,  between  the 
results  of  motion,  as  they  arise  from  the  simple  consideration  of  motion 
itself,  or  from  the  consideration  of  motion  as  the  effect  of  certain  acting 
causes.  The  former  subject  has  been  called  Cinematics,  and  to  the  latter  the 
term  Mechanics  has  been  applied.  Our  investigations  thus  far  have  been 
cinematical.  The  generation  of  curves  by  mechanical  appliances  belongs 
to  cinematics. 
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matter^s  state  as  to  rest  or  motion.  And  not  only  does  matter 
remain  as  it  is^  unless  acted  on  by  some  source  of  velocity  ex- 
ternal to  itself,  but  it  also  passively  submits  to  external  influ- 
ence :  whatever  effect  is  communicated  to  it^  that  is  also  de- 
veloped in  it.  Now  I  am  not  saying  that  matter  does  not  act 
on  other  matter,  for  the  matter  of  Cosmos  does  so  act :  thus 
leaden  balls  attract  each  other :  particles  of  air  repel  each  other : 
but  it  does  not  change  its  own  state.  Whenever  therefore — and 
this  is  most  important — matter's  state  is  changed  either  from 
rest  to  motion,  or  vice  versa,  or  when  its  velocity  is  increased 
or  diminished^  that  change  is  due  to  some  adequate  cause, 
and  velocity  is  communicated  to  it  from  some  source  external 
to  itself.  This  source  is  called  Force;  and  force  is  either 
accelerating  or  retarding  according  as  the  velocity  of  matter  is, 
by  its  action,  increased  or  diminished :  a  more  exact  definition 
will  be  given  hereafter  when  we  inquire  into  the  correct  mea- 
sure of  force  by  means  of  the  effect  which  it  produces.  From 
the  principle  of  inertia  will  be  inferred  the  first  equations,  or 
propositions,  of  the  science.  The  principle  when  stated  in  the 
following  form  is  commonly  called  the  first  Law  of  Motion : 

Matter  at  rest  remains  at  rest,  and  matter  in  motion  continues 
to  move  in  the  same  line  and  direction,  and  with  unvaried  velocity, 
unless  acted  on  by  some  force  external  to  itself. 

This  principle  of  inertia  is  axiomatic,  and  is  the  first  axiom 
in  the  construction  of  the  science  ;  it  rules  that  when  a  change 
of  state  takes  place  in  matter,  that  change  is  due  to  the  action 
of  some  cause  external  to  the  matter. 

204.]  And  before  we  proceed  further,  it  is  desirable  briefly 
to  inquire  how  far  these  properties  of  matter  are  true  in  that  of 
the  earth  and  of  the  several  bodies  of  the  Solar  System. 

As  to  Mobility;  the  fact  is  shewn  by  daily  observation: 
bodies  falling  towards  the  earth,  particles  of  matter  constantly 
moving  in  the  air  and  as  seen  in  a  sunbeam,  the  waters  of 
the  sea  never  at  rest,  the  motion  of  the  moon  and  of  the  planets, 
the  motion  of  particles  of  air  in  the  wind,  all  bear  evidence  to 
this  property :  nothing  is  seen  quiescent,  every  thing  is  in 
motion. 

As  to  Inertia:  terrestrial  matter  seldom  changes  its  state 
without  our  being  able  to  assign  the  cause;  and  hence  we 
inductively  infer,  that  the  cause  could  always  be  assigned,  if 
our  knowledge  of  the  moving  matter  and  its  circumstances  was 
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perfect.  Consider  a  particle  of  iron,  placed  on  a  smooth  table ; 
relatively  to  the  table  it  is  at  rest :  but  let  a  magnet  be  placed 
so  that  the  particle  of  iron  is  within  its  influence ;  the  particle 
will  begin  immediately  to  move  towards  it ;  and  the  longer  the 
space  is  through  which  the  particle  moves^  the  greater  will  be 
its  velocity ;  thus  the  magnet  is  the  cause  of  the  motion  of  the 
particle  at  firsts  and  also  of  its  subsequently  increasing  velocity. 
Now  let  another  magnet  be  introduced  of  the  same  power  as  the 
former,  and  acting  along  the  same  line  of  action^  and  in  an  opposite 
direction^  so  that  the  action  of  the  former  magnet  on  the  parti- 
cle of  iron  is  neutralized  :  then  it  is  found  that  the  iron-particle 
will  continue  to  move  with  the  velocity  which  it  has  at  the  time 
when  the  neutralizing  magnet  is  introduced :  that  is^  the  velo- 
city which  it  has  at  that  instant  is  a  quality  residing  in  it^  and 
which  it  has  of  itself  no  power  to  annihilate :  its  velocity  will, 
it  is  true,  during  the  subsequent  motion  become  less  and  less ; 
yet  it  appears  that  such  a  loss  of  velocity  is  caused  by  the  fric- 
tion against  the  table,  the  resistance  of  the  air,  and  so  on :  for 
if  these  impediments  are  diminished,  the  particle  continues  to 
move  with  a  velocity  less  rapidly  decreasing:  and  hence  we 
infer  that  if  they  are  entirely  removed,  there  will  be  no  diminu- 
tion of  the  irotf  s  velocity. 

So  again  if  a  ball  is  projected  along  a  level  surface,  such  as  a 
bowlinggreen,  the  rougher  the  surface  is  the  more  impediment 
does  it  offer  to  the  balFs  motion,  and  the  sooner  is  the  ball 
reduced  to  rest :  but  if  the  surface  is  smooth,  as  a  pavement,  or 
smoother  still,  as  a  plate  of  glass,  or  as  ice,  the  longer  will  the 
ball  continue  to  move ;  eventually,  however,  it  will  be  reduced  to 
rest,  because  it  is  impossible  to  remove  all  the  impediments 
which  are  continually  acting  on  it  as  retarding  forces,  and  are 
thereby  withdrawing  velocity  from  it. 

Again,  if  a  suspended  pendulum  oscillates,  the  time  ere  its 
motion  ceases  will  be  longer  if  it  vibrates  on  a  knife-edge  than 
if  it  is  suspended  by  a  spring,  because  the  resistance  of  the 
former  is  less  than  that  of  the  latter ;  and  if  it  oscillates  in  the 
exhausted  receiver  of  an  air-pump,  the  time  ere  its  motion 
ceases  will  be  longer  than  if  the  oscillations  take  place  in  air. 
From  experiments  such  as  these,  it  is  inductively  inferred,  that 
if  all  the  hinderances  are  removed,  and  if  the  moving  matter  does 
not  receive  velocity  from  any  other  source,  it  has  in  itself  no 
power  either  to  increase  or  to  diminish  its  own  velocity. 
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The  uniform  periods  of  the  planets^  and  the  never-yarying 
length  of  the  mean  aidereal  day,  in  a  similar  manner  shew  that 
the  same  law  is  true  in  the  matter  of  which  the  bodies  of  the 
solar  system  consist. 

The  principle  of  inertia  was  first  recognised  by  Galileo :  me- 
chanicians had  before  his  time  failed  in  a  correct  exposition  of 
the  principles  of  mechanics. 

206.]  Matter  therefore  can  neither  generate  velocity  for  itself 
out  of  its  own  resources,  neither  can  it  absorb  into  itself  velo- 
city which  it  has,  or  velocity  which  is  communicated  to  it :  it  is 
alike  '^ natural ^^  to  it  to  be  at  rest  and  in  motion;  whenever 
therefore  its  state  changes,  some  source  external  to  itself  is  the 
origin  of  the  change ;  if  the  velocity  is  increased,  some  velocity 
has  been  communicated  to  it ;  if  it  is  diminished,  velocity  has 
been  abstracted  from  it :  whatever  causes  a  change  of  velocity 
is  called  Forces  and  the  word  Force  will  be  henceforth  used  in 
Dynamics  in  this  meaning  only. 

And  here  a  distinction  must  be  made,  which  will  necessitate 
a  division  of  the  subject.  If  matter  is  in  motion,  and  one  or 
more  forces  are  also  acting  on  it  at  the  same  time,  their  lines 
of  action  may  be  either  that  along  which  the  body  moves,  or 
inclined  at  a  certain  angle  to  that  line ;  in  the  latter  case  the 
matter  will  be  deflected  from  its  rectilinear  path,  and  its  path 
may  henceforth  not  be  straight ;  these  circumstances  of  motion 
will  be  investigated  in  Chap.  IX.  In  the  former  case  the  mov- 
ing matter  will  be  accelerated  or  retarded  in  its  own  line  of 
motion.  For  suppose  a  material  particle  to  be  moving  with  a 
constant  velocity  r,  and  two  forces  /  and  f  to  act  on  it,  the 
effects  of  which  are  severally  to  produce  velocities  u  and  u'  in 
one  unit  of  time ;  and  suppose  each  of  these  forces  to  act  for  t 
units  of  time  :  then  the  velocity  of  the  particle  at  the  end  of  / 
units  of  time  will  be  v-\-ut-\-utj  since  by  the  law  of  inertia,  and 
by  its  consequence,  that  matter  is  passively  receptive  of  velocity 
from  an  external  source,  the  velocities  arising  from  many  forces 
acting  simultaneously  along  the  same  line  of  action  are  simply 
additive.  If  one  of  the  forces,  say/',  act  in  a  direction  contrary 
to  that  of  the  particle''s  motion,  it  will  abstract  velocity,  and  the 
velocity  of  the  particle  will,  at  the  end  of  /  units  of  time,  be 
u+ft-fL 

Hence  if  two  forces  are  capable  of  communicating  equal  ve- 
locities to  the  same  body  in  equal  infinitesimal  elements  of  time^ 
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the  two  forces  are  said  to  be  equal,  and  are  such,  that  when 
applied  to  the  same  body  in  opposite  directions  along  the  same 
line  of  action,  they  neutralize  each  other,  and  do  not  change 
the  body's  state.  This  is  the  definition  of  equal  forces.  Simi- 
larly, forces  which  in  equal  infinitesimal  elements  of  time  will 
produce  in  a  given  body,  twice,  thrice,  &c.  the  velocity  which 
another  force  will,  are  estimated  as  double,  triple,  &c.  of  this 
latter  force. 

206.]  When  a  force  acts  on  matter,  and  communicates  velo- 
city to  it,  the  communication  may  take  place  in  two  ways :  in 
equal  successive  elements  of  time,  either  equal  or  unequal  velo- 
cities may  be  communicated  :  iu  the  former  case,  the  force  is 
called  constant :  in  the  latter,  variable,  and  the  law  according 
to  which  the  velocity  is  communicated  is  called  the  law  of  force. 
Let  us  consider  the  eflFect  of  these  forces,  as  they  are  exhibited 
in  the  altered  velocity  of  the  moving  matter.  The  velocity 
which  a  force  transfers  to  a  body  is  called  the  impressed  velocity : 
and  the  velocity  which  is  developed  in  the  moving  body  is  called 
the  expressed  velocity ;  in  the  case  of  a  single  material  particle 
they  are  equal :  but,  for  reasons  which  will  be  explained  here- 
after, they  are  generally  unequal  in  the  case  of  a  particle  which 
is  a  component  element  of  a  moving  body :  when  they  are  equal, 
it  is  to  be  observed  that  they  are  the  same  thing  under  dififerent 
aspects. 

Now,  to  fix  our  thoughts,  let  us  suppose  a  material  partfcle  to 
receive  velocity :  then  a  constant  force  being  such  that  equal 
velocities  are  communicated  in  equal  times,  let /represent  the 
velocity  communicated  in  one  unit  of  time ;  (the  velocity  being 
represented  by  units  of  space  described  in  one  unit  of  time,  and 
force  being  therefore  also  represented  by  units  of  space :)  and 
let  us  suppose  the  force  to  act  for  t  units  of  time ;  then//  is 
the  velocity  which  will  be  communicated  in  the  time.  Suppose 
V  to  represent  the  velocity  which  the  moving  particle  has 
acquired  in  the  time  /  during  which  the  force  has  been  in  action 
on  it ;  that  is,  let  v  be  the  expressed  velocity  of  the  particle ; 
then  if  all  the  velocity  which  has  been  impressed  by  the  force 
is  also  expressed  in  the  moving  particle, 

v^fL  (5) 

Also  if  a  particle  is  moving  with  a  velocity  u  before  the  force/ 
acts,  and  if  the  force  acts  for  t  imits  of  time  along  the  line  of 
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motion,  and  in  the  direction  in  which  the  particle  moves,  then 
the  velocity  at  the  end  of  the  time  /  is 

u-\fL 
And  if  the  force  acts  in  a  direction  contrary  to  that  in  which 
the  particle  is  moving,  the  velocity  at  the  end  of  the  time  /  is 

u-ft. 
A  variable  force  is  that  by  which  unequal  velocities  are  com- 
municated in  equal  successive  times;  in  this  case^  the  time 
must  be  resolved  into  its  infinitesimal  elements,  and  the  incre- 
ments of  the  velocity  are  to  be  considered  as  they  are  impressed 
by  the  force,  and  expressed  in  the  moving  particle.  Suppose 
the  force  to  be  such  that  at  the  time  /,  a  velocity /would  be 
impressed  by  it  in  one  unit  of  time^  if  the  force  were  constant 
during  that  unit :  and  to  be  such  that  at  the  time  t-^dt,  b,  velo- 
city/nrf/ would  (under  the  same  supposition)  be  impressed  by 
it  in  one  unit  of  time ;  let  v  be  the  velocity  of  the  particle  at 
the  time  t,  and  v-hdv  tit  the  time  t-\-dt;  then,  if  (9  is  a  proper 
fraction,  f-\-Odf  will  express  the  mean  value  of  the  velocity  com- 
municated during  the  time  di ;  the  term  mean  value  implying 
that,  it  f-^$df  is  uniformly  impressed  during  the  time  dt,  the 
velocity  dv  will  be  impressed  on  the  moving  particle.  Hence, 
by  reason  of  (5),        ^^  ^  (/+edf)dt ;  (6) 

and  therefore  neglecting  dfx  di  which  is  an  infinitesimal  of  the 
second  order,  dv=fdt;  (7) 

that  is,  the  velocity  in  dt  units  of  time  is  increased  hyfdt ;  and 
is  therefore  increased  by /in  one  unit  of  time;  /therefore  or 

-77  is  the  velocity  expressed  in  one  unit  of  time  ;  and  therefore 

the  unit  of  force  is  that  which  impresses  an  unit  of  velocity  on 
the  moving  particle  in  an  unit  of  time. 

Hence  then  we  have  a  measure  of  force ;  viz.  the  velocity 
which  the  force  will  impress  on  matter  in  one  unit  of  time ; 
and  as  in  the  case  of  a  single  material  particle  the  expressed 
velocity  is  equal  to  the  impressed,  we  may  take  the  expressed 
velocity  to  be  a  correct  and  adequate  measure  of  the  force ; 
and  thus  although /may  be  called  a  force,  yet  it  is  really  the 
increment  of  velocity  in  one  unit  of  time,  and  thus  is  only  the 
measure  of  the  force.  And  it  is  also  to  be  borne  in  mind,  that 
the  force  is  assumed  to  act  invariably,  that  is^  velocity  is  supposed 
to  be  uniformly  communicated  by  it  during  that  unit  of  time. 

PRICE,  VOL.  III.  B  8 
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From  the  preceding  equations  we  have  the  following  results : 

ds 

-  _  rfw  _   d  ds 
^  "  dt  ^  dt'dt 

d^sdt-d^tds  ,Q, 

=  dfi '  ^^^ 

and  therefore  if  s  is  equicrescent, 

J-        dfi  '  ^^' 

and  if  /  is  equicrescent,  ^ 

We  shall  suppose  /  to  be  an  equicrescent-variable  throughout 
the  whole  treatise,  unless  it  is  stated  expressly  that  it  is  not  so. 

207.]  Understanding  then  by  force  its  measure  or  its  effect, 
which  is  expressed  velocity-increment^  there  are  three  different 
expressions  for  it :  these  require  explanation. 

Let  a  particle  be  moving,  and  let  it  describe  the  space  s  in 
the  time  / : 

(1 )  Let  us  suppose  the  space  and  the  time  to  be  resolved  into 
corresponding  infinitesimal  increments^  so  that  neither  all  the 
df^  nor  all  the  d^s  are  equal :  in  which  case  neither  t  nor  s  is 
equicrescent ;  and  thus  (8)  correctly  represents  the  expressed 
velocity-increment  due  to  one  unit  of  time :  but  the  expression 
is  unnecessarily  complicated,  and  is  therefore  of  little  practical 
use. 

(2)  Let  the  time  be  resolved  into  equal  elements,  that  is,  let  / 
be  equicrescent :  then  tPt  =  0,  and  (10)  expresses  the  expressed 
velocity-increment.  Now  if  the  velocity  is  constant,  all  the 
corresponding  elements  of  space  will  be  equal :  that  is,  all  the 
d^s  will  be  equal  and  d^8=z0:  there  will,  in  this  case,  be  no 
velocity-increment,  and  therefore  no  force  is  acting.  If  the 
velocity  is  not  constant,  the  ds's  corresponding  to  equal  dfs 
will  not  be  equal ;  there  will  be  an  excess  of  one  ds  over  the 
preceding  or  succeeding  ds,  and  thus  there  will  be  a  d^s :  as  dt 
is  constant,  let  us  assume  it  to  be  the  unit  of  time  :  then  ds  is 
the  velocity ;  and  dh  is  the  velocity-increment ;  and  therefore 
measures  the  accelerating  force.  It  is  also  to  be  observed,  that 
if  the  velocity-increment  is  constant,  the  accelerating  force  is 
also  constant ;  dU  is  constant,  and  therefore  d^s^O:  but  if  on 
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the  other  hand  the  accelerating  force  is  variable,  the  velocity- 
increment  is  also  Tariable,  and  the  tfVs  vary,  and  dh  is  not 
equal  to  zero:  similarly  we  might  proceed,  and  shew  under 
what    circumstances  dh  would    be   constant,    and    therefore 

(3)  Let  the  space  be  the  equicrescent  variable;  in  which 
case,  if  the  velocity  is  constant,  the  dfs  corresponding  to  the 
ds*s  are  equal,  and  dH  =  0;  but  if  the  velocity  is  not  constant, 
equal  dfs  do  not  correspond  to  equal  ds^s,  and  therefore  dH 
will  not  be  equal  to  zero :  in  this  case  (9)  is  the  expression  for 
the  velocity-increment ;  /  being  affected  with  a  negative  sign 
because  the  velocity-increment  becomes  greater,  as  the  time  to 
which  it  is  due  becomes  less ;  in  this  case  therefore  the  dfs,  to 
which  equal  successive  ds's  are  due,  are  decreasing,  and  there- 
fore d^t  is  negative. 

208.]  Force,  therefore,  such  as  we  have  considered  it,  im- 
presses finite  velocity  in  a  finite  time ;  and  the  eficcts  of  it  have 
been  resolved  into  elements  corresponding  to  infinitesimal  ele- 
ments of  time.  Thus  if  a  force  acts  for  a  finite  time,  and  if  the 
law  of  the  force  is  given,  the  total  velocity  impressed  by  it  dur- 
ing the  whole  time  may  be  found  by  integration,  and  the  whole 
velocity  will  be  the  measure  of  the  force's  action.  A  force  of 
this  kind  is  commonly  called  a  finite  accelerating  (or  retarding) 
force.  But  suppose  a  force  to  act,  and  to  communicate  a  very 
great  velocity  in  a  very  short  time,  (such  as  the  explosive  force 
of  gunpowder,  which  will  impress  a  very  great  velocity  on  a 
cannon  ball  in  the  very  short  time  during  which  the  ball  is 
passing  along  the  bore  of  the  gun,)  then  doubtless  if  the  law  of 
the  communication  of  the  velocity  is  known,  the  whole  velocity 
may  be  found  as  in  the  former  case,  and  will  be  the  measure  of 
the  action  of  the  force ;  but  if  the  law  of  the  force  is  not  known, 
and  the  force  acts  for  a  short  time  and  then  ceases,  the  whole 
velocity  which  is  impressed  by  it  may  be  taken  as  the  measure 
of  its  action.  A  force  of  this  kind  is  called  an  Impulsive  or  In- 
stantaneous Force.  This  force  does  not,  it  is  to  be  observed, 
differ  in  kind  from  finite  accelerating  force ;  the  communication 
and  the  developement  is  just  as  gradual  in  one  case  as  in  the 
other ;  the  difference  consists  in  the  mode  of  measurement  of 
its  effect :  in  the  former  case  the  law  of  force  is  given ;  and  the 
total  action  of  the  force  is  determined  by  integration :  in  the 
latter  case,  whether  the  law  of  force  is  known  or  not,  the  action 
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of  the  force  is  measured  by  the  whole  velocity  which  has  been 
communicated  by  it. 

209.]  Hitherto  motion  and  velocity  have  been  considered 
independently  of  the  quantity  of  matter  of  which  they  are. 
Velocity  and  its  properties  have  been  discussed  as  existing  in  a 
mass,  and,  to  fix  our  thoughts,  we  have  assumed  in  some  cases 
that  a  material  particle  has  been  moving ;  but  it  has  been  un- 
necessary to  introduce  any  reference  to  the  quantity  of  matter, 
because  the  velocity  of  a  material  particle  and  of  a  mass  of 
large  dimensions  may  be  the  same :  and  inertia  as  a  property 
of  matter  does  not  require  any  conditions  as  to  the  quantity  of 
matter :  it  is  true  equally  of  a  particle  and  of  a  large  body. 
But  now  it  is  necessary  to  consider  quantity  of  matter  or 
mass  :  because  the  equations  of  motion  of  moving  matter,  from 
which  all  the  theorems  of  dynamics  will  be  deduced^  are  formed 
by  comparing  the  velocity  impressed  unth  the  velocity  expressed ; 
and  therefore  a  question  arises,  whether  two  bodies  having 
equal  velocities  impressed  on  them  will  move  with  equal  veloci- 
ties, whatever  are  their  masses  ?  No  doubt,  by  the  principle  of 
sufficient  reason,  if  their  masses  are  equal,  the  expressed  veloci- 
ties will  also  be  equal :  but  what  will  be  their  expressed  velo- 
cities, if  the  masses  are  unequal  ?  Hence  arises  the  necessity 
of  defining  equality  of  mass ;  and  we  must  be  on  our  guard 
against  an  argument  in  a  circle :  equal  masses  must  not  be 
defined  to  be  those  on  which  equal  forces  act  and  impress  equal 
velocities,  when  equal  forces  are  defined  to  be  those  which  im- 
press equal  velocities  on  equal  masses.  Suppose  two  masses 
to  have  the  form  of  spheres,  and  to  be  moving  with  their  centres 
along  a  straight  line,  and  in  opposite  directions,  then  if  they 
impinge  on  each  other,  and  if  each  is  by  the  collision  brought 
to  rest,  these  masses  are  said  to  be  equal :  so  that  equal  masses 
are  defined  in  the  following  terms :  "  T\vo  masses  are  equal 
which  moving  with  equal  velocities  along  the  same  straight  line, 
in  opposite  directions^  and  impinging  on  each  other y  are  reduced 
to  rest  by  the  collision^' 

When  many  masses  have  by  this  process  been  determined  to 
be  equal  to  each  other,  we  may  collect  two  or  more  into  one 
mass,  and  thus  obtain  masses  which  shall  be  any  multiple  of  a 
given  mass :  and  by  a  reverse  process  we  may  obtain  masses 
which  are  submultiples  of  another  mass ;  and  thus  we  may 
obtain  masses  which  bear  any  ratio  to  each  other.    Thus  if  m 
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equal  masses  are  collected  into  one  mass,  and  m'  into  another, 
the  ratio  of  these  coUected  masses  will  be  to  each  other  as  m 
to  m\ 

As  matter  which  occupies  finite  space  is  called  a  finite  body, 
so  matter  which  occupies  an  infinitesimal  space-element  is  called 
a  material  particle.  Thus  a  finite  body  consists  of  many  mate- 
rial particles.  The  motion  of  a  material  particle  is  of  a  kind 
more  simple  than  that  of  a  body,  and  for  this  reason :  if  a  body 
moves,  its  particles  may  all  of  them  describe  equal  and  parallel 
paths,  in  which  case  the  body  is  said  to  have  only  motion  of 
translation ;  or  the  particles  of  the  body  may  revolve  one  about 
another,  without  the  relative  positions  of  them  being  changed^ 
in  which  case  the  body  has  the  motion  of  rotation  :  a  full  dis- 
cussion of  these  circumstances  will  be  the  subject  of  Part  III  of 
the  Treatise :  for  the  present  we  shall  consider  the  motion  of 
material  particles  only :  and  as  each  one  occupies  space  equal  to 
an  infinitesimal  geometrical  pointy  the  motion  of  rotation  may 
he  neglected,  and  we  shall  consider  motion  of  translation  only. 

Experience  teaches  us,  in  the  case  of  terrestrial  matter,  that 
if  two  particles  are  at  rest,  and  if  it  is  required  to  make  them 
move  with  equal  velocities,  a  much  greater  force  must  act  on 
one  than  on  the  other ;  and  the  reason  assigned  is^  that  one  has 
much  greater  force  of  inertia  than  the  other.  Now  this  is  an 
inaccurate  mode  of  expression.  Inertia  *  has  no  force :  it  neither 
destroys  nor  generates  velocity;  motion  and  rest  are  equally 
natural  to  matter.  The  true  reason  is^  one  mass  is  greater  than 
another^  and  therefore  has  a  greater  quantity  of  matter  for 
velocity  to  be  communicated  to. 

210.]  Let  two  material  particles  be  in  motion;  of  which  I  will 
suppose  one  to  be  the  unit-mass,  for  the  unit  is  arbitrary,  and 
the  other  to  contain  m  unit-masses ;  and  let  them  move  with 
equal  constant  velocities  v :  if  the  m  unit-masses  of  the  larger 
mass  are  separate,  each  would  move  with  the  same  velocity  v, 
and  therefore  the  sum  of  all  the  particles  moving  separately 

*  Many  writers  on  mechanics  use  the  expression  ''force  of  inertia;"  and 
lately  ^  has  been  called  "  force  of  inertia ;"  the  expression  is  surely  inac- 
curate and  unphilosophical,  if  the  words  are  used  in  the  senses  which  I  have 
assigned  to  them :  and  I  cannot  but  refer  to  M.  Poisson,  who  is  no  mean 
authority  on  such  questions,  for  a  corroboration  of  the  view  of  the  subject 
here  taken.   Traits  de  M^nique,  2^  Edition,  Tome  I,  Art.  lao. 
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would  be  mv;  and  by  the  principle  of  inertia  the  sum  of  the 
velocities  is  not  changed  when  all  the  particles  are  collected 
into  one  common  mass^  and  therefore  the  quantity  of  velocity 
which  is  expressed  in  the  moving  mass  m  is  mt; :  that  is,  is  in 
quantity  m  times  the  velocity  of  the  unit-mass.  Although 
therefore  the  velocity  of  both  the  masses  is  the  same  as  to  in- 
tensity^  yet  in  quantity  or  amount  of  velocity^  that  of  the  mass  m 
is  m  times  that  of  the  unit-mass. 

If  therefore  the  particle  m  is  originally  at  rest,  mv  is  the 
quantity  of  velocity  which  is  expressed  in  it :  and  by  the  law  of 
inertia  this  must  have  been  impressed  on  it :  these  two  quan- 
tities are  therefore  equals  and  we  have 

impressed  quantity  of  velocity  =  expressed  quantity  of  velocity 

=  mv.  (11) 

As  we  shall  frequently  speak  of  this  ^'  quantity  of  velocity/'  it 
is  convenient  to  assign  to  it  a  distinctive  name:  it  is,  as  ex- 
plained above,  the  product  of  the  numbers  expressing  the  mass 
and  the  velocity,  and  has  been  ordinarily  called  momentum  or 
quantity  of  motion ;  although  the  term  is  somewhat  inaccurate^ 
yet,  to  avoid  the  inconvenience  of  new  nomenclature,  I  shall 
use  it,  and  shall  signify  by  it  the  quantity  of  velocity  which 
exists  in  moving  matter:  and  shall  henceforth  signify  by  the 
term  ''velocity/'  velocity  as  to  intensity.  The  increments  of 
these  will  be  called  respectively  the  momentum-increment  and 
the  velocity-increment;  and  of  these,  when  expressed,  the  ma- 
thematical equivalents  will  be  ffi^'-n^  And  -^,  see  equation 
(10),  if  t  is  the  equicrescent  variable.  And  thus  (11)  becomes 
impressed  momentum  =  expressed  momentum 

=  mv.  (12) 

Hence  if  a  particle  of  m  unit-masses  moves  with  a  velocity  v,  its 
momentum  is  mv  \  and  if  all  the  momentum  is  transferred  to 
another  particle  m',  the  velocity  v'  of  this  latter  particle  will  be 
such  that  ^^  ^  ^.^,  ^j3j 

Thus  if  a  particle  (as  a  small  ball)  of  mass  =  3,  moves  uniformly 
with  a  velocity  =  4,  its  momentum  =  12 ;  and  if  it  impinges 
directly  on  another  particle  of  mass  =  2,  and  by  means  of  the 
impact  is  reduced  to  rest,  the  whole  of  the  momentum  will  be 
transferred,  and  the  latter  particle  will  move  with  a  velocity  =  6 : 
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6  therefore  will  be  the  expressed  velocity^  and  12  will  be  the 
expressed  momentum  of  this  latter  particle. 

Hence  also  momentum  is  the  measure  of  the  pressure  of  per- 
cussion of  a  moving  mass. 

So  if  two  particles,  moving  along  the  same  line  and  in  oppo- 
site directions  with  velocities  which  are  inversely  proportional 
to  the  masses,  impinge  directly  on  each  other,  they  will  be  re- 
duced to  rest  by  the  collision. 

Again,  if  a  cannon  ball  of  mass  =  10  is  fired  from  a  gun, 
and  emerges  from  the  bore  with  a  velocity  =  250,  the  momen- 
tum of  the  ball  is  2500,  and  this  will  be  the  measure  of  the  ex- 
plosive force  of  the  gunpowder. 

Hence  also  it  appears  that  whenever  momentum  is  impressed 
on  a  mass  by  means  of  matter  acting  upon  it,  it  is  withdrawn 
from  some  other  source,  or  an  equivalent  momentum  is  simul- 
taneously produced  in  an  opposite  direction.  Hence  also  we 
infer  that  the  whole  amount  of  momentum  is  always  the  same. 
Momentum  cannot  be  created :  it  can  only  be  transferred.  It 
may  perhaps  be  thought  that  momentum  can  be  generated  by 
muscular  action,  say,  that  a  stone  may  be  thrown,  and  thus 
receive  momentum,  by  the  muscular  action  of  the  arm  :  we 
must  not  however  be  deceived  by  appearances:  let  a  person 
stand  in  a  frame  suspended  as  the  scale  of  a  balance,  and  which 
is  capable  of  moving  freely :  if  he  impresses  momentum  on  any 
body,  as,  for  instance,  if  he  throws  a  stone,  it  will  be  found  that 
he  moves  in  a  direction  directly  opposite :  and  the  product  of 
his  mass  and  the  velocity  with  which  he  moves  in  the  scale  will 
be  equal  and  opposite  to  that  which  he  has  given  to  the  stone : 
the  apparent  creation  then  of  momentum  in  one  direction  is  ac- 
companied by  the  creation  of  an  equal  quantity  in  the  opposite 
direction.  A  similar  effect  takes  place  when  momentum  is  im- 
parted to  a  mass  by  means  of  a  pressure  against  the  earth. 

The  distinction  which  is  drawn  between  velocity  as  to  inten- 
sity and  velocity  as  to  quantity,  or  momentum,  may  be  illus- 
trated by  the  following  analogies.  Suppose  two  masses  of  the 
same  substance,  one  of  which  is  ten  times  as  large  as  the  other, 
to  be  in  the  same  state  of  temperature,  and  suppose  both  to  be 
heated  so  as  to  be  of  the  same  higher  temperature :  then  to  these 
masses  heat  has  been  transferred  from  some  external  source;  and 
to  the  larger  mass  ten  times  as  much  as  that  to  the  smaller  one ; 
and  thus,  although  both  are  of  the  same  heat  as  to  intensity, 
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jet  the  quantity  of  transferred  heat  in  one  is  ten  times  as  great 
as  that  in  the  other.  A  thermometer  measures  temperature, 
that  is,  heat  as  to  intensity ;  in  the  same  manner  does  the  space 
described  in  one  unit  of  time  measure  velocity  as  to  intensity. 
Again^  suppose  a  certain  quantity  of  light  from  a  given  source 
to  be  received  by  a  table  or  a  given  area ;  the  smaller  the  area 
is,  if  it  receives  the  whole  lights  so  much  more  intense  will  the 
illumination  be.  But  if  a  given  area  is  illuminated  equally 
throughout  its  surface,  the  greater  the  surface  is,  the  greater 
also  will  be  the  quantity  of  light  received  by  it.  Thus  light 
does  as  to  intensity  vary  inversely  as  the  area  over  which  it  is 
spread :  but  the  quantity  of  light  received  by  a  surface  illumi- 
nated equally  throughout  varies  directly  as  the  surface. 

211.]  These  questions  must  also  be  investigated  with  refer- 
ence to  a  continuously  increasing  or  decreasing  velocity:  let 
the  mass  of  the  moving  particle  be  m;  and  let  the  expressed 

velocity-increment  of  it  in  one  unit  of  time  be  ^rj- :  then  its 
expressed  momentum-increment  =  m  -rr^ ;  and  this  quantity  is 
equal  to  the  impressed  momentum-increment :  therefore 
impressed  momentum-increment  =  expressed  momentum-increment 

=  m^.  (14) 

The  source  of  the  impressed  momentum-increment  is  called 
moving  force ;  and  as  by  (14)  the  impressed  momentum-incre- 
ment is  equal  to  the  expressed  momentum-increment,  that  is,  to 

^-^9  we  may  take  this  latter  to  be  the  measure  of  the  moving 

force:  and  as  the  accelerating  force  is  measured  by  the  ex- 

d^$ 
pressed  velocity-increment  -^ »  it  follows  that  the  measure  of 

the  accelerating  force  is  the  same  as  that  of  the  moving  force 
acting  on  an  unit-mass.  Hence  also  the  unit  moving  force  is 
that  which  impresses  an  unit  of  velocity  on  an  unit  of  mass  in 
an  unit  of  time.  Equation  (14)  is  called  an  equation  of  motion. 
Let  us  exemplify  this  result :  suppose  a  particle  m  to  be  fall- 
ing towards  the  earth :  it  is  found  by  experiment  that  the  earth's 
attraction  is  an  uniformly  accelerating  force,  (see  also  Art.  226), 
which  impresses  on  the  falling  particle  a  velocity-increment  of 
32  feet  (approximately)  in  one  second  of  time ;  let  a  second 
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therefore  be  the  time-unit,  and  let  us  represent  the  number 
32  by  ^  (=  gravity) :  then  mg  is  the  impressed  momentum- 
increment,  and  fJ^-jT^  is  the  expressed  momentum-increment: 
therefore,  by  reason  of  (14)^ 

mff  =z  m-^;  (15) 

The  illustration  may  be  more  correctly  represented  when  we 
take  account  of  the  mass  of  the  earth.  For  since  the  attraction 
between  the  earth  and  the  particle  is  mutual^  the  particle  at- 
tracts the  earth  while  the  earth  attracts  the  particle :  if  there- 
fore m  and  m  are  the  masses  of  the  particle  and  of  the  earth 
respectively,  the  velocity-increments  of  the  particle  and  earth  in 
an  infinitesimal  element  of  time  are  inversely  as  the  masses. 

Similar  too  is  the  mutual  attraction  of  the  earth  and  moon : 
the  expressed  velocity-increments  with  which  they  move  towards 
each  other  are  inversely  as  their  masses.  Hence  it  follows  that 
their  centre  of  gravity  would  remain  at  rest^  if  the  earth  and 
moon  had  no  other  motion  than  that  which  is  due  to  their  mu- 
tual attraction :  but  owing  to  the  action  of  the  sun^  and  the 
motion  of  each  in  space^  the  centre  of  gravity  describes  an  ellipse 
with  the  sun  in  one  of  the  foci. 

Hence  then  it  follows  that  (1)  moving  forces  do  not  impress 
equal  velocities  on  different  masses,  unless  they  are  proportional 
to  the  masses ;  (2)  the  velocities  expressed  in  equal  masses  are 
proportional  to  the  moving  forces ;  (8)  the  velocities  expressed 
in  unequal  masses  by  equal  moving  forces  are  inversely  propor- 
tional to  the  masses.  Hence  also  we  infer  that  when  a  moving 
force  impresses  velocity  on  a  mass,  the  velocity  expressed  varies 
directly  as  the  moving  force  and  inversely  as  the  mass.  This 
last  proposition  has  been  commonly  called  the  third  Law  of 
Motion,  and  is  enuntiated  in  a  form  such  as, 

fFhen  moving  force  produces  velocity  in  a  given  mass,  the  velo- 
city produced  is  inversely  proportioned  to  the  mass. 

Sir  Isaac  Newton  calls  the  following  proposition  the  third 
law  of  motion :  ''  Action  and  reaction  are  equal  and  opposite.'^ 
This  however  is  no  more  than  a  statement  in  plain  language  of 
(12)  and  (14) ;  and  it  is  necessary  to  explain  the  meaning  of  the 
terms  action  and  reaction,  and  how  they  are  measured. 
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And  here  we  have  come  to  the  aeeond  axiomatic  principle 
which  is  necessary  to  the  construction  of  onr  science :  when  the 
state  of  matter^  as  to  motion^  changes,  a  measure  of  the  change 
is  hereby  given :  the  product  of  the  mass  and  of  the  velocity 
which  is  expressed  in  a  given  time  is  the  measure  of  the  force 
which  has  caused  the  change^  and  is  by  the  first  principle,  that 
viz.  of  inertia,  see  Art.  203,  equal  to  the  impressed  momentum. 
From  this  equation  all  the  results  of  dynamics  will  be  deduced. 

212.]  The  truth  of  the  preceding  theorems  connecting  mov- 
ing force,  mass,  and  expressed  velocity,  in  the  case  of  terrestrial 
matter  is  proved  by  Attwood's  machine,  for  a  full  description 
of  which  I  must  refer  the  reader  to  Attwood's  original  treatise 
on  rectilineal  motion,  and  to  other  treatises  on  experimental 
mechanics,  but  of  which  a  concise  account  is  given  in  Section  3 
of  the  succeeding  Chapter.  It  is  shewn  by  numerous  experi* 
ments  made  with  it  that  the  expressed  velocity-increment  in  a 
second  of  time  varies  directly  as  the  moving  force  and  inversely 
as  the  whole  mass  moved ;  and  therefore  the  product  of  the 
mass  and  the  velocity-increment  varies  as  the  moring  force,  and 
may  be  taken  to  be  a  correct  measure  of  it.  The  same  theorem 
is  also  proved  by  the  following  experiment :  it  has  been  shewn 
in  the  preceding  Chapter  that  the  earth's  attraction  on  bodies 
near  to  its  surface  is  constant ;  and  it  will  be  shewn  in  Section  8 
of  the  following  Chapter  that,  when  bodies  move  under  the  ac- 
tion of  the  constant  accelerating  force  of  gravity,  the  expressed 
velocities,  due  to  given  vertical  distances  throu^  which  the 
force  acts,  vary  as  the  square  roots  of  those  distances.  Suppose 
two  spherical  balls  m  and  m'  to  be  suspended  fix>m  two  points 
in  the  same  horizontal  line,  and  by  strings  of  lengths  such  that 
the  balls  when  at  rest  may  just  touch,  and  also  have  their 
centres  in  the  same  horizontal  plane :  let  these  balls  be  moved 
in  circular  arcs ;  then  the  velocities  acquired  by  them  as  they 
fall  from  rest  to  the  lowest  point  vary  as  the  square  roots  of  the 
versed-sines  of  the  arcs  through  which  they  descend ;  and  as 
the  versed-sine  varies  as  the  square  of  the  corresponding  chord, 
so  the  velocities  acquired  in  the  descent  vary  as  the  chords.  If 
therefore  the  two  balls  are  raised  through  arcs,  the  chords  of 
which  are  inversely  as  the  masses  of  the  balls,  the  velocities  at 
the  lowest  points  will  also  be  inversely  as  the  masses ;  and  it  is 
found  by  experiment  that  balls  which  have  fallen  through  arcs, 
the  chords  of  which  are  inversely  as  their  masses,  and  which 
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impiiige  on  each  other  at  the  lowest  pointy  are  by  the  collision 
brought  to  rest :  and  therefore  the  momenta  of  them  must  have 
been  equal,  and  thus  being  in  opposite  directions  along  the 
same  line  of  action  have  neutralised  each  other.  This  then  is 
an  experimental  proof  that  the  momentum  is  equal  to  the  pro- 
duct of  the  mass  and  of  the  velocity.  It  is  also  found  that,  if 
the  arc  through  which  one  of  the  balls  moves  is  greater  than 
that  determined  above,  when  the  balls  come  into  contact,  they 
are  not  reduced  to  rest,  but  move  in  the  direction  of  the  motion 
of  that  which  has  fallen  through  the  proportionally  greater  arc. 

It  is  also  found  by  experiment  that  if  two  bidls  of  unequal 
masses  are  placed  in  contact,  and  have  a  spring  so  arranged 
that  whoi  the  spring  is  set  free  it  exerts  an  equal  action  against 
both  of  them,  the  velocities  which  are  expressed  in  them  aro 
respectively  inrersely  as  their  masses. 

213.]  When  the  matter  on  whidi  moving -force  acts  joests  on 
a  surface,  the  normal  to  which  is  along  the  line  of  action  of  the 
moving  force,  the  effect  is  not  vehcUy  t^t  pressure :  for  the  in- 
finitesimal element  of  velocity,  which  the  moving  iorce  would 
impress  in  an  infinitesimal  element  of  time,  is  destroyed  by  the 
resistance  of  the  surface.  But  if  the  4urface  were  removed  it 
would  be  expressed  in  the  moving  matter,  and  the  etements  of 
velocity  being  added  to  each  other,  a  finite  velocity  would  be 
expressed.  When  therefore  a  moving  force  impresses  velocity, 
and  the  velocity  is  expressed,, the  riements  of  it  are  added  to 
each  other,  and  the  resultant  is  the  whole  expressed  vdoeity : 
but  when  the  elements  of  velocity  are  destroyed  as  soon  as  they 
are  communicated,  the  result  is  pressure.  Hence  it  foUows  that 
two  pressures  are  to  each  other  as  the  product  of  their  masses 
and  the  infinitesimal  elements  of  velocity  which  would  be  ex- 
pressed in  them  in  an  infinitesimal  element  of  time  if  they  were 
free.  At  this  point  therefore  statics  becomes  a  branch  of  dy- 
namics, and  on  this  principle,  which  is  called  the  Principle  of 
Virtual  Velocities,  the  theorems  of  the  latter  science  are  applied 
to  those  of  the  former. 

We  are  hereby  supplied  with  a  method,  which  is  in  practice 
most  convenient,  for  determining  the  mass  of  terrestrial  matter. 
Observation  shews  that  at  the  same  place  all  bodies,  whatever 
are  their  substances,  acquire  the  same  velocity  in  falling  in 
vacuo  in  the  same  time.  The  earth^s  attraction  therefore  is  an 
accelerating  force  which  acts  independently  of  the  particular 
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kind  and  quantity  of  the  matter  which  moyes,  and  is  therefore 
the  same  for  all  matter.  Consequently  the  pressures  of  bodies 
under  the  attraction  of  the  earth  vary  as  their  masses :  these 
pressures  are  the  weights  of  the  bodies,  and  therefore  the  weights 
at  the  same  place  vary  as  the  masses  of  the  bodies ;  and  as  the 
balance  affords  an  easy  mode  of  comparing  weights,  we  can 
hereby  deduce  the  relative  proportions  of  the  masses. 

It  may  probably  be  thought  that  this  method  of  determining 
mass  is  more  simple  than  that  explained  in  Art.  209,;  and  prac- 
tically for  the  matter  of  the  earth  it  is :  but  there  are  objections 
to  it,  so  far  as  the  principles  of  the  pure  science  of  motion  are 
concerned :  (1)  it  experimentally  assumes  the  relation  between 
mass,  moving  force  or  its  measure  momentum-increment^  and 
accelerating  force  or  its  measure  velocity-increment;  and  this 
it  is  adduced  to  prove :  (2)  only  terrestrial  matter  can  be  com- 
pared by  it,  whereas  the  principles  of  the  science  of  motion 
should  be  laid  in  breadth  sufficient  to  include  matter  of  all 
kinds :  (3)  M.  Poisson  writes  in  the  Traits  de  Mecanique^ 
Art.  62,  Ed.  2<^ :  "  Toutefois,  on  doit  avoir  un  idfe  pr^alable  de 
r^alit^  et  du  rapport  des  masses,  ind^pendamment  de  la  pe- 
santeur,  qui  n'est  qu'une  propri^t€  s^condaire  des  corps,  puis- 
qu^elle  deviendrait  tout-^-fait  insensible,  sans  que  les  masses 
eussent  change,  en  les  transportant  k  une  distance  suffisam- 
ment  grande  de  la  terre.'^  Thus  M.  Poisson  thinks  that  such  a 
mode  of  determining  mass  would,  not  be  sufficiently  general  for 
even  terrestrial  matter. 
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CHAPTER  VIII. 

THE   RECTILINEAR  MOTION  OF  PARTICLES. 

Section  1. — Direct  impact  and  collision. 

214.]  We  proceed  now  to  the  application  of  the  principles 
and  equations  which  have  been  investigated  in  the  preceding 
Chapter :  and  we  shall  begin  with  the  most  simple  case^  that 
of  the  direct  impact  and  collision  of  two  material  particles.  To 
fix  our  thoughts^  however^  I  shall  consider  these  particles  to  be 
spherical  homogeneous  balls  of  finite  dimensions,  which  move 
so  that  all  the  particles  describe  equal  and  parallel  paths,  and 
the  balls  have  therefore  no  motion  of  rotation ;  the  velocities 
also  of  the  balls  will  be  supposed  to  be  uniform  both  before  and 
after  collision^  and  the  paths  along  which  they  move  are  sup- 
posed to  be  rectilineal ;  also  the  line  of  action  of  the  mutual 
pressure  of  the  balls  during  the  collision  is  supposed  to  pass 
through  their  centres ;  and  if  this  line  is  that  in  which  the  balls 
are  moving  the  impact  is  said  to  be  direct ;  but  if  either  of  the 
balls  moves  in  a  line  not  coincident  with  this  line  of  action  the 
impact  is  called  oblique.  We  shall  now  investigate  the  former 
case :  the  latter  will  be  considered  in  Section  1,  Chap.  X. 

Let  the  masses  of  the  two  balls  or  material  particles  be  m 
and  tn! ;  and^  to  fix  our  thoughts^  let  us  suppose  them  to  be 
moving  with  uniform  velocities  in  the  same  direction  along  the 
straight  line  oa^  fig.  85,  say^  from  left  to  right :  let  t;  and  vf  be 
their  respective  velocities^  and  let  us  suppose  v  to  be  greater 
than  f/,  so  that  m  overtakes  and  impinges  on  m  :  the  momenta 
of  the  two  balls  are  respectively  mv  and  m'v\ 

Now  no  matter  is  perfectly  rigid ;  all  is  more  or  less  extensi- 
ble^ compressible,  and  also  elastic ;  see  Arts.  148, 152, 158,  and 
the  account  of  elasticity  there  given.  Thus  when  m  impinges 
on  m',  a  compression  of  the  particles  of  the  two  balls  at^  and 
about,  the  point  of  contact  takes  place :  a  change  of  form  of 
the  balls  thus  takes  place,  and  the  molecules  of  them  move  one 
relatively  to  another  :  velocity  therefore  has  been  impressed  on 
them.    The  disturbance  of  the  relative  positions  of  the  elements 
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of  the  bodies  also  brings  elastic  forces  of  restitution  into  action : 
for  the  effects  of  the  impact  are  supposed  not  to  be  such  that 
the  balls  are  broken  or  crushed  by  them :  and  the  greater  the 
disturbance  of  the  particles  is,  the  greater  is  this  elastic  force  : 
now  although  according  to  the  configuration  of  the  balls  which 
we  have  imagined^  the  velocity  of  m  is  greater  than  that  of  m\ 
yet  during  the  collision  momentum  is  being  withdrawn  from  m 
and  is  transferred  (1)  to  m'  through  the  means  of  all  its  particles, 
whereby  the  velocity  of  m  is  increased ;  and  (2)  to  the  particles 
which  are  disturbed  in  and  about  the  point  of  contact :  the 
measure  of  this  latter  transfecred  momentum  is  the  elastic  force; 
this  transference  of  momentum  continues  until  m  and  m'  move 
with  the  same  velocity ;  which  circumstance  eventually  oocors ; 
for  so  long  as  the  velocity  of  m  is  greater  than  that  of  m\  the 
change  of  the  forms  of  the  balls  is  increased^  whereby  the 
elastic  force  is  also  increased ;  and  an  this  is  in  a  greater  pro- 
portion than  the  compressing  force^  the  two  balls  most  ulti- 
mately move  with  the  same  velocity :  at  this  stage  of  the  pro- 
cess^ the  compression  is^  it  is  to  be  observed,  a  maximom. 

As  soon  however  as  the  balls  move  with  the  same  velocity, 
there  is  no  mutual  pressure  between  them :  there  is  then  no 
force  to  counteract  the  elastic  forces  which  have  been  bronght 
into  action  by  the  compression,  and  these  therefore  begin  to 
produce  their  effects.  Now  the  common  velocity  of  m  and  m 
at  the  instant,  when  the  compression  is  a  maximum,  is  from  o 
towards  a  ;  and  the  effect  of  the  elastic  forces  in  the  restitution 
of  the  figure  is  to  increase  the  velocity  of  m'  and  to  diminish  that 
of  m  in  that  direction.  In  other  words,  during  the  compression, 
momentum  of  the  balls  is  changed  into  elastic  moving  force :  and 
in  the  restitution,  this  elastic  force  again  produces  momentiun : 
and  in  both  processes  momentum  is  abstracted  ficom  m  and  is 
given  to  m\ 

A  question  however  arises :  What  relation  does  the  momen- 
tum impressed  by  the  elastic  force  dttring  the  restitution  of  the 
forms  bear  to  that  which  was  lost  ^urisg  the  compression? 
Here,  in  our  ignorance  of  the  oonstitation  of -bodies  and  of  their 
molecular  action,  we  are  obliged  to  have  recoune  to  experi- 
ment; and  it  is  found  that  in  two  balls  of  given  substances 
there  is  always  a  certain  definite  ratio  between  the  momentum 
spent  in  producing  a  certain  compression,  and  that  aoquised 
dnnng  the  restitotian ;  the  ;ktter  quantity  faeisig  always  less 
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than  the  former :  the  ratio  is  called  the  measure  of  the  ehuti- 
dty  of  the  bodies,  and  is  symbolised  bj  e ;  the  limiting  values 
of  £  are  0  and  1 :  the  former  being  its  value  for  substances  per- 
fectly inelastic,  and  perfectly  hard,  because  if  a  body  is  perfectly 
hard  there  is  no  compression,  and  therefore  there  is  no  elastic 
force :  and  the  latter  being  the  value  of  e  when  the  bodies  are 
perfectly  elastic,  and  when  the  momentum  impressed  during 
the  restitution  is  equal  to  that  spent  in  producing  the  compres- 
sion. Mr.  Hodgkinson  has  not  found  in  the  course  of  his  ex- 
periments (see  British  Association  Reports,  Vol.  Ill,  p.  634)  any 
matter  perfectly  fulfilling  these  conditions.  Hence  the  value 
of  e  for  all  known  substances  is  a  positive  proper  fraction.  If 
therefore  f  represents  the  momentum  impressed  during  the 
compression,  er  is  that  acquired  during  the  restitution. 

215.]  Let  m  and  tn!  be  the  masses  of  the  two  baUs,  which 
move  in  the  same  direction  along  the  straight  line  oa,  see 
fig.  85,  with  uniform  velocities  v  and  v'l  and  let  us  suppose  v  to 
be  greater  than  v',  so  that'  m  overtakes  and  impinges  on  m'l  let 
u  be  the  common  velocity  of  the  two  balls  when  the  compression 
is  a  maximum :  let  p  represent  the  momentum  spent  in  pro- 
ducing the  compression,  and  ep  that  acquired  in  the  restitution 
of  the  form  of  the  bodies.  Let  v  and  v'  be  the  velocities  of  m 
and  fn\  when  the  collision  ceases ;  and  which  are  their  uniform 
velocities  after  the  collision  has  taken  place.  We  shall  consider 
the  circumstances  of  the  balls  as  they  are  (1)  at  the  instant 
when  collision  begins,  (2)  at  the  instant  when  the  compression 
is  a  maximum,  (3)  when  the  collision  has  ceased.  Now 
mv  =  the  momentum  of  m  at  the  beginning  of  the  collision, 

p  =  the  momentum  spent  in  producing  compression, 
mu  =  the  momentum  of  m  when  the  compression  is  a  maximum ; 
therefore,  by  reason  of  (12),  Art.  210, 

mv  =  mti  +  p  ;  (1) 

fn!v'  =  the  momentum  of  m!  at  the  beginning  of  the  collision, 
tnlu  =  the  momentum  of  m',  when  the  compression  is  a  maximum ; 
.-.     mV  =  m'te— p:  (2) 

and  at  the  instant  when  the  collision  ceases,  we  have  by  a 
similar  process,  ^y  =  mt*-eP,  (3) 

and  therefore  adding  (1)  and  (2),  and  (3)  and  (4), 
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mv-^-m'v'       mv-fmV 

u  =  ■ — 7—  =  7— ;  (5) 

.'.     mf;-f»iV=  mv-fm'v':  (6) 

therefore  the  sums  of  the  momenta  before  and  after  impact  are 
equal. 

Prom  (1)  and  (5)  we  have 

fn-\-fn 
therefore  the  momentum  spent  in  producing  the  compression 
varies  as  the  difference  between  the  velocities  before  impact. 
Substituting  in  (3)  and  (4)  from  (5)  and  (7)^  we  have 

J      mV'\-fn!v'        em    ,        ,^  ,^, 

m-^tn         tn-^-m 
whence  the  velocities  of  the  balls  after  collision  are  known  in 
terms  of  their  masses,  the  elasticity^  *and  their  velocities  before 
impact. 

The  momentum  which  is  impressed  on  m  in  a  direction  oppo- 
site to  that  of  its  motion,  by  the  elastic  force  ev  during  the 
restitution  of  the  form  of  the  balls,  may  be  such  as  either  wholly 
to  neutralize  the  velocity  of  m  and  thus  to  bring  it  to  rest^  or 
to  impress  on  it  a  velocity  in  the  opposite  direction.  In  this 
latter  case^  v  will  have  a  negative  sign,  and  we  shall  have 

-7  greater  than  \    ,   '      . 
V  em  —  m 

If  m'  before  impact  moves  in  a  direction  opposite  to  that  which 

we  have  imagined^  and  so  as  to  meet  m,  v'  must  be  affected  with 

a  negative  sign  in  all  the  preceding  formulae ;  in  which  case  if 

mv  =  mV,  that  is^  if  the  momenta  of  the  impinging  balls  are 

equal,  t«  =  0,  and  the  balls  are  at  rest  at  the  instant  when  the 

compression  is   a  maximum;    and  after  the  restitution  has 

taken  place,  v=  —  ct?,  and  v'=«t/,  and  thus  the  balls  move  in 

opposite  directions. 

The  product  of  the  mass  of  a  particle  (and  more  generally 

too  of  a  body  which  has  only  motion  of  translation)  and  of  the 

square  of  its  velocity,  that  is,  of  the  numbers  expressing  these 

quantities,  is  called  the  V%9  Viva  of  the  mass.     The  sum  of  the 

vtres  viva  of  the  baUs  before  collision  is  mv*+wV^  and  after 

collision  wv^-j-mV* :  and  by  (8)  and  (9)  we  have 
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»»v»+mV«  =  mv^+m'v'* -  (^-^')"^"*' (»-»')»;         (10) 

m  +  m 

and  therefore  in  the  case  of  imperfectly  elastic  balls^  when  e  is 
less  than  unity,  vis  viva  is  lost  by  collision. 

Also  since  the  balls  after  impact  move  with  constant  veloci- 
ties V  and  Vy  they  in  t  units  of  time  severally  pass  over  vt  and 
Vt  units  of  distance,  see  equation  (1),  Art.  202  :  and  therefore 
the  distance  between  them  =  (V—  v)^ 

=  e{V'-v')t. 

216.]  Let  us  consider  some  special  cases  of  the  preceding 
results. 

(1)  Let  the  elasticity  be  perfect :  c  =  1 :  then 

v  =  t;--^^(t;-A  (11) 

fn-\-fn 
and  also  if  m  =  m\  v=rt?',  V=v;  that  is,  when  a  perfectly 
elastic  ball  impinges  on  another  equal  and  perfectly  elastic 
baU,  each  after  impact  moves  with  the  velocity  of  the  other 
before  impact ;  if  therefore  one  is  at  rest  before  impact,  the 
impin^ng  ball  remains  at  rest  after  impact,  and  the  other  will 
move  with  the  velocity  of  the  impinging  ball.  Hence  if  there 
is  a  row  of  equal  and  perfectly  elastic  balls  in  a  straight  line  > 
and  if  the  first  ball  moves  in  that  line  with  a  velocity  v,  and 
impinges  on  the  second,  the  first  will  be  brought  to  rest,  and 
the  second  will  move  on  with  the  velocity  v :  similarly  will  it 
after  impact  on  the  third  ball  be  brought  to  rest,  and  the  third 
ball  will  move  with  the  velocity  v ;  and  so  on  through  all  the 
balls,  until  finally  the  last  ball  moves  with  a  velocity  v  and  all 
the  others  are  reduced  to  rest.  Now  as  this  result  does  not 
depend  on  the  distances  between  the  balls,  it  will  be  true  if  the 
balls  touch  each  other  ,*  and  therefore  if  there  is  a  row  of  equal 
and  perfectly  elastic  balls  in  a  straight  line,  which  touch  each 
other,  if  one  of  the  extreme  balls  moves  with  the  velocity  v,  and 
impinges  on  the  next  ball  with  a  velocity  v  in  the  direction  of 
the  row  of  balls,  the  intermediate  balls  will  not  be  disturbed, 
and  the  last  will  move  with  the  velocity  of  the  impinging  ball. 
Also  if  e=:  1, 

mvHwVa  =  mv^-^m'v^;  (13) 

that  is,  the  sum  of  the  vires  vivse  is  the  same  before  and  after 
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impact.  This  is  a  particular  instance  of  a  general  law  of  dy- 
namics which  will  be  explained  hereafter. 

(2)  If  the  bodies  are  wholly  inelastic,  6  =  0;  also  if  they  are 
perfectly  hard^  so  that  no  change  of  form  is  caused  by  the  im- 
pact, then  no  elastic  force  is  brought  into  action,  and  e^O. 
In  these  cases  ,» 

V  =  V  5=  7-;  (14) 

that  iS;  the  balls  after  impact  move  together,  and  of  course  with 
the  same  velocity. 

(3)  l{mf  is  infinitely  greater  than  m,  and  if  t;'=0,  or,  which 

is  the  same  thing,  if  m  impinges  on  a  fixed  obstacle,  as  on  a 

plane,  then  „  ,,«. 

^       ^  V  =  —  ei; ;  (15) 

that  is,  the  ball  rebounds  with  a  velocity  which  is  e  times  that 
of  impact,  and  in  an  opposite  direction. 
And  if  the  elasticity  is  perfect,  c  =  1,  and 

v  =  -t;;  (16) 

that  is,  the  velocity  of  rebound  is  equal  and  opposite  to  that  of 
impact. 

And  if  e  =  0,  V  =  0,  and  the  baU  remains  in  contact  with  the 
plane. 

217.]  The  velocity  of  the  centre  of  gravity  is  not  changed  by 
the  alteration  which  the  velocities  of  the  balls  undergo  by 
reason  of  the  impact. 

Let  a?  and  a:'  be  the  distances  of  the  centres  of  m  and  m'  from 
o,  fig.  85,  at  the  time  t :  so  that  their  velocities  along  oa  at  that 

time  are  -j-  and  -rr  »  and  thus 
dt  dt 

dx  ,      dx' 

Let  X  be  the  distance  from  o  of  their  centre  of  gravity :  then 
(w  +  m')^  =  mx  +  m'x'; 
,.dx  dx        f  dx' 

=  iwv  +  mV;  (17) 

and  is  therefore  equal  to  the  sum  of  the  momenta  of  the  balls : 
but  by  (6)  the  sum  of  the  momenta  is  the  same  before  and  after 
impact :  therefore  the  velocity  of  the  centre  of  gravity  is  also 
the  same  before  and  after  impact.    The  same  property  is  also 
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true  of  any  number  of  balls  directly  impinging  on  each  other  in 
a  straight  row. 

2I8.3  Examples  illustrative  of  the  preceding  equations. 

Ex.  1.  Determine  the  velocity  of  a  given  ball  (m)  which  im- 
pinges on  another  equal  ball  moving  with  a  given  velocity, 
when  the  impinging  ball  remains  at  rest  after  the  collision. 

Here  i»'=  m,  and  v  =  0 :  therefore  from  (9), 

l  +  e   , 

V  =  — r V. 

1  — c 

Ex.  2.  To  determine  the  mass  of  a  ball  m2,  which,  interposed 
between  mi  and  m^  is  such  that  the  velocity  of  m^^  which  is 
originally  at  rest,  may  after  impact  from  mi  through  the  inter- 
vention of  ms  be  a  maximum. 

Let  V  be  the  velocity  of  mi  at  first :  then 

the  vel.  of  m%  after  impact  from  mi  =  ^    ' 


the  vel.  of  m^  after  impact  from  m2  = 


mi  +  m2 

(1-f  c)*mim2i; 


(mi-|-ma)(ma  +  m8) 
=  /(ma),  say : 
,      ^/,^x  _  (l-hg)'mi(mim8~m2^)t;  _  ^ 
'•    J^"^^'      imi  +  m2)«(m,  +  m3)2      " ''' 

if  m2=  (mims)^,  and  changes  sign  from  -f-  to  —  :  therefore  the 
value  of /(ma)  is  a  maximum,  if  ma  is  a  mean  proportional  be- 
tween the  two  extreme  balls. 

Ex.  8.  n  balls  mi,  ma,  ma, ...  mn,  perfectly  elastic,  are  placed 
in  a  row  :  find  the  ratio  of  their  masses,  when  a  momentum  miv 
impressed  on  the  first,  is  after  impact  equally  divided  amongst 
the  n  balls. 

yel.  of  »h  after  impact  on  m,  =  ^ii::^  v ;  (18) 


vel.  of  ma  after  impact  from  mi  = 


mi  +  ma 
2mit? 

mi-f  ma' 


vel.  of  ma  after  impact  on  ma  = — ;  (19) 


vel.  of  ma  after  impact  from  ma  = 


ma  +  'T^  mi  +  ma 

2ma       2mit; 

ma  +  ^  mi+ma 


and  so  on :  therefore  from  (18),  (19),  and  (20), 

V  VL2 
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—  •  mi  V  = 


4!mim2ms(ms—m^)v 


( ws -I- m^)  (ma  +  ma)  (mi  +  fwa) 
mi— m2       1         m2— ms  1  ms— m4  1 


«' 

ma  +  ms 

«-r 

ma 

ma 

n 

= 

ms 
«-2' 

. 

mr 

Wr+l. 

mi  +  ma       «'       ma  +  ms       «  — 1'       ma  +  m^       «— 2' 
mi  ma  ma         ma  ma  m^ 


n  +  l""«-l'  »        «-2'  »-l       n-J 


n— r-f2      n— r' 
which  gives  the  ratio  of  every  two  successive  balls. 

219.]  The  theory  of  impact  and  collision  which  is  explained 
in  the  preceding  Articles  may  be  applied  to  the  solution  of  the 
following  problem : 

By  the  law  of  inertia,  a  material  particle  or  body  which  has 
a  certain  momentum  continues  to  move  in  a  rectilinear  path^ 
and  with  a  constant  velocity^  unless  it  is  acted  on  by  some 
force ;  that  is,  unless  momentum  is  abstracted  from  it  or  is  com- 
municated to  it.  Now  if  a  particle  or  body  moves  in  a  vacuum, 
its  velocity  is  not  affected  by  any  action  of  the  medium  through 
which  it  passes  :  but  if  the  particle  moves  in  a  resisting  medium^ 
such  as  air  or  water^  or  in  any  other  medium  gaseous  or  liquid, 
whose  density  is  finite^  the  particles  of  the  medium  are  to  be 
displaced^  to  allow  the  particle  to  pass  through  the  medium; 
that  is^  the  particles  must  move,  and  must  therefore  have  mo- 
mentum communicated  to  them;  and  this  will  be  abstracted 
from  the  moving  body ;  hence  it  loses  momentum,  the  amount 
of  which  it  is  our  object  now  to  determine.  And  a  loss  of  mo- 
mentum will  arise  not  only  from  the  displacement  of  the  par- 
ticles which  the  passage  of  the  body  through  the  medium 
requires,  but  also  from  the  action  of  the  particles  on  each  other, 
and  from  their  friction  against  the  surface  of  the  moving  body : 
the  latter  causes  of  loss  of  momentum,  involving  data  extrane- 
ous to  the  present  subject,  we  cannot  now  determine ;  but  the 
former  cause,  and  which  is  the  principal  one,  we  can  determine, 
at  least  approximately. 

Let  the  moving  mass  present  to  the  resisting  medium  a  plane 
face,  whose  area  is  o),  and  the  plane  of  which  is  perpendicular 
to  the  line  of  motion  of  the  body :  let  m  be  the  mass  of  the 
moving  body,  p  =  the  density  of  the  resisting  medium,  and  let 
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the  plane  face  a>  be  at  the  time  ^  at  a  distance  x  from  a  fixed 
point  in  the  line  of  its  motion :  let  dx  be  the  distance  through 
which  a>  moves  in  the  time  dt^  and  let  v  be  the  velocity  of  the 
body :  so  that  dx^vdt.  In  the  time  dt,  the  plane  face  a>  will 
have  passed  over  a  space  equal  to  dx,  and  will  have  impinged 
upon,  and  communicated  momentum  to^  all  the  particles  of  the 
medium  contained  within  a  small  cylindrical  surface^  of  which 
CD  is  the  base  and  dx^vdti^  the  altitude ;  then  as  p  is  the  den- 
sity, and  as  the  particles  move  with  a  velocity  Vy  so  as  to  allow 
the  body  to  pass  through,  a  velocity  v  will  have  been  commu- 
nicated to  the  mass  p<adx,  that  is,  to  paovdt;  and  as  this  moves 
with  a  velocity  v  its  momentum  is  ptav^dt;  and  this  has  been 
abstracted  from  the  moving  mass;   therefore  by  reason  of 

(12)  Art.  210,  .  o  ,. 

^     ^  ^  —mdv=:p<av^dt; 

.-.     ^-yr  =  —  pa)t;*:  (21) 

the  resistance  of  the  medium  therefore  will  have  caused  to  the 
moving  body  a  loss  of  momentum  which  varies  as  the  density 
of  the  medium,  as  the  plane  area  of  the  body  on  which  the 
medium  acts,  and  as  the  square  of  the  velocity  with  which  the 
body  moves. 

If  however  this  result  does  not  exactly  correspond  with  ex- 
periment, let  it  be  remembered  that  we  have  neglected  some 
circumstances  which  affect  the  loss  of  momentum;  and  thus 
the  result  which  is  only  approximately  true  may  be  estimated 
at  its  value. 


Section  2. — Rectilinear  motion  of  particles  uvider  the  action  of 
uniformly  accelerating  force. 

220.]  It  may  be  observed  that  the  results  of  this  section  are 
true  also  of  the  motion  of  a  finite  body,  if  all  the  particles  of 
the  body  describe  equal  and  parallel  straight  lines,  and  there- 
fore move  with  the  same  velocity. 

Let  m  =.  the  mass  of  the  moving  particle ;  and  let  a  point  o, 
fig.  86,  in  its  line  of  motion  be  taken  as  the  origin :  let  p  be  its 
position  at  the  time  t,  let  op  =  x,  and  let  pq  =  d[ir  be  the  space- 
element  described  in  the  time  dt :  so  that  if  v  is  the  velocity  of 

m  at  the  time  /,  ^^ 

I  =  t;,  (22) 

dx  =i  vdt:  (28) 
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let  /  be  the  impressed  velocity-increment  due  to,  and  the  mea- 
sure of,  the  accelerating  (or  retarding)  force :  then  mf  is  the 
impressed  momentum-increment  of  m  in  an  unit  of  time. 

Let  dv  be  the  expressed  velocity-increment  due  to  the  time 
dt\  therefore  mdv  is  the  expressed  momentum-increment  due 

to  the  same  time ;  and  m  -^  is  the  expressed  momentum-incre- 
ment due  to  one  unit  of  time :  therefore  by  reason  of  (14),  Ar- 
ticle 211,  ^^ 

^  di  "^  ^^' 

d^  dx 

""  H'di 
d^x 

if  /  is  the  equicrescent  variable :  /  also  is  to  be  affected  with  a 
positive  or  negative  sign  according  as  from  (24)  the  action  of 
the  force  makes  the  velocity  increase  or  decrease  as  the  time 
increases.    To  fix  our  thoughts,  let /be  positive,  therefore 

g=/.  (26) 

Now  suppose  the  circumstances  of  motion  to  be  such  that  the 
velocity  of  wi  =  tt,  when  ^  =  0 ;  then,  integrating  between  limits 
thus  assigned,  we  have         ^^ 

.-.     J-'*=/^5  (27) 

that  is,  the  increase  of  velocity  in  the  time  /  is  ft :  u  is  called 
the  initial  velocity. 

Again,  integrating,  and  supposing  the  particle  to  be  at 
A(oA  =  a),  when  /  =  0,  we  have  from  (27), 

dw  r=z  udt^ftdt, 


•    . 

X- 

-«  =  «..^f. 

(28) 

•'. 

X 

=  a+ut  +  ^. 

(29) 

Km 

is 

at  the 

origin, 

when  /  =  0,  a  =  0, 

and 

(30) 

Die 
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and  also  if  the  particle  starts  from  rest^  then  « =r  0^  and  we 
have  ^.j 

^^^l  (31) 

in  this  last  equation  x  is  called  the  space  due  to  /  during  the 
time  / :  and  t  is  called  the  time  to  which  x  is  due  under  the 
action  off. 

Again,  multiplying  both  sides  of  (26)  by  2dx,  we  have 

and  supposing  that  the  velocity  of  the  particle  is  u  when  or  =  0^ 
so  that  u  and  0  respectively  are  the  inferior  limits  of  the  defi- 
nite integrals  of  the  sides  of  the  equation,  we  have 

^-u>  =  2fx;  (82) 

and  if  the  velocity  of  the  particle  =  0,  when  a?  =  0,  then  t*  =  0, 
and  we  have  .  , 

.-.     the  velocity  =  (2/^)*.  (33) 

Hence  (27)  gives  the  relation  between  the  velocity  and  the 
time^  (33)  that  between  the  velocity  and  the  space,  and  (30)  or 
(31)  that  between  the  space  and  the  time.  And  it  appears  that 
when  a  particle  moves  under  the  action  of  a  finite  accelerating 
force, 

(a)  The  velocity  acquired  during  a  given  time  varies  as  the 
time. 

{P)  The  velocity  acquired  by  the  particle  during  its  motion 
through  a  certain  space  varies  as  the  square  root  of  the  space. 

(y)  The  space  through  which  the  particle  passes  varies  as  the 
square  of  the  time. 

If  the  force  is  retarding,  /  must  be  affected  with  a  negative 
sign,  and  we  have 

dx 

-TT  =  velocity  =  tt— //,  (34) 

X  =  a  +  ti/-^.  (36) 

Also  if  the  initial  velocity  is  in  a  direction  the  opposite  of  that 
in  which  the  force  acts,  then  u  is  negative,  and  the  necessary 
changes  must  be  made  in  the  preceding  formulae. 
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And  if  the  particle  is  projected  with  a  velocity  u  firom  o  in  a 
direction  contrary  to  that  in  which  the  accelerating  force  acts, 

it  comes  to  rest  when  ^  =  0 ;  that  is,  when 

221.3  The  product  of  the  numbers  expressing  the  mass  and 
the  square  of  the  velocity  being  called  the  vis  viva,  (see  Article 
215),  equation  (33)  gives, 

vis  viva  =  mv^  =  Zmfx;  (37) 

that  is,  the  vis  viva  varies  as  the  distance  through  which  the 
force  has  acted  on  the  particle,  and  has  thereby  increased  its 
momentum. 

For  many  years,  and  even  after  the  principles  of  mechanical 
science  had  been  correctly  explained,  a  controversy  was  waged 
with  much  acrimony  as  to  the  correct  measure  of  a  constant 
accelerating  force:  the  disputants  on  one  side  urging  that  vis 
viva  was  the  correct  measure,  and  those  on  the  other,  that  the 
force's  effect  was  measured  by  the  momentum  which  it  im- 
pressed and  not  by  the  vis  viva.  The  dispute  however  is  one 
of  wards  only,  and  if  the  combatants  had  at  the  outset  defined 
what  they  meant  by  "  effect,"  the  controversy  would  have  been 
concluded ;  for  let  vis  viva  and  let  momentum  be  resolved  into 
their  elements,  and  they  are  the  sums  of  an  infinite  number  of 
infinitesimals,  and  it  would  have  been  perceived  that  the  ele- 
ments are  identical,  although  the  resolution  of  the  former  would 
have  led  to  elements  corresponding  to  infinitesimal  space-ele- 
ments, and  that  of  the  latter  to  elements  corresponding  to  infi- 
nitesimal time-elements.  And  thus  as  to  the  word  ^^  effect :"  if 
the  effect  of  a  constant  accelerating  force  is  to  vary  with  the 
time  during  which  it  acts,  then  momentum  becomes  the  mea- 
sure of  that  effect :  if  it  is  to  vary  with  the  space  through  which 
it  has  acted,  then  vis  viva  is  the  measure  of  the  effect. 

222.]  If  a  particle  moves  from  rest,  the  space  described  in  t 
units  of  time  is  given  by  (31),  and  we  have 

Let  xi,  Xi,...Xn  be  the  spaces  described  in  the  first,  second, ... 
nth  units  of  time :  then  we  have 
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f  f 


f  f 

ari+a?a  =  ^|>  ^2  =  J  X  3 

r.f  f        . 

^l  +  a?2  +  ^8  =   9|,  ^8  =  g  X  5 


>i       (38) 


a?l-|-a78+...+^n  =  «*|,  ^i  =  |(2«-1) 

that  is,  the  spaces  described  in  the  first,  second, ...  nth  units  of 
time  are  as  the  numbers  1,3,5,...  (2n— 1),  and  increase  therefore 
in  an  arithmetical  ratio,  the  common  difference  of  which  is/. 

As  a  sufficient  comprehension  of  these  results  of  uniformly 
accelerating  forces  is  indispensable  for  a  complete  knowledge 
of  subsequent  results,  let  us  consider  the  subject  in  its  more 
elementary  form. 

Let  m  start  from  o,  fig.  86,  from  rest :  and  let  the  time  of  its 
motion  be  resolved  into  equal  infinitesimal  elements,  each  of 
which  we  shall  represent  by  r:  and  let  ^i,  x^,  ^3,...^n  be  the 
spaces  which  it  describes  in  the  first,  second,  ...nth  time-ele- 
ments; then  since /is  the  velocity  which  the  accelerating  force 
impresses  in  an  unit  of  time,  the  velocities  of  the  particle  at  the 
end  of  the  first,  second,  ...nth  time-elements  will  be 
/r,     2/r,     8/r,  ...  n/r. 

Now  imagine  each  successive  space-element  to  be  described 
in  the  same  time  r,  and  with  an  uniform  velocity :  then  if  0  is 
a  symbol  for  a  positive  proper  fraction,  these  successive  uni- 
form velocities  will  be 

^lA,     {f+ej)T,     (2f-^esf)T,...{(n--l)f+enf}r; 
and  because  the  space  is  equal  to  the  product  of  the  time  and 
the  velocity,  see  (1)  Art.  202, 
Xi  =  Si/t^ 
^2=  (l-h^2)/r» 


a?n=  (n-H-dn)/r», 
.    the  whole  space  =  ^1+^2+  •••  +^n 

=  {l  +  2+...-f(n-l)}/r« 

+  (^i-fd2-f...-h^n)/r«    (39) 
=  ^^^^^/r»+(^i  +  ^2-f...-htfn)/r».  (40) 
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Let  the  whole  space  described  by  the  particle  =  ^,  and  let  the 
whole  time  =  / :  then  ^  =  nr :  and  since  r  is  an  infinitesimal 
time-element,  during  which  we  may  without  sensible  error  sup- 
pose the  velocity  to  be  uniform,  n  is  an  infinity  of  that  order 
of  which  r  is  an  infinitesimal,  and  we  have 


t 


therefore  from  (40), 


and  omitting  the  infinitesimals,  viz.  the  terms  involving  r  and  r', 

the  same  result  as  (31). 

223.]  Some  examples  are  added  illustrative  of  the  principles 
contained  in  the  preceding  articles. 

Ex.  1.  It  is  required  to  divide  a  straight  line  whose  length  is 
a  into  four  parts,  such  that  a  particle  under  the  action  of  a  finite 
accelerating  force  which  acts  along  the  line  may,  starting  from 
rest,  describe  each  part  in  an  equal  time. 

Let  a^,  0^2,  ^8>  ^4  be  the  four  parts :  then,  by  equations  (38), 

•Pl  mTs  ^3  ^4  •?!  +  •P2  4-  -Ps  -h  *P4 


1  ~  3  ~  5  ~  7  ~    1  +  3+5  +  7 

a 
=  16' 

a                  8a                 6a 

7a 
^*=16- 

Ex.  2.  A  particle  moves  in  a  straight  line,  under  the  action  of 
an  uniformly  accelerating  force,  and  describes  spaces  f  and  q  in 
thei^th  and  ^th  units  of  time  respectively ;  determine  the  velo- 
city of  projection,  and  the  magnitude  of  the  accelerating  force. 

Let  u  =  the  velocity  of  projection,  and  let  /be  the  accelerat- 
ing force ;  then 

The  space  described  in  one  unit  of  time  on  account  of  the 

velocity  of  projection  is  u :  and  that  due  to  the  accelerating 

f 
force  in  the  nth  unit  of  time  =  ^  (2«— 1) ; 

.-.     p  =  «  +  |(2p-l),  Q  =  «  +  |(2gr-l); 

•      /_£ZS  '  Q(2p-l)-T{2q-l) 

■'    ^~p-q'  2(p-q) 
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Ex.  3.  A  particle  is  projected  with  a  given  velocity  v  in  a  line 
along  which  an  accelerating  force  aots^  and  in  a  direction  oppo- 
site to  that  of  the  forceps  action  :  and  the  time  is  given  between 
its  leaving  a  given  point  and  its  return  to  it :  it  is  required  to 
determine  the  velocity  of  projection  and  the  whole  time  of 
motion. 

Let  u  =  the  velocity  with  which  the  particle  leaves  the  origin 
o :  and  let  the  time  between  the  particle's  passage  through  a, 
at  a  distance  a  from  o,  and  its  return  to  it  be  2t  :  let  b  be  the 
extreme  point  which  the  particle  reaches :  then^  by  Art.  220, 

OB  =  ^-^,  and  time  from  o  to  b  =  ;^ ; 

.'.     the  distance  ab  =  5-7.  — a; 
and  the  time  due  to  this  distance  =s  t  :  therefore  by  (SI), 

2/     ''"    2    ' 
.-.     u  =  (2a/-|-/«T3)*; 

2u 
and  therefore  the  whole  time  of  motion  =  -j- 


Section  3. — On  gravity  as  an  uniformly  accelerating  force, 

224.]  In  Chapter  YI,  on  attractions^  it  is  shewn  that  the  at- 
traction, on  an  external  particle  m,  of  a  sphere  consisting  of  homo- 
geneous concentric  shells,  the  density  of  each  one  of  which  may 
be  different^  is  the  same  as  if  the  whole  sphere  were  condensed 
into  its  centre^  and  therefore  the  attraction  of  such  a  sphere  on 
an  external  particle  varies  as  the  square  of  the  distance  of  the 
particle  from  the  centre  of  the  sphere.  Hence  if  a  particle 
moves  in  vacuo  towards  such  a  sphere^  and  under  the  influence 
of  its  attraction,  the  law  of  force  is  that  of  the  inverse  square  of 
the  distance  from  the  centre  of  the  sphere.  But  when  the  at- 
tracted particle  is  nearly  on  the  surface  of  such  a  sphere^  and 
moves  only  over  distances  which  are  small  in  comparison  of  the 
radius  of  the  sphere,  the  variation  of  the  attraction  is  so  small 
that  it  may  be  neglected^  and  the  force  which  increases  its  velo- 
city may  be  considered  constant :  the  same  result  also  follows 

xx2 
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from  the  investigation  of  the  attraction  of  a  thin  plate  on  an 
external  particle  which  is  given  in  Art.  175 :  and  if  the  attracted 
particle  lies  within  the  surface  of  the  sphere,  the  law  of  attrac- 
tion depends  on  the  densities  of  those  concentric  shells  of  which 
the  sphere  is  composed,  and  which  are  within  that  surface  on 
which  the  attracted  particle  is ;  for  the  resultant  attraction  of 
all  the  shells  external  to  that  one  vanishes :  see  Art.  181. 

Now  these  results  are  approximately  applicable  to  the  attrac- 
tion of  the  earth  on  particles  and  on  bodies ;  only  approximately, 
I  say :  because  the  mean  bounding  surface  of  the  earth  is  not  a 
sphere,  but  an  oblate  spheroid,  of  which  the  equatorial  diameter 
is  7925  miles,  and  the  polar  diameter  is  7899  miles ;  and  thus 
the  ratio  of  these  diameters  is  nearly  that  of  the  numbers  299 
to  298.  Now  the  effect  of  this  oblateness  (1)  is  an  increase  in 
the  earth^s  attraction,  and  thus  in  weight  and  in  the  accelerat- 
ing force  of  gravity,  on  particles  at  or  near  to  the  earth's  sur- 
face as  we  pass  from  the  equator  to  the  poles ;  and  the  amount 
of  this  increase  is  in  weight  about  the  590th  part  of  the  weight 
of  a  body  at  the  equator :  (2)  is  a  change  of  the  line  of  action  of 
the  earth's  attraction.  If  the  earth  were  a  sphere  consisting  of 
homogeneous  concentric  shells,  the  line  of  action  on  a  given 
particle  would  be  the  line  joining  the  position  of  the  particle 
and  the  earth'^s  centre :  as  the  case  now  is,  the  line  of  action  is, 
by  the  principle  of  fluid-equilibrium,  perpendicular  to  the  sur- 
face of  still  water  at  the  place :  and  is  therefore  along  the  nor- 
mal to  the  spheroid :  all  these  lines  of  action  therefore  touch 
the  evolute-surface  of  the  spheroid,  but  do  not  pass  through  the 
centre.  Laplace  has  calculated  the  effect  of  the  oblateness  of 
the  earth  on  the  motion  of  the  moon ;  and  observation  verifies 
his  results. 

Again,  as  the  earth  rotates  about  its  polar  diameter,  the  cen- 
trifugal force,  which  diminishes  the  weight  of  particles  and  the 
earth's  accelerating  force  on  particles  near  to  the  surface,  is 
greatest  at  the  equator,  and  is  zero  at  the  poles :  of  this  cause 
of  diminution  and  its  measure  we  shall  speak  hereafter :  I  may 
observe,  however,  that  at  the  equator  the  weight  of  a  body  is 
diminished  by  about  the  289th  of  its  true  weight,  and  that  the 
effect  of  centrifugal  force  in  passing  from  the  equator  to  the 
poles  varies  as  the  square  of  the  cosine  of  the  latitude. 

Also  the  effect  of  the  earth's  accelerating  force  varies  by 
reason  of  local  causes  :  it  is  affected  by  near  mountains  both  as 
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to  intensity  and  as  to  line  of  action :  it  is  different  on  an  island 
which  is  surrounded  by  a  large  mass  of  water^  and  on  a  conti- 
nent: it  even  varies^  as  delicate  observations  with  the  time- 
measuring  pendulum  shew,  with  the  materials  of  the  earth  at 
the  place  of  observation :  thus  does  the  pendulum,  as  M.Poisson 
observes^  and  as  we  shall  shew  hereafter,  become  an  indicator 
of  geological  conditions. 

Gravity  also  manifestly  varies  with  the  altitude  of  a  place 
above  the  level  of  the  sea :  experiments  however  by  which  its 
value  has  been  determined,  are  supposed  to  be  made  at  the 
level  of  highwater-mark. 

225.]  And  notwithstanding  all  these  variations  of  the  earth's 
attraction,  for  bodies  near  to  the  surface  the  accelerating  force 
due  to  it  is  nearly  constant  at  any  given  place,  and  increases  as 
we  pass  from  the  equator  to  the  pole;  and  decreases  as  we 
remove  further  from  the  centre  of  the  earth.  The  exact  mea- 
sure of  it  as  an  accelerating  force,  that  is,  the  velocity-incre- 
ment which  it  impresses  on  a  given  particle  in  one  unit  of  time, 
for  a  given  place  is,  of  course,  to  be  determined  by  experiment : 
now  at  Greenwich,  if  one  second  is  the  unit  of  time,  at  the  level 
of  highwater-mark,  and  in  vacuo,  the  most  exact  pendulum 
experiments  exhibit  a  velocity-increment  of  386.28  inches,  that 
is,  of  32.19  feet.  That  is,  if  a  particle  falls  in  vacuo  towards 
the  earth,  the  excess  of  the  velocity  at  the  end  of  any  second  of 
time  over  that  at  the  beginning  of  the  second  of  time  is  32.19 
feet. 

The  velocity-increment  is  the  measure  of  the  accelerating 
force  called  gravity ;  and  it  is  independent  of  the  matter,  form, 
and  magnitude  of  bodies.  Thus  in  the  common  experiments 
under  the  exhausted  receiver  of  an  air-pump,  the  heaviest 
metals  and  the  lightest  pith  fall  from  rest  through  the  same 
distance  in  the  same  time,  and  acquire  equal  velocities.  And 
also  the  time  of  oscillation  of  a  pendulum  is  independent  of  the 
matter  of  which  the  pendulum  is  made :  gravity  therefore  as  an 
accelerating  force  is  independent  of  the  particular  kind  of  matter 
which  it  communicates  velocity  to. 

226.]  As  to  the  experimental  proof  that  gravity  is  an  uni- 
formly accelerating  force :  when  a  heavy  particle  or  body  falls 
freely  by  itself  in  vacuo,  the  velocity  of  it  quickly  becomes  so 
great  and  increases  so  rapidly  that  the  law  of  the  increase  can- 
not be  observed  with  accuracy ;  hence  arises  the  need  of  some 
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contriTance  which  may  diminish  the  velocity^  and  not  change 
the  law.  There  are  chiefly  two  contrivances  for  this  purpose : 
firstly,  Attwood's  machine ;  in  which  two  unequal  masses  dif. 
fering  slightly  from  each  other  in  weight,  are  connected  by  a 
very  fine,  and,  as  nearly  so  as  may  be^  flexible  and  inextensible 
string :  this  is  suspended  over  a  pulley,  see  fig.  87,  abc  ;  which, 
by  means  of  friction-wheels  and  any  other  appliance  whereby 
friction  may  be  diminished,  moves  as  easily  as  possible.  Of 
course  the  greater  mass  descends;  and  as  both  the  masses 
move  with  the  same  velocities,  their  expressed  momentum* 
increment  is  the  product  of  the  sum  of  their  masses,  and  their 
common  expressed  velocity-increment ;  and  their  impressed 
momentum-increment  is  that  due  to  the  excess  of  the  mo- 
mentum-increment of  the  larger  mass  over  that  of  the  smaller ; 
that  is,  is  due  to  the  difference  of  their  weights ;  see  Art.  213. 
And  these  momentum-increments  are  equal,  except  that  some 
small  part  of  the  impressed  momentum  is  spent  in  producing 
the  velocity  of  the  pulley  and  of  the  string,  which  we  at  present 
neglect.  Now  as  the  difference  of  the  weights  of  the  two  masses 
may  be  as  small  as  it  is  convenient,  so  may  the  expressed  velo- 
city-increment of  the  masses  be  diminished  as  much  as  we 
please,  and  we  are  thereby  enabled  to  measure  the  rate  of  in- 
crease of  the  velocity,  and  also  the  whole  velocity  which  is  ex- 
pressed in  a  given  time :  and  after  very  careful  and  numerous 
observations  it  is  found  that, 

(1)  The  velocity  of  the  descending  mass  varies  as  the  time 
during  which  it  has  been  in  motion  from  rest. 

(2)  The  spaces  described  by  the  descending  mass  vary  as  the 
squares  of  the  times  during  which  they  are  described. 

(3)  The  spaces  described  in  successive  units  of  time  vary  as 
the  odd  numbers  1, 3,  5, ...  (2i»  — 1). 

And  as  these  results  are  in  accordance  with  those  which  have 
been  deduced  in  Art.  220,  when  the  accelerating  force  is  con- 
stant, and  as  the  processes  by  which  these  results  were  proved 
may  be  inverted,  it  follows  that  the  moving  force  by  which,  in 
Attwood's  machine,  moment-increment  is  impressed  is  uniform ; 
and  therefore  the  earth's  attraction  or  gravity  is  an  uniformly 
accelerating  force*. 

*  From  this  Article,  and  from  Art.  212,  it  appears  that  two  principal  re- 
sults are  established  by  Attwood's  machine:  (i)  the  matter  of  the  earth  is 
such,  that  the  expressed  momentum-increment  is  equal  to  the  product  of  the 
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Seoondly,  the  oscillating  pendulum  is  a  contrivance  by  which 
great  accuracy  is  attained,  in  which  the  velocity-increment  is 
easily  measured,  and  vrhich  is  actually  employed  for  the  pur- 
pose. To  the  lower  end  of  a  fine  straight  rigid  rod  a  body  is 
attached,  the  mass  of  which  is  so  large  in  comparison  of  that  of 
the  rod,  that  the  mass  of  the  latter  may  approximately  be 
neglected :  the  upper  end  of  the  rod  is  so  fixed^  that  the  whole 
rod  and  body  can  vibrate  freely  about  an  axis  passing  through 
it.  Now  if  the  rod  is  moved  out  of  its  position  of  rest,  and 
turns  about  this  axis,  the  rod  and  body  will  vibrate ;  let  the 
vibrations  be  small,  and  let  the  motion  take  place  wholly  in  one 
plane  :  then  it  is  observed  that  the  oscillations  are  isochronous, 
that  is,  are  performed  in  equal  times.  In  a  future  Chapter  it 
will  be  shewn  that  such  isochronism  of  bodies  moving  in  small 
circular  arcs  is  true,  when  the  accelerating  force  is  constant ; 
and  therefore  we  infer  that  the  force  of  gravity  under  the  action 
of  which  these  isochronous  oscillations  are  performed  is  a  con- 
stant accelerating  force. 

227.]  In  the  following  examples  of  the  action  of  gravity,  the 
time-unit  is  taken  to  be  one  second,  the  space-unit  one  foot ; 
and  the  velocity-increment  is  supposed  to  be  82.2  feet  (rather 
greater  than  its  correct  value  32.19  feet  in  the  latitude  of 
Oreenwich)  for  facility  of  calculation,  and  is  symbolized  by  g ; 
and  let  m  be  the  mass  of  the  moving  particle. 

We  will  consider  the  case  (1)  of  a  falling  body :  (2)  of  a  body 
projected  vertically  upwards  with  a  certain  velocity:  and  in 
both  cases  I  would  observe  that  if  the  time  results  at  last  with 
a  negative  sign,  it  expresses  an  epoch  anterior  to  that  at  which 
we  suppose  our  time  to  commence. 

(1)  The  motion  of  a  particle  m  falling  towards  the  earth. 

Let  a  certain  point  o,  (a)  fig.  88,  in  the  line  of  the  particle's 
motion  be  taken  as  the  origin  :  and  let  ^  =  op  be  its  distance 
from  o  at  the  time  / :  then,  if  d[a?  =  pq  is  the  space  described  in 
ift,  that  is,  in  di  units  of  time, 

dsD 

-TT  =  the  space  described  in  one  unit  of  time, 

=  the  velocity  at  the  point  p,  and  at  the  time  f, 
=  V  (say) ; 

mass  and  the  expressed  velocity-increment :  (3)  gravity  is  an  uniformly  acce- 
lerating force. 
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and  therefore  m-rr^^mv  is  the  momentam  of  the  particle  at 

that  time.     Hence  -g-  =  -^  is  the  expressed  velocity-incre- 

ment  in  an  unit  of  time^  and  ^-rr^  is  the  expressed  momentum- 
increment  in  an  unit  of  time.  This  last  expression  is  to  be 
equated  to  mg,  which  is  the  earth^s  impressed  momentum-in- 
crement on  m  due  to  a  second  of  time ;  so  that  we  hare 

d^x 
dt^ 
d^x 

•••  w-^-  <*i> 

Now  if  tt  =  the  velocity  of  m,  when  /  =  0,  the  definite  integral 
of  (41),  the  superior  and  inferior  limits  on  both  sides  corre- 
sponding to  /  =  /  and  to  ^  =  0^  is 

|-«  =  ^^;  (4a) 

dx 
.• .     ^  =  the  vel.  of  w  =  u-\~gt ;  (48) 

that  is,  the  velocity  is  equal  to  the  sum  of  the  initial  velocity, 
and  of  that  which  gravity  has  impressed  in  f;  and  if  the  parti- 
cle is  projected  upwards  from  o  in  a  direction  contrary  to  that 
in  which  x  is  measured  and  g  acts^  then 

|  =  ^*-«.  (44) 

Again  integrating  (43),  and  supposing  a  to  be  the  distance  of  m 
from  o  when  /  =  0^  let  us  take  the  definite  integrals  with  limits 
corresponding  to  /  =  /  and  to  /  =  0 ;  and  since 

dx  z=  (u+gt)dt;  .-.     x—a  =  ut-{-^; 

X  =  fl  +  «/  +  ^.  (45) 

Also  multiplying  both  sides  of  (41)  by  2€bp,  we  have 

and  taking  the  same  limits  of  integration  as  before, 

dx* 
.-.     ^-u*  =  igix-a); 

dx* 

.-.     -^  =  (vel.)«  =  u*+2g(x^a).  (46) 


dt* 
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If  when  ^  =  0,  x  =  0  and  the  particle  is  at  rest,  then  a  =  0,  and 
tt  =  0,and  ^ 

5^  =  y^^  (47) 

*  =  ^,  (48) 

Whence  in  a  particle  falling  from  rest, 

(1)  the  expressed  velocity  varies  as  the  time^ 

(2)  the  expressed  velocity  varies  as  the  square  root  of  the  space, 
(8)  the  space  varies  as  the  square  of  the  time. 

And  generally,  (43)  gives  the  velocity  in  terms  of  the  time : 
(45)  gives  the  space  in  terms  of  the  time :  and  (46)  gives  the 
velocity  in  terms  of  the  space :  (45)  is  of  course  identiqal  with 
the  equation  which  would  result  from  the  elimination  of  the 
velocity  by  means  of  (43)  and  (46). 

(2)  Suppose  the  particle  m  to  be  projected  verticaUy  upwards 
from  o^  see  (/3),  fig.88;  op  =  ^,  pq  =  (£r ;  and  let  oh  =  h,  where 
H  is  the  highest  point  which  m  reaches ;  and  let  u  =  the  velocity 
of  projection  from  o :  then  since  g  in  this  case  causes  both  the 
velocity  and  the  distance  to  decrease  as  t  increases. 


•••     Sf=-^:  (50) 

then  taking  definite  integrals  with  limits  the  same  as  heretofore, 
dx 

|  =  «-y/.  (51) 

a;  =  ut-^i  (52) 

dx* 
also  from  (50),  ^j  —  «*  =  —  2ffx, 

^  =  u*-2ga,.  (58) 

When  jt  =  0>  the  particle  comes  to  rest ;   therefore  from 
(51)  and  (53), 
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If 
the  time^  when  m  comes  to  rest,  =  - ;  (54) 

the  distance  from  o  to  h  =  27-;  (55) 

after  m  has  come  to  rest  at  h^  it  begins  to  descend :  and  from 
the  preceding  formula  it  is  manifest  that  the  time  of  the  descent 
from  H  to  o  is  equal  to  that  of  the  ascent  from  o  to  h  ;  also 
that  the  velocity  acquired  in  the  descent  is  equal  to  that  lost  in 
the  ascent.     These  results  are  also  evident  from  first  principles. 

228.]  Ex.1.  A  particle  falls  from  rest;  determine  its  velo- 
city^ and  the  space  which  it  has  described  at  the  end  of  &\ 
d^x  dx         ^  gt^ 

.• .    the  velocity  at  the  end  of  6"  =  6  x  82.2  feet, 

the  space  at  the  end  of  6"  =  — '—^ —  feet. 

Ex.  2.  A  particle  is  projected  vertically  upwards  with  a  velo- 
city of  100  feet  in  one  second :  find  the  height  to  which  it 
ascends,  and  the  time  of  its  ascent. 


dx 
dt 

—  tt  s= 

-fft. 

dx* 
dt* 

-««  = 

-iffx; 

vhen 

dx 

dt  ~ 

0. 

t 

X  s 

_  tt  _ 

~  ff~ 
tt» 

1000 

822' 

10000 

64.4  • 

Ex.  3.  A  particle  is  projected  upwards  with  a  velocity  u ;  find 
the  time  which  intervenes  between  its  leaving,  and  returning 
to,  a  given  point  in  its  path. 

Let  a  =  the  distance  of  the  given  point  a  from  o,  the  point  of 
projection :  then  if  /  is  the  time  from  o  to  a, 

.-.     t^'^^^^^lZ^^;  (56) 

And  the  time  to  the  highest  point  =  - . 


Digitized  by  VjOOQ  IC 


2290       BBCTILINBAR  MOTION  OP  HEAVY  PARTICLES.  347 

In  (56)  the  upper  sign  refers  to  the  passage  of  the  particle 
through  the  given  point  in  its  descent,  and  when  it  has  left  the 
highest  point ;  and  the  lower  sign  refers  to  the  passage  of  m 
through  the  given  point  in  its  first  ascent :  therefore 

^,     .  .          .      ^            2(tt2-2a^)* 
the  intervening  time  =  -^ ^-^ . 

Ex.  4.  With  what  velocity  must  a  particle  be  projected  down- 
wards, that  it  may  in  n"  overtake  another  particle  which  has 
already  fallen  through  a  feet. 

Let  u  =  the  required  velocity :  therefore  the  space  which  the 
first  particle  will  pass  through  in  n''  is 

and  the  velocity  which  the  second  particle  has,  when  the  former 
starts  from  rest,  is  {2ag)^  :  therefore  at  the  end  of  n",  its  dis- 
tance firom  the  origin,  is  a-h(2a^)*»  +  ^-;  which,  being 
equated  to  the  preceding  distance,  gives 

u  =  |  +  (2a^)^. 

Ex.  5.  A  particle  whose  elasticity  is  e  falls  through  a  given 
vertical  distance  a  and  strikes  a  horizontal  plane,  whence  it  re^ 
bounds,  and  falls  again ;  and  so  on  continually :  find  the  whole 
space  which  it  passes  through  before  it  comes  to  rest. 

By  (49),  the  velocity  of  impact  in  the  plane  =  (2fl^)*; 
.'.     by  (15),  Art.  216,  the  velocity  of  rebound  =  e{2ag)^: 
•*.     the  height  to  which  the  particle  ascends,  by  (55),  =  e^a; 
similarly  after  the  second  impact,  the  height  =  e^a ;  and  so  on : 
therefore  the  whole  space  =  fl-f2{c*fl-fc*a  +  ..-} 

2c«a 


=  fl  + 


=  a 


l-c« 
l-fc* 


229.]  Let  us  also  investigate,  and  apply  to  certain  examples, 
the  equations  of  motion  of  two  given  masses  connected  by  a 
fine  inextensible  and  flexible  string,  which  is  suspended  over  a 
pulley,  as  in  Attwood's  machine,  see  fig.  87 :  we  shall  suppose 
the  pulley  and  the  string  to  be  without  inertia,  so  that  no  part 
of  the  impressed  momentum  is  spent  in  giving  velocity  to  them. 

Y  J  z 
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Let  m  and  m'  be  the  masses  respectively  at  f  and  q  at  the 
time  t :  of  these  suppose  m  to  be  the  greater,  so  that  p  descends : 
let  AP  =  ^,  BQ  =  of:  then,  since  the  string  is  inextensible, 

^-f  ^'  =  a  constant ; 

dx      dx* 
•••     ^+*=0.  (57) 

*r  +  ^=0;  (58) 

whence  we  conclude  that  the  velocity  and  the  velocity-incre- 
ments of  the  two  particles  are  equals  and  have  opposite  signs. 
Now  the  whole  mass  which  receives  and  developes  velo- 

city-increment  is  m-\-m\  and  as  -^  is  the  velocity-incre- 
ment of  the  whole  of  this,  the  expressed  momentum-incre- 

d^x 
ment  =  (iwH- w')  ^-5- ;  and  the  impressed  momentum-increment 

is  the  excess  of  that  of  m  over  that  of  m';  that  is,  is  mg—nig-y 
therefore  -, 

(»»  + »»')  ^  =  ^9-^9y  (59) 

d'^x      m—m'  ,^^ 

from  which  equation  all  the  circumstances  of  a  motion  such  as  we 

have  supposed  are  to  be  deduced.    The  corresponding  equation 

of  motion  of  m'  is         «,  ,  /     _ 

arx        m  ^  m 

As  to  the  circumstances  of  the  initial  velocity :  suppose  m  to  be 
projected  vertically  downwards,  so  that  if  it  were  detached  from 
the  string  it  would  have  the  velocity  a ;  and  similarly  let  m'  be 
projected  vertically  downwards,  so  that  if  it  were  free,  it  would 
have  the  velocity  a! :  and  let  the  velocity  with  which,  by  virtue 
of  these  two  separate  velocities,  m  and  m'  move  when  connected 
by  the  string,  be  u :  then 

(w-ff»')u  =  mo— mV; 

ma— wV  ,^^^ 

•'•     ^  =     ^_^^^    '  (^2) 

which  gives  the  initial  velocity  with  which  m  begins  to  descend, 
if  ma  is  greater  than  m'a!;  and  with  which  m'  begins  to  descend 
if  m'a  is  greater  than  ma. 
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Let  the  initial  value  of  Xy  that  is^  when  /  =  0^  be  a :  therefore 

fr^°^  («^)'  dx  m^m' 

^-u  =  -—^,gi;  (63) 

-— -  —«»  =  2  — ; — >  gix—a) ;  (64) 

^  =  a  +  tt^  +  -_^^i^;  (65) 

u  being  given  by  (62). 

And  if  c(  is  the  initial  value  of  of,  we  have 

^=«'-«/-^4'.  (66) 

230.]  Examples  illustrative  of  the  preceding  formulae. 

Ex..l.  m=:16.6oz. :  m'=  15.6  oz.,  and  they  start  from  rest: 
required  the  space  through  which  m  passes  in  W,  and  the  velo- 
city which  it  has  at  the  end  of  the  time.    From  (63)  and  from 

^^^^'  vel.  ofm  =  5  feet, 

the  space  =  a?  =  12.5  feet. 

Ex.  2.  A  mass  of  10  lbs.  is  distributed  at  the  ends  of  a  cord 
passing  over  a  fixed  pulley,  so  that  the  heavier  weight  descends 
through  3^  feet  in  10":  it  is  required  to  find  the  weights  at 
each  end  of  the  cord. 

Let  IV  =  one  weight ;  therefore  10— ti?  =  the  other :  then  from 

^^^^^        _  m-w:  gt^  _  2t<^-10  ^100 

""  "  ^rr^    2   '  •'•     "^^  "■       10         2     ' 

.-.     w  =  5.3,  10— tt?  =  4.7. 

Ex.  3.  A  mass  m  draws  another  m'  by  means  of  a  flexible 
and  inextensible  string  over  a  pulley :  at  the  starting  of  the 
weights,  m  is  thrown  downwards  through  a  feet,  and  m'  through 
a'  feet :  it  is  required  to  determine  the  distance  through  which 
m  descends  in  f\ 

Using  the  notation  of  equation  (62), 

a=  {2ag)\  a' =  {2a' g)^; 


u  = 


therefore  from  (65), 


(2^)*; 
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Ex.  4.  It  is  required  to  determine  the  velocity-ixicrement  of 
the  centre  of  gravity  of  two  masses  m  and  ni  which  are  con- 
nected by  a  string  passing  over  a  fixed  pulley. 

Let  X  and  x'  be  the  vertical  distances  of  m  and  m'  at  the  time 
/  below  the  horizontal  line  passing  through  the  centre  of  the 
fixed  pulley :  and  let  x  be  the  vertical  distance  from  the  same 
line  of  their  centre  of  gravity.    Then 

{m-\-fn!)x  =  mx-\-m'afy 

,  ,.d^x  d^x        ,d}af 

and  substituting  from  (60)  and  (61)^ 

,.d*x          m — m'          ffti — m 
(m  -f  m )  -773-  =  m =  j7 + w  —, a. 

•"•     Tm  =  I — 7— 'Iff'  (67) 


Section  4, — Rectilinear  motion  of  particles  in  vacuo  under  the 
action  of  varying  accelerating  forces, 

231.]  The  varying  accelerating  forces  whose  effects  will  be 
considered  in  this  section  are  supposed  to  be  explicit  functions 
of  the  distance  between  the  moving  particle  {m)  and  the  point 
wherein  the  force  resides^  and  whence  its  influence  emanates; 
and  the  motion  of  the  particle  is  supposed  to  be  along  this  line. 
Thus  the  force  is  only  implicitly  a  function  of  the  time :  that  is, 
only  so  far  as  the  passage  of  the  particle  through  a  certain  dis- 
tance requires  time,  and  the  distance  may  thus  become  a  func- 
tion of  that  time :  and  thus  our  equation  of  motion  will  be  of 
the  form  .j 

^=/(^),  (68) 

d^x 
and  not  of  the  form         —  =  /(/).  (69) 

We  limit  our  considerations  to  the  former  form  chiefly,  be- 
cause it  expresses  the  laws  of  communication  of  velocity  which 
present  themselves  in  the  salient  phenomena  of  nature :  although 
in  some  problems,  the  latter  law  will  also  occur. 

The  point  whence  the  influence  of  a  force  emanates  is  called 
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the  centre  of  the  force ;  and  according  as  the  force  attracts  or 
repels^  so  is  it  called  an  attractive  or  a  repulsive  force. 

Let  us  consider  briefly  the  general  case.  Let  m  =  the  mass 
of  the  moving  particle,  and  let  the  centre  of  the  force  be  the 
origin  o^  fig.  86 :  let  p  be  the  position  of  m  at  the  time  t :  let 
OP  =  ^ :  let  the  force  vary  as  the  nth  power  of  the  distance^  and 
let  IX,  which  is  called  the  absolute*  force^  be  the  value  of  it 
when  <r  =  1  and  m=:  1 ;  so  that  the  impressed  momentum-incre- 
ment is  fima;^,  which  is  to  be  affected  with  a  positive  or  nega- 
tive sign  according  as  the  force  is  repulsive  or  attractive.    Now 

the  expressed  momentum-increment  is  m  -^ :  therefore  by 
Art.  211^  if  the  force  is  repulsive^ 

»»  ^  =  w*M^"»  (70) 

because  both  ^  and  the  velocity  increase  as  /  increases;  and 
da:  ,  (fo      d^x 

dividing  (70)  through  by  m, 

W  =  ^^'  ^^^^ 

If  the  force  varies  inversely  as  the  nth  power  of  the  distance^ 
and  is  repulsive,  (71)  becomes 

d^  =  i^'  ^^^^ 

and  (71)  and  (72)  must  have  negative  signs  if  the  force  is  at- 
tractive, because  in  that  case  d?  decreases  as  /  increases^  when 
the  force  makes  m  move  towards  its  centre. 

Instead  however  of  deducing  from  these  general  values  the 
circumstances  of  such  rectilinear  motion^  it  will  be  more  con- 
venient to  consider  the  results  for  particular  laws  of  force :  and 
we  shall  choose  such  examples  as  will  either  elucidate  natural 
phsenomena  or  will  suggest  general  methods  for  solving  pro- 
blems in  rectilinear  motion. 

232.]  A  particle  m  moves  towards  a  centre  of  force  which 
attracts  directly  as  the  distance :  it  is  required  to  determine  the 
circumstances  of  motion. 

*  In  the  preceding  investigations  on  attraction,  Chap.  VI,  I  have  taken  the 
mass  of  the  attracting  body  to  be  the  absolute  force,  so  that  at  an  unit  of 
distance  and  on  an  unit-mass  the  attraction  is  equal  to  the  attracting  mass : 
and  thus  the  attraction  of  one  unit-mass  on  another  unit-mass  at  an  imit- 
distance  apart  is  made  the  attraction- unit. 
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Let  o  the  centre  of  force  be  the  origin ;  and  let  p,  fig.  89^  be 
the  position  of  m  at  the  time  /  :  let  op  =  ^  and  oa  =  a,  where  a 
is  the  position  of  the  particle  when  /  =  0 :  let  /m  =  the  absolute 
force :  then  the  equation  of  motion  is 

^  =  -Mi^,  (73) 

and  if  the  limits  of  integration  are  those  values  which  corre- 
spond to  /  =:  /  and  to  /  =  0^  then  if  the  particle  is  at  rest,  when 
a?  =  fland^  =  0,        ^^j 

=  /x(a2-a?«);  (74) 

.-.     —11^  =  ;,*^/; 
(a»-a?2)* 

the  negative  sign  of  the  root  being  taken,  because,  according  to 
our  configuration,  x  decreases  as  t  increases :  therefore  integrat- 
ing between  the  limits  corresponding  to  /  =  /  and  to  /  =  0, 

cos-i-  =  M*/,  (75) 

.'.     a?  =  acosji^/.  (76) 

From  (74)  it  appears  that  the  velocity  of  the  particle  is  zero 
when  ^  =  a,  and  when  ^  =  —  a ;  and  is  a  maximum,  viz.  a  /a^,  when 
a?  =  0;  the  particle  therefore  moves  from  rest  at  a;  its  velocity 
increases  until  it  reaches  o^  where  it  becomes  a  maximum,  and 
where  the  force  is  zero :  so  that  the  particle  passes  through  that 
point,  and  its  velocity  decreases^  and  at  a'^  at  a  distance  =  ^  a> 
becomes  zero :  whence  the  particle  under  the  action  of  the  force 
returns^  and  continually  oscillates  over  the  distance  2  a,  of  which 
o  is  the  middle  point.  The  distance  a  of  a  from  o  is  called  the 
amplitude  of  the  vibration. 

Also  from  (76)  it  appears  that  when  x  =  0,  t  —  — - ,  and  when 


2m* 


v 


x=^a,  ^=0 ;  so  that  the  time  of  passing  from  a  to  o  =  — - ;  and 

the  time  from  o  to  a'  is  equals  so  that  the  time  of  the  oscillation 
from  A  to  A^  is  — .     This  result  may  also  be  more  generally  in- 

ferred  by  the  following  method.     The  relation  between  x  and  t 
is  given  by  the  periodic  function  (76),  viz.  a?  =  a  cos  /**/.     Now 
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as  the  greatest  value  of  a  cosine  is  -f  1^  and  the  least  value  is 
—  1,  the  greatest  and  least  values  of  a?  are  +  a  and  —  a :  a?  also 
will  have  passed  once  through  all  its  values  when  ^i^t  is  in* 

creased  by  27r ;  that  is,  when  t  is  increased  by  — -r ;  this  there* 

fore  is  the  time  of  a  complete  double  oscillation;  and  therefore 

IT 

the  time  of  one  oscillation,  viz.  from  a  to  a',  is  — . 

M* 
And  hence  we  have  the  remarkable  fact  that  the  time  of  an 
oscillation  is  independent  of  the  distance  from  the  centre  of  the 
point  from  which  the  particle  began  to  move,  and  only  depends 
on  the  absolute  force,  and  is  the  greater  the  less  that  is. 

283.]  The  two  following  cases  in  nature,  wherein  an  attrac* 
tion  the  law  of  which  is  that  of  the  direct  distance  presents 
itself,  deserve  mention. 

(1)  A  homogeneous  sphere  attracts  a  particle  within  its 
bounding  surface  with  a  force  varying  directly  as  the  distance 
from  the  centre  of  the  sphere ;  see  Ex.  5,  Art.  176.  Let  us 
therefore  consider  the  earth  to  be  such  a  homogeneous  sphere, 
and  let  us  suppose  a  particle  to  move  under  the  action  of  the 
earth's  attraction  within  the  shaft  of  a  mine  the  direction  of 
which  is  vertical.  Thus  if  c  is  the  centre  of  the  earth,  $g.  90, 
and  p  is  the  position  of  m  at  the  time  /,  the  force  acting  on  m 
varies  as  cp;  and  thus  if  the  shaft  were  continued  straight 
through  the  earth,  such  as  that  represented  by  a'cpa  in  the 
figure,  and  if  the  particle  were  free  at  a,  it  would  move  to.  c, 
where  its  velocity  would  be  a  maximum,  and  thence  on  to  a'  on 
the  opposite  side,  where  it  would  come  to  rest :  and  thence  it 
would  return  through  c  to  a  again ;  and  its  motion  would  con- 
tinue to  be  oscillatory,  and  the  time  of  the  oscillation  would  be 
independent  of  ca,  the  earth's  radius. 

(2)  In  the  undulatory  or  wave  theory  of  light,  all  space  is 
supposed  to  be  pervaded  in  a  greater  or  less  degree  by  the  par- 
ticles of  a  fluid  excessively  elastic  and  jelly-like ;  in  the  motion 
of  these  particles  light  is  supposed  to  consist,  and  when  they 
are  at  rest,  there  is  darkness.  It  is  also  supposed  that  these 
particles  exercise  mutual  attractions  on  each  other:  that  the 
possible  relative  displacements  of  them  are  very  small,  and  that 
when  displacements  occur  elastic  forces  are  brought  into  action, 
by  virtue  of  which,  in  conjunction  with  their  mutual  attractions^^ 
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the  motion  of  them  continues :  the  lines  of  action,  as  well  as 
the  intensities  of  such  elastic  forces^  of  course  vary  from  one 
medium  to  another;  and  in  this  variety  consists  the  optical 
character  of  the  medium.  Doubtless  the  arrangement  of  the 
particles  of  a  crystallised  substance  is  different  to  that  of  one 
which  is  non-crystallised.  The  sun,  or  the  flame  of  a  candle, 
or  the  electric  spark,  are^  together  with  many  others,  exciting 
causes  of  the  motion  of  the  particles  of  ether ;  and  the  displace- 
ment of  each  particle  is  very  small.  It  seems,  too,  that  the  force 
which  acts  on  a  particle  in  its  displaced  position  varies  directly 
as  the  distance  of  it  from  its  original  position  of  rest ;  this  force 
being  the  resultant  of  the  elastic  forces  which  arise  from  the 
disturbance  of  the  medium  and  of  the  attracting  forces  of  the 
particles.  Now  a  ray  of  light  consists  in  the  motion  of  a  series 
of  ethereal  molecules  which  when  at  rest  are  in  a  straight  line 
emanating  from  the  source  of  motion.  The  mode  of  propaga- 
tion of  the  motion  of  the  particles  it  is  not  my  purpose  now  to 
inquire  into :  I  shall  consider  the  motion  of  only  a  single  mole- 
cule of  a  single  ray.  The  displacement  of  a  molecule  may  be 
in  any  direction  with  reference  to  the  line  of  propagation  of  the 
ray :  it  might  be  along  that  line^  or  it  mighty  after  its  first  dis- 
placement^ describe  any  curve  with  reference  to  that  line ;  it  is, 
however^  in  the  theory  of  light  supposed,  and  not  without  evi- 
dence^ that  the  motion  of  the  molecule  takes  place  in  a  plane 
which  is  perpendicular  to  the  line  of  propagation  of  the  ray  : 
that  is,  the  displacement  of  the  particle  is  transversal  to  the 
line  of  propagation.  Generally  the  force  acting  on  the  molecule, 
varying  directly  as  the  distance,  will  have  its  line  of  action  in- 
clined to  the  line  joining  the  displaced  and  the  original  position 
of  the  molecule ;  and,  as  we  shall  shew  hereafter,  the  molecule 
will  move  in  an  ellipse,  the  centre  of  which  is  the  original  place 
of  rest  of  the  molecule :  but  in  particular  constitutions  of  the 
ethereal  medium,  the  line  of  action  of  the  force  may  be  that 
joining  the  original  and  the  displaced  positions  of  the  molecule : 
in  which  case  the  molecule  moves  along  that  line,  and  is  under 
the  action  of  a  force  varying  directly  as  the  distance  from  its 
original  position  of  rest :  we  have  then  the  case  of  a  partide 
under  the  action  of  a  force  such  as  we  have  supposed  that  in 
Art.  232  to  be,  and  the  results  of  that  Article  are  applicable. 
The  particle  therefore  has  an  oscillatory  motion,  and  the  ampli- 
tudes of  its  vibrations  are  equal  on  both  sides  of  its  original 
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positions;  aad  the  time  of  the  oscillation  is  independent  of  the 
amplitude,  and  depends  only  on  the  absolute  force  at  the  centre. 
Now  the  intensity  of  light  is  supposed  to  depend  on  the  ampli- 
tude of  the  vibration,  and  the  colour  of  it  on  the  time  of  vibra- 
tion, that  is,  in  the  value  of  /a  :  it  foUows  therefore  that,  with 
such  incidents  of  motion  as  we  have  imagined,  the  intensity  and 
the  colour  may  vary  independently  of  each  other :  the  former 
will  depend  on  the  original  exciting  cause  of  the  motion ;  the 
latter  on  the  nature  of  the  medium :  and  this  independence  of 
these  properties  of  light  is  amply  verified  by  experiment. 

If  the  motion  of  all  the  molecules  of  a  ray  is  in  straight  lines, 
and  is  such  as  that  described  above,  and  if  all  the  lines  of  motion 
are  parallel  to  each  other,  the  ray  is  said  to  be  plane-polarised; 
and  as  a  beam  of  light  consists  of  an  infinite  number  of  rays,  if 
the  molecules  of  all  the  rays  move  in  lines  parallel  to  each 
other,  the  beam  is  said  to  be  plane-polarised.  And  although 
there  has  not  been  uniformity  on  the  subject,  yet  the  plane, 
perpendicular  to  which  the  motion  takes  place,  is  correctly 
called  the  plane  of  polarisation. 

234.]  If  in  Art.  232  m  is  projected  from  a  with  a  velocity  u 
along  the  line,  and  in  the  direction,  oa,  then  (74)  becomes 

^-t*»  =  ,.(a«-a?2);  {77) 


and  taking  the  definite  integrals  with  limits  corresponding  to 
/  =  /  and  to  /  =  0,  we  have 


COS" 


X  ,         a 


("*'if    ("^"if 


=  M*<;         (78) 


.'.     x  =  aco9it^t -8inf**/.  (79) 

»** 

From  (77)  it  appears  that  the  greatest  and  least  distances  of 
m  from  o  are  ,4  s  4 

(«.  +  ^),    and    -(«'  +  -); 

and  from  (79)  the  time  of  an  oscillation  is,  as  before,  — . 

Z  Z  2 
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235.]  A  particle  m  moves  towards  a  centre  of  force  which 
attracts  inversely  as  the  square  of  the  distance ;  it  is  required 
to  determine  the  circumstances  of  motion* 

Let  the  centre  of  force  be  the  origin;  and  let  p^  fig.  91,  be 
the  position  of  m  at  the  time  t;  let  a  be  the  position  of  m  at 
rest,  when  /  =  0,  so  that  the  particle  is  moving  towards  o :  let 
OP  =  07^  OA  =  a;  let  fi  =  the  absolute  force:  and  let  the  limits 
of  the  definite  integrals  correspond  to  /  =  /  and  to  /  =  0.  Then 
the  equation  of  motion  is 


(81) 
(82) 


(£M?-a?2)*        ^  «  ' 
the  negative  sign  being  taken^  because  x  decreases  as  the  time 
increases,  according  to  the  arrangement  of  our  figure.  Therefore 
integrating  again^  and  taking  the  limits  corresponding  to  /  =  / 
and  to  /  =  0,  we  have 

(ar-^2)*  --  ^  versm-i  —  +  —  =  (-^j  t ;  (88) 

...     t  =  (^)*|(a^-^*)*+acos-i(f)*[.  (84) 

From  (81)  it  appears  that  the  velocity  =  0^  when  x  =  a;  and 
=  00 ,  when  07  =  0 :  thus  the  velocity  increases  as  the  particle 
approaches  the  centre  of  force,  and  ultimately,  when  it  arrives 
at  the  centre,  becomes  infinite;  and  firom  (84)  it  appears  that 

the  time  of  passing  from  a  to  o  is . 

(8/a)* 

If  m  moves  from  an  infinite  distance  towards  o,  then  a  =  oo , 
and  the  velocity  at  a  distance  x  from  o  =  (— )  . 
If  m  is  projected  from  a  with  a  velocity  u^  then  (81)  becomes 

dt^  w        a  ' 

and  the  process  of  integration  is  the  same  as  the  preceding. 
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This  problem  is  that  of  a  particle  moving  in  vacuo  from  a 
given  place  above  the  surface  of  the  earth  towards  the  earth's 
centre,  the  distance  through  which  it  moves  being  so  great  that 
the  variation  of  the  earth's  attraction  due  to  the  distance  must 
be  taken  account  of.  If  however  a  particle  falls  towards  the 
earth,  and  also  passes  from  above  to  below  its  surface,  as,  for 
instance,  down  a  mine,  the  law  of  force  changes  at  the  surface : 
and  having  varied  inversely  as  the  square  of  the  distance,  then 
varies  (approximately)  directly  as  the  distance. 

236.]  Again,  let  the  force  vary  inversely  as  the  square  root 
of  the  distance  and  be  attractive ;  and  suppose  the  particle  to 
be  at  rest  at  a  distance  a  from  the  centre  of  force ;  it  is  required 
to  determine  the  circumstances  of  motion. 

di^  "  ■■^' 

^*  =  4pi(a*-a?*),  (85) 


=  2m**, 


I  (a?* +  2 a*)  (a* -a?*)*  =  2,x*/; 

.-.     /  =  -^(^i  +  2a*)(a*-^*)4;  (86) 

and  thus  the  velocity  at  any  point  of  the  path,  and  time  occu- 
pied in  arriving  at  that  point  are  known :  and  when  the  particle 
arrives  at  the  centre,  a?  =  0,  and 

the  velocity  =  2/x*a*, 

4  a* 
the  time  =  — - . 

237.]  A  particle  m  is  placed  at  rest  at  a  given  point  in  the 
line  joining  two  centres  of  force,  of  which  the  absolute  forces 
are  equal,  and  which  vary  directly  as  the  distance :  it  is  required 
to  determine  the  circumstances  of  motion. 

Let  A  and  a!,  fig.  92,  be  the  centres  of  the  forces,  at  a  distance 
2  a  apart :  let  o,  the  middle  point  of  aa^  be  the  origin :  let  ii  be 
the  absolute  force  of  each  centre :  let  b  be  the  position  of  m  at 
rest,  F  its  position  at  the  time  / :  oa  =  oa'=  a :  OB  =  b:  of  =  or. 
Then  the  equation  of  motion  is 
d^of 


m-j-=-  =  wuaf— mfiAP; 
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^  =  ^(a-a?)-/4(a  +  ^) 

.-.     ^  =  2m(A*-^*),  (87) 

a?  =  6oos(2fi)*/.  (88) 

From  (87)  it  appears  that  the  velocity  of  the  particle  is  zero 
when  d?  =  +  i :  the  particle  therefore  moves  from  rest  at  b,  and 
comes  to  rest  again  at  a  point  b'  on  the  opposite  side  of  o,  and 
at  a  distance  from  it  equal  to  that  of  b  :  also  the  velocity  is  a 
maximum  at  o :  and  the  particle  returns  from  b'  to  o,  and  again 
to  B,  and  thus  oscillates  continually :  and  from  (88)  it  appears 

It 

that  the  time  of  an  oscillation  is r . 

(2,x)* 

Also  again  suppose  two  particles  m  and  m',  which  attract 
each  other  directly  as  their  masses^  and  as  the  distance  between 
them,  to  be  placed  at  rest  at  two  given  points^  and  then  to  be 
left  to  their  mutual  action:  it  is  required  to  determine  their 
positions  at  a  given  time,  and  the  other  circumstances  of  their 
motion. 

Let  a  and  a'  be  the  distances  of  m  and  m'  &om  a  certain  point 
o,  fig.  93,  in  the  line  joining  them,  when  they  are  at  rest,  and 
when  /  =  0 :  and  let  x  and  3/  be  the  distances  of  them  from  the 
same  point  o,  when  t  =  t:  let  oa  =  a,  oa^=  a':  ot  =  x,  of'=  s/: 
then  the  equations  of  motion  of  m  and  m'  respectively  are 

rfV 

^r  =  "»(*-*) 

dx  .     ,  dx'       f.  _- 

"**+"*  ■*-  =  ^'  <^^ 

the  initial  values  of  ^  and  of  -^  being  simultaneously  zero; 

and  taking  the  definite  integral,  with  limits  corresponding  to 
/  =  /  and  to  ^  =  0,  we  have 

,„(a?-a)-f  m'(^-  d)  =  0.  (91) 

If  lo  refers  to  the  centre  of  gravity  of  m  and  m',  then 


>)  (89) 
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=  fiia-fmV;  (92) 

and  therefore  the  centre  of  gravity  remains  at  rest.    Again 
from  (89),      ^,^      ^,^  ,   ,        ^^       ^ 

Let  s'—  X  =  z:  and  let    w' -f  w  =  /x ;  (93) 

because  when  /  =  0,  -rr=  ~,t —  -=--  =  0:  therefore 
at       at       at 

"■^^  *^/ 


{(a'-  fl)a-;8;2}* 


.-.       COS-1-7 =  U*/, 

because  when  /  =  0,  zznd^a.    Therefore  substituting 

a?'—  a?  =  (a'—  a)  cos  (wi'-f  w)*^  (94) 

Therefore  from  (91),  (92),  and  (94), 

a<=  a?+  — ^^ r^cos(w  +f»)*/; 


f 

a?  =  a? 


-.     w(a  — a)        ,   ,        ^1. 
a? 7-  cos  (»i  -f  w)*  /. 


238.]  A  particle  m  is  placed  at  rest  at  a  certain  point  in  the 
line  joining  the  centres  of  two  forces,  which  vary  inversely  as 
the  square  of  the  distance :  it  is  required  to  determine  the  cir- 
cumstances of  motion  of  m. 

Let  A  and  a'  be  the  centres  of  force,  fig.  94,  of  which  let  the 
absolute  forces  be  \l  and  \l\  let  the  point  o,  which  is  the  neutral 
point  of  attraction  between  them,  be  the  origin;  oa  =  a, 
oa'=  fl';  let  aa'=  c:  then 

...    ^  =  ^'  =  !>±i£!,  ,95, 

a         a  c 

whereby  a  and  a'  are  known.     Let  b  and  p  be  respectively  the 

places  of  m  when  ^  =  o,  and  when  t=zt:  let  ob  =  A,  ot=zx: 

then  the  equation  of  motion  is 

d^dC  fJL  u 

W  ^  (0-^)2  "(a' +«■)»'  ^^ 
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therefore  multiplying  hj2dx  and  integrating,  and  taking  the 
limits  corresponding  to  /  =  /  and  to  /  =  0, 

-which  equation  involves  an  elliptic  transcendent,  and  does  not 
generally  admit  of  further  integration. 

Suppose  however  the  circumstances  to  be  such  that  the  par^ 
tide  is  projected  from  b  with  a  velocity  u,  and  comes  to  rest  at 
o :  then  from  (96)  by  integration  we  have  generally 

dx*      ^,  _    2>*     ,     2m'         2»t  2/  . 


dt*  a— ar      a'  +  jf      a—b      a'-\-b' 

dm 
and  since  ^  =  0,  when  or  =  0, 

_     2,Mb  2ii'b 

**    "  a{a--b)      a\d+by  ^^^^ 

If  the  velocity  of  projection  is  less  than  that  thus  determined, 
m  will  not  reach  o,  but  will  come  to  rest  at  some  point  short  of 
it,  and  will,  as  the  force  at  a  is  greater  than  that  at  a",  return 
to  A :  similarly  if  the  velocity  of  projection  is  greater,  the  par- 
tide  will  pass  beyond  o,  and  will  eventually  fall  into  a'. 

Now  if  A  and  a'  are  the  centres  of  two  spheres,  each  of  which 
is  composed  of  concentric  homogeneous  shells,  every  particle  of 
which  attracts  with  a  force  varying  directly  as  the  mass,  and 
inversely  as  the  square  of  the  distance,  then  each  sphere  will 
attract  an  external  particle  with  a  force  which  varies  directly  as 
its  mass,  and  inversely  as  the  square  of  the  distance  of  the  par- 
tide  from  its  centre ;  see  Art.  179.  Now  suppose  a'  and  a  to  be 
the  centres  of  the  earth  and  the  moon,  which  are  assumed  to  be 
spheres,  and  to  be  at  rest :  and  suppose  p  to  be  the  position  at 
the  time  /  of  a  particle  in  the  line  joining  their  centres,  and 
acted  on  by  their  attractions ;  then  we  have  the  drcumstances 
of  the  preceding  problem :  and  since  the  mass  of  the  earth  is 
about  75  times  that  of  the  moon*,  as  determined  by  tidal  obser- 
vation, and  by  the  phsenomenon  of  nutation,  we  have 

and  also  since  the  mean  distance  of  the  moon's  centre  from 
that  of  the  earth  is  about  60  (actually  59.9643)  of  the  earth's 
equatorial  radii,  or  about  237000  miles,  we  have  a+a'=  237000 
miles :  therefore 

*  See  Herschel's  Outlines  of  Astronomy,  Art.  759,  4th  edit.,  1851. 
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d 3=  212466  miles,  a  =  24584  milee;  (99) 

such  are  the  distances  from  the  centres  of  the  earth  and  the 

moon  of  the  neutral  point  of  attraction  of  the  two  bodies. 

Suppose  now  a  particle  to  be  projected  from  the  surface  of 

the  moon  towards  the  earth,  and  with  such  a  Telocity  as  just  to 

arrive  at  the  neutral  pointy  and  to  remain  at  rest  there.    Then 

since  the  mean  radius  of  the  moon  is  1080  miles^ 

h  =  (24534—1080)  miles  =  23454  miles :  and  therefore 

a-i  =  1080  miles,  d^h  ^  285920  miles. 

32.2 
Also  if  g  is  gravity  at  the  earth's  surface,  g  =  -^mEK — s  miles ; 

and  if  r  is  the  earth's  mean  radius,  r  =  4000  miles, 

^=^;  ...      ,'=(^).j^; 

therefore  substituting  in  (98),  and  reducing,  we  have  ultimately, 

u  =  7852  feet  in  1"; 
and  therefore  if  the  moon  were  not  moving,  and  if  there  is  no 
atmosphere,  so  that  the  projectile  does  not  meet  with  a  resist- 
ing medium,  a  particle  thrown  from  the  surface  with  a  velocity 
greater  than  7852  feet  in  1"'  towards  the  earth,  will  pass 
beyond  the  neutral  point  of  attraction,  and  will  move  towards 
the  earth. 

239.]  A  centre  of  force,  whose  law  of  variation  is  that  of  the 
direct  distance  moves  with  an  uniform  velocity  along  a  straight 
line,  and  attracts  a  particle,  which  is  projected  with  a  given 
velocity  from  a  given  point  in  the  line  of  motion  of  the  centre 
of  the  force  and  along  that  line :  it  is  required  to  determine  the 
circumstances  of  motion  of  the  particle. 

Let  o,  fig.  95,  the  position  of  the  centre  of  force  when  /  =  0, 
be  taken  as  the  origin ;  let  a  =  the  constant  velocity  with  which 
the  centre  offeree  moves  along  oa,  and  let  c  be  its  position  at 
the  time  t,  so  that  oc  =  a^ :  let  a  and  p  be  respectively  the 
positions  of  m  when  /  =  0,  and  when  t-^tx  oA=:a,  op  =  5?: 
and  let  m  be  projected  from  a  along  the  line,  and  in  the  direc- 
tion, AP  with  a  velocity  u.    The  equation  of  motion  is 

=  -/i(^-aO;  (100) 

PRICE,  VOL.  III.  3  A 

Digitized  by  VjOOQ  IC 


362  BBOTILINEAR  MOTION  OF  A  PARTICLE.  [^40. 

Therefore  mt^;ratmg  by  the  method  of  Art.  850,  Vol.  11^ 

^=  l-^  +  MJ    l^at 

=  a/+CismfA^/  +  CaC08/A^/;  (101) 

where  Ci  and  c%  are  arbitrary  constants  introduced  in  int^ra* 
tion :  and  which  are  determined  by  the  following  conditions : 

dx 

when  /  =  0,  a?  =  a,  therefore  Ca  =  a ;  also  when  /  =  0,  ^  =  w ; 

therefore  Ci  =  — r- :  therefore 

X  =  a/-f — ^  sin/A^/  +  acos/i^^;  (102) 

whence  it  appears  that  the  mean  value  of  x  varies  directly  as 
the  time  :  that  the  particle  is  sometimes  before  and  sometimes 
behind  the  centre  of  force ;  and  that  while  it  has  on  the  whole 
a  progressive  motion,  it  oscillates  from  one  side  to  the  other  of 

IT 

the  centre  of  force ;  and  that  the  period  of  an  oscillation  is  —r . 

(100)  also  might  have  been  integrated  by  the  following  process. 
Let  x—at  =r  z; 

dx  ^     ^  dz  d^x  __  d^z 

•'•     dt      ""^dt'  dp  "dp' 

therefore  (100)  becomes 

d^z 

d^  =  -'^^' 

whence  integrating,  and  taking  the  limits  corresponding  to 
/  =  /,  and  to  /  =  0,  we  have 

dz^ 

^-(u-a)«  =  -M(«*-a*); 

and  integrating  again,  and  taking  the  same  limits,  we  find  the 
equation  (102). 


Section  5. — Rectilinear  motion  of  particles  in  resisting  media. 

240.]  A  particle  is  projected  from  a  given  point  with  a  given 
velocity,  in  a  medium  of  which  the  density  is  constant,  and  of 
which  the  resistance  varies  as  the  square  of  the  velocity,  and 
where  no  other  force  acts  on  the  particle :  it  is  required  to 
determine  the  circumstances  of  motion. 

Let  the  point  from  which  the  particle  is  projected  be  taken 
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as  the  origin :  and  the  line  in  which  it  is  projected  as  the  axis 
of  x\  let  t«  be  the  velocity  of  projection^  and  let  x  be  the  dis- 
tance of  the  particle  from  the  origin  at  the  time  / :  let  the  par- 
ticle be  of  the  mass  m^  and  be  of  such  a  form  as  to  present  a 
plane  surface  a»  to  the  medium  in  the  direction  in  which  it 
moves :  then  by  (21),  Art.  219^  the  equation  of  motion  is 

and  as  /}  is  constant^  let  p«  =  mk ; 

•••  S-r =-*(!)■'  <«»> 

k  is  commonly  called  the  coefficient  of  resistance.    Now 
putting  (108)  in  the  following  form^ 
-  dx 


dx 

dt 
and  taking  the  definite  integral  at  limits  corresponding  to  /  =  ^ 
and  to  /  =  0 ;  we  have 

log  ^  — log  V  =  —  A:a?; 

r.     §=««-*';  (104) 

e^'dx  =  udt, 

c»'-l  =  kut.  (105) 

(104)  gives  the  relation  between  the  velocity  and  the  distance 
through  which  the  particle  has  passed :  and  (105)  gives  the 
rdation  between  the  distance  and  the  time.    From  (104i)  it 

appears  that  ^  =r  0,  or  that  the  particle  comes  to  rest^  when 

^  =2  00  :  in  which  case  also  /  =  oo ,  as  appears  by  (105). 

241.]  A  heavy  particle  m  acted  on  by  gravity  (a  constant 
accelerating  force)  moves  in  the  air^  which  is  supposed  to  be  a 
resisting  medium,  whose  density  is  uniform,  and  the  resistance 
of  which  (according  to  Art  219)  varies  as  the  square  of  the 
velocity:  it  is  required  to  determine  the  circumstances  of 
motion. 

Firstly,  let  us  suppose  the  particle  to  descend  towards  the 
earth  and  to  start  from  rest :  then  if /o  is  the  constant  density 

3  A« 
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of  the  air^  and  if  «  is  the  area  of  the  face  which  m  presaits  to 
the  medium  transversal  to  the  direction  of  its  line  of  motion, 

affecting  the  resistance  with  a  negative  sign,  because  it  tends  to 
diminish  the  velocity : 


dfl  "  '      m  \dif 


/>« 


Let  —  =  A:,  the  coefScient  of  resistance :  so  that  we  have 


m 


^=^-*y.  (107) 

-  dx 
"^        =**;  (108) 


{dx\^ 


k      \dtf 

whence  integrating,  and   taking   the   definite   integrals   cor- 
responding to  ^  =  /  and  to  ^  =  0,  we  have 


dt 


2^*       ^4_A*$ 


J  =  (f)*?!^.  (109) 


Also  again  from  (107), 

k      \dt' 
therefore  integrating,  and  taking  the  limits  as  before. 


9 


-*( 


dii 


log =  -2kx; 

if 

^  =  f  {!-«-"'}.  (110) 

(109)  gives  the  velocity  in  terms  of  the  time,  and  (110)  in  terms 
of  the  distance  through  which  m  has  passed.     Also  from  (109), 

kdx  =  {hay r T-  dt ; 
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therefore  integrating^  and  taking  the  same  limits  as  before, 
kx  =  log{e(*^*«  +  e-C*<')*'}-log2; 

/.    2€*'  =  <?c»^)*<+<?-^*^^*';  (Ill) 

which  gives  the  relation  between  the  distance  and  the  time  to 
which  it  is  due ;  and  which  equation  might  have  been  found  by 
eliminating  the  velocity  between  (109)  and  (110). 

When  ^  =  00 ,  ^  =  oo ;  that  is,  an  infinite  time  is  required 
for  an  infinite  space :  but  when  a?  =  oo ,  and  /  =  oo ,  the  velo- 
city =  y^j  ,  that  is,  becomes  uniform ;  in  which  case,  as  appears 

from  (107),  -tt^-  =  0 ;  and  although  this  state  is  never  attained 

to,  yet  it  is  that  to  which  the  circumstances  of  motion  approach ; 
also  this  limiting  velocity  is  greater,  the  less  k  is ;  but  k  varies 
directly  as  the  density  of  the  medium,  directly  as  the  surface 
which  the  particle  presents,  and  inversely  as  the  mass  of  the 
particle :  therefore  the  terminal  velocity  is  greater,  the  greater 
the  mass  of  the  particle  is,  and  the  less  the  density  of  the 
medium  is,  and  the  less  the  area  of  the  face  is  which  the  particle 
presents  to  it  in  its  motion.  These  results  are  in  accordance 
with  experience.  From  the  form  of  (107)  it  appears  that  the 
equation  is  satisfied  if         ,^ 

%  =  -k'  '''^' 

because  in  that  case  -nr  =  0 :   this  therefore  is  a  solution  of 
wr 

the  equation :  and  is  a  singular  one,  because  it  does  not  arise 
by  giving  any  particular  values  to  the  arbitrary  constants,  to 
which  the  limits  of  the  integrals  are  equivalent,  and  which  are 
therefore  dependent  on  the  initial  circumstances  of  motion.  It 
appears  therefore  that  the  general  integral  represents  the  cir- 
cumstances until  the  velocity  attains  its  constant  value;  and 
that  then  the  singular  solution  represents  the  motion.  Other 
and  similar  peculiar  properties  of  singular  solutions  will  be 
exhibited  hereafter. 

242.]  Secondly  let  us  suppose  m  to  be  projected  upwards 
(that  is,  in  a  direction  contrary  to  that  of  the  action  of  gravity) 
with  a  given  velocity  u\  it  is  required  to  determine  the  circum- 
stances of  motion. 

Let  us  moreover  suppose  m  to  be  of  such  a  form,  that  it 
presents  to  the  medium  an  equal  area  transversal  to  the  line  of 
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motion,  whether  it  fidls,  or  whether  it  moves  upwards :  then  if 
X  is  measured  upwards,  gravity  and  the  resistance  of  the 
medium  both  tend  to  diminish  the  velocity  as  /  increases :  so 
that  the  equation  of  motion  is 

d^x  (dx>^ 

and  if  p«  =  mky  we  have 


dt* 


g      /dx\' 

k'*'\dt' 
therefore  integrating,  and  taking  the  limits  which  correspond 
to  ^  =  /  and  to  t  =  0, 

(|)*|tan-.(|)*|-tan-K|)*«}  =  -*.;        (114) 

*       >*/  ^*  +  «**tan(*^)t<  ^ 

vhidi  gives  us  the  velocity  in  terms  of  the  time. 
Again,  firom  (113),  if  we  multiply  both  sides  by  idx, 

=  —2kd»', 

I  J.  (^\' 
k'^\dtf 

therefore  integrating,  and  taking  limits  the  same  as  before, 

,    '"*<^''       u 

log J— —  =  —2*^; 

.-.     (g)'=  «« e-"' - 1  (1 -«-"'),  (116) 

which  gives  the  velocity  in  terms  of  the  distance. 
Also^  from  (115), 

^  ^  fff>f  uk^  cos  (kg)^t  -y*  sin  {kff)^t  ^^ , 
^*'  v*4  8in(*5r)*/+^*cos(*^)*/      ' 
and  therefore  integrating,  and  taking  the  limits  the  same  as 

'^'"'       ,1,,^-J^^iM^^^^mi,  (117) 

k  gi 
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which  gives  the  space  described  by  the  particle  in  tenns  of  the 
time  to  which  it  is  due. 

dw 
From  (115)  and  (116),  when  ;^  =  0,  that  is,  when  m  has 

reached  the  highest  point, 

/=  -i-tan-i  «(*)*,  (118) 

a?=llog(l  +  |ii»),  (119) 

which  give  the  distance  of  the  highest  point,  and  the  time  of 
reaching  it.  After  which  the  particle  begins  to  fall,  and  the 
investigations  of  the  preceding  Article  are  applicable. 

Since  k  is  the  same  in  this  and  the  preceding  Articles,  that  is, 
since  m  presents  an  equal  area  o>  in  the  ascent  and  the  descent, 
then  by  (110)  the  velocity  acquired  by  m  in  descending  to  the 
point  whence  it  was  projected  with  u  is 

-^,  (120) 

(4^  +  *!**)*  ^ 

which  is  less  than  u :  hence  the  velocity  acquired  in  the  descent 
is  less  than  lost  in  the  ascent,  the  reason  being  that  momentum 
is  withdrawn  from  m  both  in  the  ascent  and  in  the  descent,  and 
is  transferred  to  the  molecules  of  the  medium. 

Again,  substituting  (119)  in  (111),  the  time  occupied  in  the 
descent  is  ,       i.  .x4        fa 

_i_w(£±*!^!)i±ii*?  .         (121) 

2(A:^)*        (^-l-*t<*)*-tt/t*' 

and  which  is  different  to  that  required  for  the  ascent,  and  which 
is  given  in  (118). 

248.]  Let  us  also  consider  the  motion  of  a  particle  under  the 
action  of  a  constant  force  in  the  line  of  its  motion,  and  moving 
in  a  medium,  the  resistance  of  which  varies  as  the  velocity;  and 
let  us  suppose  the  particle  to  be  projected  with  a  velocity  u, 
when  /  =  0  and  ;r  =  0.  The  equation  of  motion  is,  in  terms  of 
velocity-increment,         ..  . 

^=/-*|;  (122, 

wherein  /  expresses  the  constant  force,  and  k  is  the  coefficient 
of  resistance.  Therefore  integrating,  and  taking  the  limits  which 
correspond  to  ^  =  /  and  to  /  =  0, 


^^  -u  ^ft^kxy 
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.-.     ^  +  kx^u+ft;  (123) 

=  e-'"fe"{u+ft)dt 

=  =^+'^  («-"-!).  (124) 

Thus  from  (123)  we  have  the  velocity  in  terms  of  a?  and  /;  and 
in  (124)  the  relation  is  given  between  x  and  / :  hence  also 

dx      f 
And  if  /  =  00  ,  J?  =  00  ,  and  —  =  ^ ;  that  is,  the  velocity  has 

this  finite  limiting  value^  which  it  attains  only  when  ^  =  qo  .  This 

dx      f 
result  also  follows  from  the  equation  of  motion :  —  —  ^^  =  0  is 

a  singular  solution  of  it :  and  thus  the  particular  integrals 
(123)  and  (124)  express  the  circumstances  of  the  motion,  so 
long  as  the  time  is  finite ;  and  when  /  =  oo  ,  the  singular  solu- 
tion expresses  them. 

244.]  Lastly,  let  us  consider  the  case  of  a  particle  moving  in  a 
resisting  medium,  where  the  density  of  the  medium  varies ;  and 
let  us  suppose  the  resistance  to  vary  as  the  square  of  the  velo- 
city, and  the  density  to  vary  inversely  as  the  square  of  the  dis- 
tance from  a  given  point ;  and  the  particle  also  to  move  under 
the  action  of  an  attracting  force  which  varies  inversely  as  the 
cube  of  the  distance  from  the  same  point. 

Let  a  and  x  be  the  distances  of  m  from  the  given  point  when 
/  =  0  and  when  /  =  /.  Let  u  =  the  velocity  of  m  when  /  =  0, 
and  let  fi  be  the  absolute  force  of  the  central  force :  then  the 
equation  of  motion  is 

d^x  mix       k'     (dx\? 

Let  Ar'o)  =  mA: :  so  that  we  have 
Multiplying  by  2  dx,  we  have 
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a  linear  differential  equation,  of  which  the  integrating  factor  is 

2il 

e  '  ;  see  Vol.  II,  Art.  291 :  therefore  integrating,  and  taking 
the  limits  which  correspond  to  /  =  /  and  to  /  =  0,  we  have 

u   c2k-x  ^     2k-a  ^) 
=  ^|^-*' —''\' 

which  gives  the  velocity  in  terms  of  the  distance,  and  does  not 
admit  of  further  int^ration. 


^ftlCB,  VOL.  111.  3  '^ 
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CHAPTER  IX. 

THE  RESOLUTION  AND  COMPOSITION  OP  VELOCITIES,  AND  THE 
THEORY  OP  CURVILINEAR  MOTION. 

246.]  When  two  or  more  forces  act  simultaneously  on  a  ma- 
terial particle  in  motion^  the  effects  are  different,  and  require 
separate  consideration,  according  as  their  lines  of  action  are  in 
the  line  of  motion  of  the  particle  or  make  angles  with  that  line ; 
in  the  former  case  the  effect  is  an  acceleration  or  retardation  of 
the  particle  in  the  line  along  which  it  is  moving :  and  the  total 
effect  of  many  such  forces  is  the  sum  of  their  several  effects ; 
see  Art.  205.  And  here  I  may  remark  that  the  effect  of  a  finite 
accelerating  force  is  of  the  nature  of  a  series  of  impulses  rapidly 
succeeding  each  other,  and  at  infinitesimal  intervals  of  time; 
and  thus  producing  an  apparent  continuously  increasing  or  de- 
creasing (as  the  case  may  be)  velocity ;  and  the  actual  velocity 
is  the  aggregate  of  these :  this  part  of  the  subject  has  been  ex- 
plained and  illustrated  in  the  preceding  Chapter.  In  the  latter 
case,  the  effect  of  a  force  acting  along  a  line  which  is  inclined 
at  a  given  angle  to  the  line  of  motion  of  a  particle,  is  partly  to 
produce  a  deflexion  from  the  rectilinear  path  in  which  by  the 
law  of  inertia  the  particle  would  move,  and  partly  to  produce 
an  acceleration  or  a  retardation  along  that  line.  Such  forces 
therefore  will  generally  cause  a  particle  to  describe  a  curvilinear 
path :  the  nature  and  properties  of  a  motion  of  this  kind  will 
now  be  discussed. 

246.]  In  the  first  place  let  it  be  observed  that  although  a 
particle  may  have  a  certain  velocity,  yet  that  velocity  is  not  an 
impediment  to  the  independent  action  of  another  force  on  the 
particle :  the  material  particle,  whether  in  motion  or  at  rest,  has 
the  same  property  of  inertia.  Hence  another  force  will  produce 
its  own  effect  on  it,  and  precisely  as  if  the  particle  was  not 
moving.  And  thus  the  expressed  velocity  of  the  particle  will 
be  the  resultant  of  these  two  several  velocities,  and  its  line  of 
motion  will  depend  on  the  lines  of  motion  and  the  intensities 
of  the  two  component  velocities,  and  according  to  a  law  which 
we  will  now  investigate.  The  law  of  inertia  however  becomes 
extended,  and  we  have  the  following  proposition : 
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When  two  or  more  forces  impress  velocity  on  a  particle,  the 
change  in  velocity  and  line  of  motion  of  the  particle  due  to  each 
is  the  same  as  if  the  others  did  not  act. 

This  proposition  arises  partly  from  the  inertia  of  matter,  and 
partly  from  the  fact  that  an  adequate  and  intelligible  concep- 
tion of  force  requires  that  it  acts  on  matter  and  causes  it  to 
move  in  a  definite  line.  Hereby  we  shall  be  able  to  obtain  from 
the  combined  action  of  two  or  more  forces  a  velocity  single  and 
definite  as  to  intensity  and  line  of  action;  and  thus  may  a  velo- 
city or  a  velocity-increment  be  resolved  into  other  velocities  or 
velocity-increments  along  given  lines  according  to  a  definite  law. 

Thus  a  material  particle  under  the  action  of  two  or  more  forces, 
of  which  the  intensities  and  the  lines  of  action  are  given,  will 
have  at  any  assigned  time  a  definite  velocity  and  line  of  motion : 
in  the  most  general  case,  the  lines  of  action  and  the  intensities 
of  the  forces  may  vary  from  one  point  to  another,  and  therefore 
the  velocity  and  the  line  of  motion  of  the  particle  will  also  vary ; 
hence  arises  the  convenience  of  fixing  certain  lines  drawn  in 
certain  directions,  of  taking  them  as  coordinate  axes,  and  of 
estimating  velocities,  velocity-increments,  and  lines  of  motion 
in  reference  to  them.  In  the  most  general  case,  the  path  of  the 
pertide  will  be  a  curve  of  double  curvature. 

Let  us  first  take  a  fixed  system  of  rectangular  coordinate 
axes,  and  let  us  suppose  (^,  y,  z)  to  be  the  position  of  the  par- 
ticle at  the  time  t.  If  three  relations  can  be  found  between 
or,  y,  z  and  ^,  the  position  of  the  particle  at  the  time  /  will  be 
completely  determined ;  and  if  /  is  eliminated,  two  equations  in 
terms  of  x^  y,  z  will  result,  which  will  represent  two  surfaces, 
the  line  of  intersection  of  which  is  the  path  described  by  the 
particle.  The  path  is  called  the  traject<yry  of  the  particle  \  we 
shall  first  consider  the  cinematical  part  of  the  subject  with  re- 
spect to  expressed  velocities  and  velocity-increments,  and  in  the 
most  general  form :  and  then,  by  a  method  similar  to  that  of 
Art.  211,  we  shall  be  able  to  equate  the  expressed  momenta  to 
the  impressed  momenta,  and  thus  obtain  equations  of  motion 
similar  to  (14)  of  that  article. 

247.]|  Let  the  coordinates  of  the  particle  at  the  time  t  be 
w, y,  z :  and  at  the  time  t-\-dt^  w-\-dx,  y-^-dy,  z-^-dz:  then  if 

dx^^dy^+dz*  =  *»,  (1) 

di  is  the  space  described  in  the  time  dt:   and  therefore  the 

3B2, 
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measure  of  the  expressed  yelodty  of  the  particle  in  the  line  of 

its  motion  at  the  time  /  is  -n- .     But  since  dx,  dy,  dz  are  the 

at 

several  increments  of  a?,  y,  xr  in  the  time  dt, 

dx 

■jr  is  the  measure  of  the  expressed  velocity  along  the  axis  of  x 


(8) 


(4) 


dt 
dz^ 
dt 

the  velocities  being  considered  positive  or  negative  according 
as  the  coordinates  increase  or  decrease  as  t  increases. 
Dividing  each  side  of  (1)  by  di^y  we  have 

ds^  _  ^*      ^y*      ^^^ 
'dfl  ■"  W^W^W 

and  therefore  the  square  of  the  expressed  velocity  is  equal  to 
the  sum  of  the  squares  of  the  several  expressed  velocities  along 
the  coordinate  axes. 

Also  ifa,pyy  are  the  direction-angles  of  ds,  that  is^  of  the  line 
of  motion  of  the  particle  during  the  time  dt,  then 

dx  s  ibcosa  * 
dy  s:  lb  cos /9   ^ 
dz  =  ds  COB  y  ^ 
and  dividing  each  side  by  dt,  we  have 

elx  ^  ds 

dt  ^  dt 

dy  _  ds^ 

dt  "  dt 

dz       ds 

dt 

that  is,  the  velocities  along  the  three  coordinate  axes  are  seve- 
rally the  product  of  the  velocity  along  the  line  of  motion  and 
the  direction-cosine  with  reference  to  each  axis.  Therefore  the 
law  of  resolution  of  a  velocity  is  the  same  as  that  of  statical 
pressures  and  as  that  of  the  projections  of  lines  and  areas ;  and 
thus  the  following  law  for  the  resolution  and  composition  of 
velocities  is  established : 

If  a  particle  moves  with  a  given  velocity  along  a  certain  line 
of  action,  its  velocity  with  respect  to  any  other  line  is  equal  to 


V;(2) 


TT    =   -TT  cos  O 


-£  =  -^COS^ 


=  5?^*^ 


(5) 
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the  product  of  the  velocity  and  the  cosine  of  the  angle  betw^een 
the  two  lines. 

This  law  is  of  the  greatest  importance  in  the  treatment  of 
complicated  mechanical  problems,  and  is  called  the  parallelepi- 
pedon  of  velocities,  and  leads  to  the  following  construction  for 
the  resolution  and  composition  of  velocities : 

Construct  a  rectangular  parallelepipedon,  of  which  the  three 
sides  parallel  to  the  coordinate  axes  are  dx^  dy,  dz,  and  of  which 
the  diagonal  is  ds^  ds  being  the  distance  described  by  the  par- 
ticle in  the  time  dt ;  then  dx,  dy,  dz  are  proportional  to  the  re- 
solved parts  of  the  velocity  along  the  three  axes. 

248.]  Hence  it  follows  that  if  two  forces  whose  lines  of  action 
are  inclined  at  a  given  angle  to  each  other  act  simultaneously 
on  a  particle  and  impress  on  it  velocities,  the  resultant  expressed 
velocity  will  be  represented  by  the  diagonal  of  the  parallelogram^ 
of  which  the  two  adjacent  sides  meeting  at  the  position  of  the 
particle  are  the  representatives  of  the  separately  impressed  velo- 
cities. This  proposition  is  commonly  called  the  Second  Law  of 
Motion. 

Let  o,  fig.  7,  be  the  place  of  the  particle  m  at  rest  at  the  be- 
ginning of  the  time :  let  two  impulsive  forces  p  and  q  act  on  it, 
of  which  the  lines  of  action  are  or  and  oq;  and  let  us  suppose 
the  force  p  to  impress  a  velocity  on  m  so  that  it  would  describe 
the  space  op  uniformly  in  t  units  of  time:  similarly  let  the 
force  Q  impress  on  m  a  velocity  such  that  it  would  describe  uni- 
formly the  space  oq  in  ^  units  of  time.  Let  the  figure  be  con- 
structed as  in  the  diagram ;  where  or  is  the  diagonal  of  the 
parallelogram  of  which  op  and  oq  are  two  containing  and  adja- 
cent sides;  where  q"op''  is  perpendicular  to  or,  and  oq''  = 
op''=qq'=pp',  and  where  these  four  lines  are  all  parallel  to 
each  other.  Now  by  the  last  Article,  the  velocity  of  which  op 
is  the  line-representative  may  be  resolved  into  two  velocities, 
one  of  which  will  be  represented  by  op'  and  the  other  by  op''; 
similarly  may  the  velocity  of  which  oq  is  the  line-representative 
be  resolved  into  two,  of  which  oq'  and  oq"  are  the  hue-repre- 
sentatives. Now  oq"  and  op",  being  equal  and  in  opposite  di- 
rections, destroy  each  other;  and  op'  and  oq'  acting  along  the 
same  line  and  in  the  same  direction  must  be  added,  and  of  their 
resultant  the  line-representative  is  the  sum  of  op'  and  oq',  that 
is,  is  or;  or  therefore  is  the  line-representative  of  the  velocity 
which  the  particle  has,  and  therefore  of  the  resultant  of  the 
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two  component  yelodties  of  which  op  and  oq  are  the  line-repre- 
sentatives. 

Thus  if  on  a  particle  m  two  impulsive  forces  act^  the  lines  of 
action  of  which  are  inclined  at  an  angle  y,  and  if  these  acting 
singly  would  impress  on  m  velocities  u  and  t;  along  their  lines 
of  action^  then^  if  u?  is  the  velocity  which  one  force  acting  would 
impress  on  m  and  produce  the  same  effect  as  the  other  two 
acting  in  combination, 

w^  =  u^  +  2uvQ09y-\-v*;  (6) 

and  if  a  and  /3  are  the  angles  between  the  lines  of  v  and  to,  and 
of  to  and  u  respectively,  then 

u  V  to 

sin  a  ""  8in/3  ""   siny'  ^ 

Similarly  if  three  forces,  whose  lines  of  action  are  mutually 
inclined  at  angles  a,  /3,  y,  act  on  a  material  particle^  and  are 
such  that  each  acting  singly  would  impress  on  it  velocities 
f«,  v,  to  along  their  lines  of  action,  then  the  one  force  which 
would  impress  on  m  the  same  velocity  as  these  three  acting 
simultaneously  is  that  which  would  impress  a  velocity  <r,  where 

0*  =  f«'-|-t^+f^  +  2t;tt;cosa+2tf'f«co8/9+2f«t;co8y;       (8) 

and  its  line  of  action  would  be  parallel  to  the  line  whose  equa- 
tions are 

-  =  ^  =  ~.  (9) 

U         V        to 

If  a  =  /3  =  y  =  90°,  (8)  becomes  identical  with  (8):  thus  this 
last  investigation  has  enabled  us  to  extend  to  oblique  coor- 
dinates that  which  was  proved  to  be  true  of  rectangular  coordi- 
nates. 

Thus  the  parallelepipedon  of  velocities  is  true  for  constant 
velocities,  which  are  the  effects  of  impulsive  forces :  when  how- 
ever the  velocity  varies,  the  force  which  causes  the  variation 
may,  by  the  infinitesimal  principle,  be  conceived  to  be  composed 
of  a  series  of  impulses,  each  of  which  produces  a  constant  velocity 
during  the  infinitesimal  element  of  time  before  the  succeeding 
impulse  takes  place ;  and  for  each  of  these  elements  of  time 
the  theorem  is  true ;  it  is  true  therefore  generally  for  varying 
velocities. 

249.]  And  the  result  may  be  illustrated  by  the  following  ex- 
periment: Let  ABC,  fig.  96,  be  the  horizontal  deck  of  a  boat 
which  is  moving  with  a  constant  velocity  in  the  direction  indi- 
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cated  by  the  arrow^  so  that  in  the  time  t  the  point  a  moves 
into  the  position  a',  and  all  the  other  points  on  the  deck  de- 
scribe straight  lines  equal  and  parallel  to  a  a";  and  suppose  at  a 
a  particle  m  to  be  placed^  and  from  a  force  to  receive  a  velocity 
in  the  direction  aq^  so  that  if  the  boat  is  at  rest,  in  the  time  t  it 
describes  the  line  aq:  now  if  the  boat  is  moving,  this  latter 
velocity  will  be  combined  with  that  of  the  boat,  and  the  result 
is  the  effect  of  the  two ;  but  neither  of  them  alters  the  effect 
of  the  other ;  and  thus  at  the  end  of  the  time  t  the  particle  is 
found  at  the  point  r^  having  described  the  diagonal  ar,  and 
which  is  therefore  the  line-representative  of  its  velocity,  because 
it  is  described  uniformly  and  in  the  time  t. 

Experiments  and  observations  such  as  the  following  shew  the 
law  to  be  true  in  the  matter  of  the  earth. 

A  small  heavy  particle  let  fall  from  the  top  of  a  mast  of 
a  ship  sailing  uniformly^  falls  at  the  foot  of  the  mast,  although 
the  force  under  the  action  of  which  it  falls  is  uniformly  acce- 
lerating. Thus  the  particle  retains  the  horizontal  velocity  which 
it  had  at  the  top  of  the  mast,  and  this  is  combined  with  the 
vertical  impressed  velocity. 

If  a  carriage  moves  evenly  along  a  railway^  and  if  an  impulse 
is  given  to  a  ball  in  it,  the  effect  of  the  impulse  is  the  same, 
whatever  is  the  direction  in  which  it  is  given :  the  motion  of 
the  carriage  does  not  alter  the  effect  of  the  impulse,  and  the 
path  and  absolute  velocity  of  the  ball  are  of  course  compounded 
of  the  two  velocities. 

The  earth  revolves  on  its  polar  axis  from  west  to  east,  and 
therefore  all  points  on  its  surface  move  with  a  velocity  due  to 
this  rotation.  If  therefore  the  law  is  not  true,  a  body  struck  in 
a  direction  north  or  south,  would  deviate  to  the  west^  and  this 
is  not  found  to  be  the  case.  And  this  fact  admits  of  most 
accurate  examination :  for  suppose  a  pendulum  to  be  suspended 
and  to  oscillate,  the  time  and  the  extent  of  oscillation  would  be 
different  for  the  different  directions  of  the  plane  of  oscillation : 
no  difference  however  is  observed,  whatever  is  the  azimuth  of 
the  plane  :  and  the  smallest  difference,  as  Laplace  has  shewn  in 
the  M&sanique  Celeste,  cannot  fail  of  being  appreciable. 

Again :  of  a  lofty  and  vertical  tower  the  top  is  of  course 
farther  from  the  centre  of  the  earth  than  the  bottom,  and  there- 
fore as  the  earth  rotates  (from  west  to  east),  the  horizontal  ve- 
locity of  the  top  is  greater  than  that  of  the  bottom.    Let  a 
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heavy  ball  fall  from  the  top :  it  will  have  the  horizontal  velocity 
of  the  top^  and  this  is  greater  than  that  of  the  bottom :  if  there- 
fore the  ball  falls  on  the  west  side  of  the  tower,  it  will  strike 
the  tower  before  it  reaches  the  earth :  but  if  it  falls  on  the  east 
side  of  the  tower,  it  will  strike  the  earth  at  a  small  distance 
from  the  tower  towards  the  east.  These  results  have  been 
actually  observed  ;  and  therefore  we  infer  the  law  of  which  they 
are  the  effects. 

Also  the  pheenomena  of  the  aberration  of  light,  and  the 
accordance  with  observation  of  the  results  arrived  at,  yield 
another  proof  of  the  truth  of  the  law  of  composition  of  velocities 
which  we  have  here  investigated.  Suppose,  see  fig.  97,  s  to  be  the 
place  of  a  star,  and  e  to  be  the  place  of  the  earth  in  its  path  at 
the  same  time:  now  light  travels  with  a  velocity  of  192000 
miles  in  one  second  of  time,  and  the  earth  moves  in  its  elliptic 
path  through  19  miles  in  a  second :  and  let  us  suppose  that  in 
the  time  during  which  the  light  of  the  star  has  travelled  from 
s  to  E,  the  earth  has  moved  from  e  to  e',  where  eeMs  to  sb  as 
19  to  192000;  then  the  effect  to  us  is  the  same  as  if  the  earth 
had  been  at  rest,  and  light  had  a  velocity  represented  by  ee' 
fit>m  e'  to  E  along  ee^  in  combination  with  its  velocity  along  sb, 
so  that  the  ray  of  light  would  come  in  the  direction  s'e^  where 
s'e  is  the  diagonal  of  the  parallelogram  of  which  be  and  be'  are 
two  adjacent  containing  sides :  the  star  therefore  appears  to  us 
to  be  before  its  real  place  in  the  direction  of  the  line  of  motion 
of  the  earth.  See  also  Herschel's  Outlines  of  Astronomy, 
Arts.  328—885. 

And,  omitting  other  experiments  and  observations,  I  may 
remark  that  the  most  conclusive  evidence  of  the  truth  of  the 
law  of  composition  of  velocities  is  the  a  posteriori  proof  arising 
out  of  the  results  of  physicsil  astronomy.  The  expressed  velo- 
cities and  velocity-increments  of  the  planets  are  resolved  and 
estimated  according  to  it,  and  their  places  calculated  at  parti- 
cular times ;  when  these  are  compared  with  the  observed  places, 
no  discrepancies  are  discovered ;  and  thus  one  of  the  severest 
tests  of  the  truth  of  such  a  law  is  applied  and  is  satisfied. 

250.]  Let  us  return  to  the  consideration  of  the  velocity  of  a 
particle  moving  along  its  trajectory.  In  the  most  general  case 
it  will  have  a  varying  velocity  along  its  path,  and  thus  varying 
resolved  velocities  along  the  coordinate  axes :  hence  during 
equal  and  successive  rff  s,  the  (Wb,  da^B,  dy's,  dz*B  will  not  all  be 
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equal :  therefore  there  will  be  dh,  d^x,  dhf^  dH :  and  thns  by  a 

process  of  reasoning  similar  to  that  of  Art.  206,  if  t  is  equi- 

crescent, 

d^s 

-jT^  represents  the  expressed  velocity-increment 

in  an  unit  of  time  along  the  curve 

-j2=r ---    along  the  axis  of  x 

dt^  ^-    (10) 


dfl 

dt^ 

which  expressions  severally  are^  if  ^  is  not  equicrescent, 
d^sdt-dHds 

d? 
d^xdi-dndx 

dfi 
dh/dt-dHdy 

dfi 
d^zdt-^d^tdz 


(11) 


dt^ 

d^9     d^x    d^v    d^  2 
As  -TS-,  -jTs-y  jTr,  -Tsr  M«  velocities,  it  is  evident  that  the 
or*     at^     at^     at^ 

laws  of  resolution  and  composition  of  velocities  of  Art.  247  are 
applicable  to  them :  hence  as  the  particle  at  the  time  t  is  de- 
scribing the  element  of  its  path  ds,  the  projections  of  which  on 
the  coordinate  axes  are  dx^  dy,  dz,  it  follows  that 

d*x  dx  rf*y  dy  d^z  dz 

dt^  ds'         dt^   d^'         W  di'  ^^^ 

are  the  resolved  parts  along  da  of  the  velocity-increments  in  an 
unit  of  time  along  the  coordinate  axes  of  x,  y,  z.    But  since 
&a  =  dx^  +  dy*  +  dz\ 

dsd^s  =  dx  d^x  -\-  dyd^  -\-dz  d*z ; 

d^8       d^x  dx      d^y  dy      d^z  dz 


dt^  "  dt^  ds  "^  dp  ds'^  dt^  ds 


(13) 


and  therefore  the  velocity -increment  along  each  element  of  the 
trajectory  is  equal  to  the  sum  of  the  resolved  parts  along  that 
element  of  the  several  velocity-increments  along  the  coordinate 
axes. 

Suppose  the  mass  of  the  particle^  whose  motion  we  have  con- 
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sidered^  to  be  m,  then  m  ^  is  its  expressed  momentum  in  the 

line  of  its  motion;  and  ^-tt}  ^  ;^9  m^  are  its  expressed 

momenta  along  the  axes  of  x,  y,  and  z :  momenta  are  evidently 
resolved  and  compounded  according  to  the  law  of  the  parallele- 
pipedon  of  velocities. 

Hence  also  m  --^  is  the   expressed   momentum-increment 

of  m  in  an  unit  of  time  along  the  line  of  its  motion;   and 

d^x       d^y       d^z 
^'df^^  ^'dW*  ^'di^'  ^^^         several  expressed  momentum- 
increments  of  m  in  an  unit  of  time  resolved  along  the  coordi- 
nate  axes  of  x,  y,  z. 

Also  from  equation  (18)  it  may  be  inferred  that  the  ex- 
pressed momentum-increment  in  the  line  of  motion  of  a  par- 
ticle at  a  given  time  is  the  sum  of  the  resolved  parts  along  that 
line  of  the  several  expressed  momentum-increments  along  the 
coordinate  axes. 

Hence  also  impressed  momenta  and  momentum-increments 
and  their  causes,  accelerating  forces  and  moving  forces  respect- 
ively, are  resolved  and  compounded  according  to  the  law  of  the 
parallelepipedon  of  velocities. 

And  as  statical  pressures,  see  Art.  213,  are  virtual  dynamical 
momenta,  it  follows  that  statical  pressures  are  resolved  and 
compounded  according  to  the  same  law :  hence  we  have  a  proof 
of  the  parallelogram  of  forces. 

251.D  Suppose  therefore  x',  y',  z'  to  be  the  momentum-incre- 
ments along  the  three  coordinate  axes,  impressed  on  a  particle 
m ;  then  by  reason  of  the  principle  contained  in  equation  (14), 
Art.  (211),  ^.^ 


(14) 


and  if  x',  V,  z'  are  proportioual  to  the  mass  of  m*,  so  that 

*  The  imprMsed  velocity-increments  are  iM>t  always  proportional  to  m: 
instanees  of  the  non-proportionality  have  already  occarred  in  the  equations  of 
motion  in  Articles  341  and  343. 
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y'=  f»T, 

d*x        ■^ 

dt*  =  '- 

d'y 
dt^  =  ^ 

<■; 

d*z 

dt^='j 

251.]  OF  MOMENTA.  379 

x'=  wx,  y'=  WY,  z'=  mz, 

then 


(15) 


in  which  equations  x,  y,  z  are  the  impressed  yelocity-increments 
which  are  the  effects  of  the  accelerating  forces. 

The  three  preceding  equations  are  the  general  equations  of 
motion  of  a  particle  moving  under  the  action  of  finite  accelerat- 
ing forces,  and  are  applicable  to  the  solution  of  every  problem 
involving  such  a  motion  and  such  forces.  If  the  values  o{x,  y,  z 
are  given  in  terms  of  ty  as  for  instance,  if 

X  =  /x(0,  y  =  m\         z  =  /8(0,  (16) 

the  components  of  the  velocity  along  the  three  coordinate  axes 
may  be  found  by  differentiation,  and  thence  the  magnitude  and 
the  line  of  motion  of  the  resultant  velocity  may  be  determined : 
and  the  components  of  the  expressed  velocity-increments  may 
be  found  firom  the  components  of  the  velocity  by  differentiation ; 
and  as  these  are  equal  to  the  impressed  velocity-increments,  the 
laws  according  to  which  velocity  must  be  impressed  on  the 
moving  particle  may  also  be  determined :  thus  if  the  equations 
to  the  trajectory  are  given  in  terms  of  the  time  by  means  of 
three  equations  such  as  (16),  the  laws  of  the  impressed  velocity* 
increments  may  be  found  by  differentiation. 

Again,  if  the  laws  of  the  impressed  velocity-increments  are 
given,  and  if  the  problem  is  the  deduction  from  them  of  the 
equations  of  the  trajectory,  (15)  must  be  integrated,  whereby 
three  relations  will  be  given  between  x^  y,  z  and  t  -  whence  t  must 
be  eliminated,  and  two  equations  will  result  in  terms  of  Xy  y,  z^ 
which  will  represent  two  surfaces,  the  line  of  intersection  of 
which  will  be  the  trajectory.  In  the  course  of  integration,  twelve 
limiting  values  will  be  required,  viz.,  the  six  components  of  the 
velocities  corresponding  to  /  =  ^  and  to  ^  =:  0 ;  and  the  six  coor- 
dinates of  m  corresponding  to  the  same  values  of  / :  of  these, 
six,  viz.,those  corresponding  to  /  =  /,  will  be  left  in  the  general 
equations  in  their  general  form :  the  other  six,  which  correspond 
to  /  =  0,  will  enter  into  the  final  equations  as  arbitrary  constants^ 
because  the  beginning  of  the  time  t  is  arbitrary. 

3  c  a 
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252.]  If  the  moving  forces  are  impulsive,  and  if  v'^^^  ^yy  Vg  are 
the  momenta  which  are  impressed  on  the  particle  m  along  the 
three  coordinate  axes^  then 

dx      _j 

=    V  , 


m 


dt 


dy         , 
dz        . 


(17) 


and  if  the  components  of  the  impressed  momenta  along  the 
coordinate  axes  are  proportional  to  the  mass  of  m,  if  (say) 


=  OTV- 


V.  =  inv,, 


V,  =  mv. 


then  (17)  become 


dx 
It 
dy 
dt 
dz 
dt 


=  V, 


=  V. 


=  V, 


(18) 


and  here,  it  is  to  be  remembered,  the  whole  expressed  velpcitj(- 
is  the  measure  of  the  action  of  the  force. 

253.3  ^  ^^^  particle  m  is  not  acted  on  by  any  forces,  so  that 
in  j;i6),  X  =  Y  =  z  =  0,  then 


^-0  ^-0 

dt>         '         dt'  ~    ' 


dt* 


z^  0. 


(19) 


Let  (a,  b,  c)  be  the  place  of  the  particle  when  /  =  0,  and- 
{x,  y,  z)  when  t  =  t :  also  let  a,  /3,  y  be  the  compon^its  of  its 
velocity  when  2  =  0;  then  integrating  (19)  between  the  limits, 
corresponding  to  these  values  of  t, 


dx 


dz 
dt 


-y=0, 


x—a—at  =  0,        y—b—pt  =*  0, 
x—a  _  y—b  _  z- 


-C^yt  =  0; 


=  t\ 


(20) 


a  pi  y 

which  are  the  equations  to  a  straight  line,  whose  direction- 
cosines  are  proportional  to  the  components  of  the  velocity  when 
/  =  0,  and  which  passes  through  the  point  (a,  b,  c).  If  there  is 
no  initial  velocity,  o  =  j3  =  y  =  0;  in  which  case  x^a^  y^b^ 
z=^  c;  that  is,  the  particle  remains  at  rest  and  in  its  original 
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poaitioQ.  This  result  is  of  course  in  ^cpordancQ  witb  the  law  of 
inertia. 

254.]  The  method  of  resolving  velocities  and  momenta  along 
three  rectangular  axes  chosen  arbitrarily  is  artificial,  and  has 
not  been  deduced  from  considerations  of  the  actual  motion  of 
the  particle ;  but  it  is  convenient^  and  adapts  itself  to  the  Car- 
tesian system  of  algebraical  geometry,  and  to  the  ordinary 
equations  of  curves.  Let  us  however  consider  whether  the 
actual  motion  of  m  does  not  l«ad  us  to  another  and  more 
natural  method. 

-^  is  the  expressed  velocity-increment  in  the  line  of  motion 

of  m  at  any  time  t ;  and  therefore  if  the  moving  forces  impress 
a  momentum-increment  only  in  this,  line,  the  path  will  be 
rectilinear :  generally  however  the  particle  movea  in  a  curvi- 
linear path>  and  there  is  therefore  some  other  component  of  the 
impressed  momenta,  which  causes  the  deflexion  from  the  recti^ 
linear  path :  the  question  is.  What  is  the  mathematical  repre^ 
sentative  of  this  impressed  momentum-increment,  as  expressed 
in  the  motion  of  m?  In  fig.  9S,  let  pq  (=  da)  be  the  element 
of  the  curvilinear  path  described  in  the  time  dt ;  let  t  be  equi- 
crescent ;  then  if  no  force  acts,  whereby  the  particle  is  defiected- 
Itom  its  rectilinear  path,  it  will  in  the  next  dt  describe  qr; 
but  suppose  QT  {=zds-\-dh)  to  be  the  element  of  the  curve 
succeeding  pq,  and  to  be  the  path  taken  by  the  particle  in  the 
second  dt;  then  at  the  point  q  and  along  the  line  qs  some  force 
haa  acted,  whereby  the  partidie  has  received  a  velocity  with 
which  it  moves  over  qs,  in  the  time  dt,  so  that  at  the  end  ot  dt 
m  ia  at  the  point  t  ;  our  object  is  to  determine  the  value  of  the 
force  which  acts  along  qs. 

p,  Q,  and  T  being  three  consecutive  points  in  the  curve,  the 
plane  which  contains  them  is  the  osculating  plane  of  the  trajec- 
tory at  the  point  p,  and  the  angle  rqt  is  the  angle  of  contin- 
gence ;  see  Art.  323,  Vol.  L  Let  p  be  the  radius  of  absolute 
curvature  of  the  path  at  p  ;  that  is,  />  is  the  radius  of  the  circle 
passing  through  p,  q,  and  t  :  and  therefore  from  the  geometry 

Now  whatever  is  the  law  of  force  under  the  action  of  which  the 
particle  m  describes  qs  in  the  time  dt^  we  may  consider  it  to  be 
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constant  for  that  infinitesimal  element  of  time ;  and  therefore 
if /is  the  impressed  velocity-increment  due  to  that  force,  by 
equation  (81),  Art.  220, 

Q8  =  |*»;  (22) 

therefore  from  (21)  and  (22), 

p 
if  t;  is  the  velocity  of  m  at  r :  and  the  line  of  action  of  it  is 
along  the  radius  of  absolute  curvature,  that  is,  is  the  principal 
normal. 

Hence  at  any  point  r  of  the  trajectory,  if  the  expressed  velo- 
city-increment is  resolved  along  the  tangent  to  the  curve  at  p, 
and  along  a  line  perpendicular  to  the  tangent,  the  latter  line  is 
the  principal  normal ;  and  the  expressed  velocity-increments  in 
these  two  lines  are  respectively 

and  there  is  no  expressed  velocity-increment  at  right-angles  to 
the  osculating  plane.  The  impressed  velocity-increments,  that 
is,  do  not  produce  any  torsion,  and  torsion  is  due  to  their  varia- 
tions only. 

Therefore  if  t  and  n  are  the  impressed  velocity-increments 
along  the  curvilinear  path,  and  perpendicular  to  the  path  in  the 
osculating  plane,  .a 

X  =  Ji.  (24) 

N  =  — .  (25) 

P 

T  and  N  are  called  respectively  the  tangential  and  normal  com- 
ponents of  the  impressed  vdocity-increments ;   and  similarly 

d^9         w* 

-77^  and  —  are  respectively  the  tangential  and  normal  compo- 
nents of  the  expressed  velocity-increments. 

255.]  These  results  may  also  be  deduced  from  the  equations 
of  motion  (15).  Let  &  be  the  resultant  of  the  impressed  velo* 
city-increments;  therefore 
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B'  =  X*  +  Y*  +  Z> 

=  -^  {(d*x)'+(d*y)*+id>z)»-(d*»)»+(d'»)>} 
if  p  =  the  radius  of  absolute  currature ;  see  (20)^  Art.  326,  Vol.  I ; 

•••  ••=(7)'+©'        («» 

the  form  of  which  equation  (the  right-hand  member  being  the 
sum  of  two  squares)  shews  that  the  resultant  of  the  impressed 
ydocity-inerements,  when  expressed,  consists  of  two  parts,  which 
have  lines  of  action  perpendicular  to  each  other :  one  of  which, 

viz.  --jT^ ,  is  the  expressed  velocity-increment  along  the  tangent 
to  the  curve :  and  the  line  of  action  of  the  other,  viz.  — ,  is  per- 
pendicular to  the  tangent :  and  if  A,  /yi,  i^  are  the  direction-angles 
of  its  line  of  action,  they  may  be  determined  by  the  following 

process.    Since  -77^  and  —  are  the  components  of  a,  the  lines 

of  action  of  the  three  are  in  one  plane :  let  the  direction-angles 

of  the  normal  of  that  plane  be  proportional  to  a,  b,  c ;  then, 

d*s  v^ 

because  this  plane  contains  (1)  ^,  (2)  — ,  (8)  r,  we  have 

Adx    -f  Bdy  -f    cdz  =  0^ 

ACOsA  +  BCos^-i-ccosi;  =  0  I;  (27) 

Ad^x  +  B d*y  +  c  d^z  =  0  J 

.• .     cos  A  (d^ydz—d^z  dy)  +  cos  ^  (d^z  dx— d^x  dz) 

+  cos  i;  {dPx  dy—d^y  dx)  =  0.  (28) 

Also,  since  the  line  of  action  of  —  is  perpendicular  to  the  tan- 

P 
gent  of  the  path  of  m,  we  have 

ctecosA  +  «?ycos/A-h<£2rcosi;  =£  0;  (29) 

therefore  from  (28)  and  (29), 

cos  A  __        _^ 

dy{d^xdy-'d^ydx}—dz{d^zdx—d^xdz}  *"  *"  ""  *"' 

and  by  a  reduction  similar  to  that  in  Art.  294,  Vol.  I,  we  have 
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COS  A         cos  fX         COS  V 


d.—       d.^       d.— 
'  ds  '  ds  '  ds 


(30) 


the  denominators  of  which  fractions  are  proportional  to  the  di- 
rection-cosines of  the  principal  normal ;  therefore  the  line  of 
action  of  the  normal  component  is  the  principal  normal. 

As  N  is  the  normal  component  of  the  impressed  velocity-in- 
crement it  is  the  efiPect  of  the  force  which  deflects  m  from  its 
rectilinear  path  and  draws  it  towards  the  centre  of  absolute 
curvature ;  and  thus  is  the  measure  of  that  force,  and,  as  such« 
is  called  the  centripeied  force ;  and  since  m  would,  if  left  to  itself, 
by  the  law  of  inertia  proceed  in  a  straight  line  with  the  velocity 
which  it  has  at  p^  but  is  in  its  actual  motion  deflected  out  of 
that  course,  its  expressed  velocity  in  the  normal  line  is,  in 
reference  to  w,  called  the  centrifugal  force  * :  hence 

tnv^ 

the  centrifugal  force  of  m  =  .  (81) 

P 

Centripetal  and  centrifugal  forces  are  therefore  the  same  quan-. 
tity  under  different  aspects.  Centripetal  force  is  the  force  which 
impresses  the  momentum^  and  is  spoken  of  in  reference  to  that 
force:  centrifugal  force  is  spoken  of  with  reference  to  the  par- 

tide  m,  and  is  that  force  of  which  m —  is  the  expressed  mo- 
mentum. The  inquiry  into  other  general  properties  and  prin- 
ciples which  are  deducible  from  the  equations  (15)  are  deferred 
until  applications  of  them  have  been  made  to  particular  ex- 
amples in  the  three  following  Chapters. 

256.]  Let  the  lines  of  action  of  all  the  moving  forces  which 
act  on  m  be  in  one  plane,  and  which  we  will  take  to  be  the 
plane  ot  a:y;  and  if  m  has  any  initial  velocity  we  shall  suppose 
that  to  be  also  in  the  same  plane. 

And  flrst  let  us  resolve  along  two  rectangular  axes  in  that 
plane;'  and  let  mx,  mr  be  the  resolved  impressed  momen- 
tum-increments along  the  axes  of  x  and  y,  and  acting  to  in- 
crease w  and  ^  as  /  increases ;  let  the  place  of  the  particle  m 
at  the  time  /  be  (a?,  y) :  so  that  the  equations  of  motion,  in 
terms  of  velocity-increments,  are 

*  This  term  is  inaccurate;  —  is  the  expressed  effect  of  an  accelerating  force. 
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d^  _ 


(82) 


Secondly,  let  the  motion  of  the  particle  be  referred  to  a  sys- 
tem of  polar  coordinates^  r  and  #;  and  let  r  and  q  be  the  im- 
pressed velocity-increments  along,  and  perpendicular  to,  the  ra- 
dius vector;  p  having  a  positive  sign  when  it  acts  to  increase  r 
as  t  increases,  and  q  having  a  positive  or  negative  sign  according 
as  it  acts  to  increase  or  diminish  ^  as  /  increases,  r  and  q  are 
called  respectively  the  radial  and  the  transversal  impressed  velo- 
city-increments. 

Let  X  and  y  be  the  impressed  velocity-increments  on  m,  see 

fig.  99,  parallel  to  the  axes  of  x  and  y:  let  o  be  the  origin,  or 

the  pole:  ou  =  x,  MPssy^  opsr,  vox^O. 

d^x  d^y 

Then  since  x  =  ^j,  y  =  ^|-,  if  we  resolve  these  along  and 

perpendicular  to  op,  we  have 

p  =  Ysin^+xcos^) 

Q  s:  YC08(?— XSin^)  '  ^      ' 

and  replacing  x  and  y  by  their  values. 


d^y   .    -     d^x 
^  =  *5fF«a(?  +  ^cos(? 

d*y       ^      d^x  .    ^ 
Q=_^cos(?-^sm(f 


(84) 


Now  bearing  in  mind  that  t  is  equicrescent,  and  that  therefore 
generally  neither  r  nor  $  can  be  simultaneously  so,  we  have 

^  =  rcos^)  ^      dlr  =  cos  ^rfr—r  sin  ^rf^)        ^ 

y=r8in^K  '"     rfy  =  sin^rfr+r  cos^rf^T 

,•.  d^x  =z  coBed^r'-2mnedrde''rooBedO*--rBmed^$\  ^   „ 
rf*y  =  8in^rfV+2co8^rfrrf9— rsin^rftf^+rcos^rf*^)  ' 

and  substituting  these  in  (84),  we  have 
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The  right-hand  members  of  (87)  and  (88)  are  respectively  called 
the  radial  and  the  transTersal  expressed  Telocity-increments. 

^  is  the  angle  generated  by  the  revolving  radius  vector  in 

one  unit  of  time ;  it  is  therefore  the  measure  of  the  expressed 

angular  velocity ;  and  --rr^  is  in  like  manner  the  measure  of  the 

expressed  angular  velocity-increment  due  to  an  unit  of  time. 

dv  d'^v 

Similarly  ^  and  -jr^  are  the  measures  of  the  expressed  velo- 
city and  velocity-increment  of  the  radius  vector. 

Two  particular  forms  of  (87)  and  (88)  deserve  notice.  If  the 
source  of  all  the  impressed  velocity  is  in  o,  so  that  q  =  0^  in 
which  case  the  force  is  said  to  be  central^  then 

do 
r*^  =  a  constant.  (89) 

dB 
And  if  the  angular  velocity  is  constant,  so  that  ^  =  &  constant 

=  tt  (say),  then 

d^r 


o     *- 


(40) 


Thirdly^  let  the  velocity-increments  on  m  be  resolved  into 
normal  and  tangential  components,  see  fig.  100,  and  let  n  and  t 
be  respectively  the  normal  and  the  tangential  impressed  velo- 
city-increments. 

Let  oM  =  ^^  MP  =  y ;  then  tan  ftm  =  ^  :  and  resolving, 
rfr        «^  _  dxd^x^dyd^y 


^     dx        ^  _  dxd^y-^dyd^x 
'^     ds         da  "  dsdt^         ' 

Also  since  dx^-\-dy^  =  d$\ 

dxd^w-^dyd^y  =  dsd*s; 

and  if  p  is  the  radius  of  curvature  at  p^ 

da  =  — prf.tan"*-r- 
dy 


(42) 


=  ^ *« 


^     dxdhf'-dyd^x 
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''  -  di*' 

ds*         V* 
pdt*        p     J 

* 

257.]  CBNTRIPUGAL  FORCE.  387 

(48) 


if  v  =  ^  3s  the  velocity  at  the  point  p.    These  yalues  may  be 
deduced  also  from  the  resolution  of  p  and  q  in  (37)  and  (38). 

257.]  The  normal  component^  which  is  also  the  centrifugal 

force,  and  of  which  the  mathematical  expression  is  — ,  requires 

P 
further  consideration :  for  on  an  adequate  understanding  of  it 

in  a  great  measure  depends  our  knowledge  of  curvilinear  motion. 

Into  the  preceding  investigations  no  differentials  or  derived 
functions  of  the  equation  of  the  curvilinear  path  above  the 
second  order  have  entered ;  and  therefore  only  three  consecu- 
tive points  on  the  curve  have  come  under  consideration :  the 
preceding  properties  therefore  are  equally  true  of  the  trajectory 
and  of  its  circle  of  curvature  at  the  point  p. 

Let  the  circle  pqra  in  fig.  101  be  the  circle  of  curvature  at 
the  point  p  ;  let  p  be  the  place  of  m  at  the  time  t,  and  let  pq^  qb 
be  the  two  successive  elements  of  the  trajectory  described  in 
the  equal  succeeding  elements  di. 

Now  m,  having  described  pq  in  the  time  di,  would,  during 
the  following  dt,  have  described  another  element  (not  necessarily 
equal  to  pq)  qt  in  the  same  straight  line^  if  no  force  acted 
whereby  it  is  deflected  from  its  rectilinear  path :  but  since  at 
the  end  of  the  second  di,  m  is  at  r,  a  force  has  deflected  it^  the 
expressed  effect  of  which  is  the  motion  of  the  particle  over  the 
distance  bt  or  mq:  let  /  represent  this  force;  and  since /acts 
only  for  the  infinitesimal  time  dt,  we  may^  whatever  is  its  law 
of  change,  consider  it  to  be  constant  during  that  infinitesimal 
time.  Now  the  space  through  which  m  moves  under  the  action 
of/  is  BT  or  QM ;  therefore  by  (31),  Art  220, 

but  by  the  geometry  mq  :  qb  =  qb  :  qa  ;  and  aq  is  the  diameter 
of  the  circle  of  curvature,  and  therefore  is  equal  to  2p:  and 


3»  * 
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•'•    ^^  pdt^  "  p' 
if  t;  =r  the  velocity  of  m  at  the  point  p.    And  therefore 

the  centrifugal  force  of  m  =  .  (44) 

Let  us  consider  and  apply  this  expression  in  the  case  of  m 
moving  in  a  circle.  Let  the  radius  of  the  circle  =  a ;  then  if  t 
is  the  time  during  which  m  moves  round  the  circle,  and  (as  we 
suppose)  with  a  constant  velocity  v, 

2ffa  =  vt;  (45) 

therefore  the  centrifugal  force  of  m  =  «i  — j- ;  (46) 

thus  the  centrifugal  force  in  a  circle  varies  directly  as  the  radius 
of  the  circle^  and  inversely  as  the  square  of  the  periodic  time. 

Again,  if  m  moves  in  the  circle  with  a  constant  angular  velo- 
city fi>,  then  since 

zi  ds  do 

.-.     V  =  ata; 
.*.     the  centrifugal  force  of  m  =  m^^a;  (47) 

and  therefore  varies  directly  as  the  radius  of  the  circle. 

258.]  When  a  solid  body  rotates  about  an  axis  all  its  par- 
ticles describe  in  equal  times  circles,  the  planes  of  which  are 
perpendicular  to  the  axis  of  rotation^  the  centres  of  which  are 
in  this  axis,  and  the  radii  of  which  are  the  perpendiculars  from 
each  point  on  the  axis :  therefore  from  (47)^  as  o)  is  the  same 
for  all  the  points^  the  centrifugal  forces  vary  as  these  perpen- 
diculars. Now  as  the  earth  revolves  about  its  polar  axis^  the 
centrifugal  forces  of  particles  on  its  surface  vary  as  the  perpen- 
dicular distances  from  the  particle  on  the  polar  axis ;  and  there- 
fore the  centrifugal  force  of  each  particle  varies  as  the  radius  of 
the  parallel  of  latitude  which  the  particle  describes :  and  the 
line  of  action^  being  the  radius  of  the  circular  path  in  which  the 
particle  moves,  is  perpendicular  to  the  polar  axis.  As  the  radius 
of  the  circle  of  the  parallel  of  latitude  decreases  from  the  equator 
to  the  pole^  so  does  the  centrifugal  force  which  varies  as  this 
radius  by  reason  of  (47) ;  the  centrifugal  force  therefore  is  great- 
est at  the  equator  and  least  at  the  poles,  where  it  vanishes. 

Let  us  consider  the  earth  to  be  a  perfect  sphere,  and  to  be 
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revolving  with  an  angular  velocity  such  that  the  time  of  the  re- 
volution is  24  hours ;  and  let  us  consider  a  place  on  it  of  which 
the  latitude  is  X ;  then^  if  r  is  the  radius  of  the  earth,  the  radius 
of  the  circle  of  the  parallel  of  latitude  is  r  cos  X ;  and  therefore 
if  0)  is  the  angular  velocity,  the  centrifugal  force  of  m  in  this 
line^  which  is  perpendicular  to  the  polar  axis^  is  mu'rcosX; 
and  if  this  is  resolved  into  two  parts,  one  of  which  is  horizontal, 
and  the  other  is  vertical,  at  the  place,  the  vertical  component  of 
the  centrifugal  force  is  iiiw^r  (cosX)*:  by  this  quantity  there- 
fore will  the  attraction  of  the  earth  on  a  particle  m  on  its  sur- 
face at  the  latitude  A  be  diminished :  so  that  if  mff  is  the  weight 
of  m  when  diminished  by  the  centrifugal  force,  and  ma  were 
its  weight  if  the  earth  were  at  rest,  then 

mff  =  mo  — mw'r  (cos  X)*,  (48) 

.'.     ff  z=  G  — a)*r(co8X)*;  (49) 

therefore  o*r(cosX)*  is  the  diminution  of  the  earth's  gravity 
due  to  the  centrifugal  force. 

Let  us  calculate  the  value  of  the  diminution  of  gravity  when 
X  =  0,  that  is,  at  the  equator ;  in  which  case 

since  the  difference  between  ff  and  o  is  very  smaU.  Let 
T  =  the  time  of  rotation  of  the  earth  about  its  axis ;  therefore 
T  =  24  X  60  X  60  seconds.  Also  29r  =  (ot  ;  and  ff  =  32.2  feet, 
V  =  8.14159 ;  therefore  r  =  4000  x  1760  x  8  feet, 

=  ^  nearly; 

that  is,  the  diminution  of  gravity  at  the  earth^s  equator  due 
to  the  centrifugal  force  is  the  289th  part  of  that  which  the 
earth's  attraction  at  the  equator  would  be,  if  the  earth  did  not 
rotate. 

Thus  also  the  weight  of  a  body  m  at  the  equator  is  diminished 
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by  its  289th  part,  and  the  diminution  of  its  weight  at  the  lati- 

289 
The  preceding  calculation  is  made  on  the  hypothesis  that  the 
earth  is  a  perfect  sphere,  whereas  it  is  an  oblate  spheroid  :  and 
the  attraction  of  the  earth  on  particles  at  its  surface  decreases 
as  we  pass  from  the  poles  to  the  equator :  this  diminution  takes 
place  according  to  the  law  known  as  Glairault's  theorem,  and 
which  is  expressed  by  the  equation 

Sf=  G{l-f  *(sinX)*}; 

where  o  is  the  equatorial  gravity,  k  ibb,  constant  depending  on 
the  eccentricity  of  the  generating  ellipse,  and  on  the  equatorial 
centrifugal  force,  and  where  X  is  the  latitude  of  the  place  to 
which  ff  corresponds.  Thus  gravity  becomes  diminished  at  the 
equator  from  both  causes,  and  the  whole  diminution  is  nearly  a 
200th  part  of  the  original  gravity.  Hence  also  the  weight  of  a 
body  at  the  poles  is  one  200th  more  than  its  weight  at  the 
equator. 

Since  289  is  the  square  of  17,  it  follows  that  if  the  earth 
completed  a  revolution  about  its  polar  axis  in  the  17th  part  of 
a  day,  the  centrilfugal  force  at  the  equator  would  be  equal  to, 
and  would  neutralize,  the  earth's  attraction;  in  which  case 
matter  at  the  equator  would  have  no  weight. 

259.]  The  motion  of  the  moving  particle  m,  which  we  sup- 
pose at  the  time  /  to  be  at  the  point  (<r,  y,  z),  has  been  in  the 
preceding  investigations  referred  to  a  fixed  origin  and  to  a 
fixed  system  of  coordinate  axes :  and  its  velocity  and  other  in- 
cidents of  motion  are  thus  absolutely  determined  :  in  many  cases 
however,  and  especially  in  astronomical  inquiries,  it  is  conve- 
nient to  consider  the  motion  of  a  particle  relatively  to  another 
particle,  the  place  of  which  we  suppose  to  be  the  origin  of  a 
system  of  axes,  the  position  and  direction  of  which  continually 
change  under  the  action  of  given  forces  :  and  the  motion  of  m 
thus  referred  is  called  relative  motion.  For  the  sake  of  simpli- 
city I  shall  consider  the  system  of  moveable  axes  to  have  only 
motion  of  translation,  so  that  while  the  origin  describes  a  certain 
path  the  directions  of  the  coordinate  axes  are  unaltered. 

Let  (^,  y,  z)  (a,  6,  c)  be  the  positions  of  m  and  of  the  moving 
origin  at  the  time  /,  with  reference  to  a  fixed  origin  and  axes ; 
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and  let  af^  y\  2^  be  the  coordinates  of  m,  with  reference  to  the 
moving  system :  then 

X  =  a+d?',        y  =  i+y',        z  =  c+2^; 

•'•     d/»   •"  *«       *«  '  

Let  x^  Y,  z  be  the  components  of  the  impressed  velocity-incre- 
ment acting  on  m  at  p ;  and  let  a^  b^  c  be  the  components  of 
the  impressed  velocity-increments  which  act  on  the  particle  at 
the  moving  origin :  then  we  have 

rfV  rf»y'  rfV  ,.„, 

*r=^-A,        -5^  =  T-B,        -5^  =  z-c;      (52) 

so  that  the  relative  expressed  velocity-increments  of  m  are  the 
excess  of  the  absolute  velocity-increments  impressed  on  it  over 
those  impressed  on  the  particle  at  the  moving  origin. 

The  same  result  may  also  be  found  by  the  following  process. 
Let  o  be  the  moving  origin  and  p  the  place  of  the  moving  particle 
m ;  and  let  a^  b,  c,  x,  y,  z  be  employed  in  the  same  significations 
as  above :  then  if  forces  are  applied  to  o  and  to  f»,  producing 
equal  velocities  in  both  in  each  direction^  the  relative  motion 
of  the  two^  by  reason  of  their  other  forces,  will  be  the  same  as  if 
these  other  forces  did  not  act.  Suppose  forces  to  be  applied 
which  will  impress  velocity-increments  in  each  axis  equal  to 
those  impressed  on  the  particle  at  o,  and  in  opposite  directions : 
then  o  necessarily  is  at  rest ;  and  the  components  of  the  im- 
pressed velocity-increments  on  m  at  p  are 

X  — A,  Y  — B,  z  — c; 

and  the  motion  of  m  under  the  action  of  these  forces  is  absolute, 
since  o  is  at  rest :  and  thus 


rfV 

d^z' 


(58) 
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CHAPTER    X. 

APPLICATION   OP    THE    EQUATIONS    OP    THE    PRECEDING 
CHAPTBE  TO  PARTICLES  MOVING  FREELY  IN  SPACE. 

Section  1. — Oblique  impact  and  collision  of  particles  and  of 
smooth  spherical  balls. 

260.]  The  laws  of  resolation  of  velocities  and  momenta^  and 
the  principles  of  the  theory  of  curvilinear  motion  have  been 
investigated  in  the  pa^eceding  Chapter;  oar  object  now  is  for* 
ther  to  elucidate  these^  and  to  apply  them  to  the  special  case  of 
particles  moving  freely  in  space,  reserving  to  subsequent  Chap- 
ters the  cases  of  particles  moving  on  curves  or  on  surfaces  or 
in  tubes,  cases,  that  is,  of  constrained  motion. 

The  most  simple  case  of  resolution  of  momenta  is  that  of  a 
material  particle  or  of  a  smooth  homogeneous  spherical  ball 
(which  is  supposed  to  have  motion  of  translation  only)  which 
moves  in  a  rectilinear  path  with  a  constant  velocity,  and  im- 
pinges at  an  oblique  angle  on  a  given  plane.  As  the  velocity  of 
the  ball  is  constant  before  impact,  so  will  the  velocity  be  also 
constant  after  impact :  and  thus  the  inquiry  is  limited  to  the  dr- 
cumstances  of  change  during  the  collision,  and  to  the  determina- 
tion of  the  line  of  motion  and  of  the  velocity  of  the  ball  after 
impact.  The  elasticity  of  the  ball  is  supposed  to  be  the  same 
as  that  which  was  explained  in  Art.  214,  that  is,  the  momentum 
acquired  during  the  restitution  of  the  figure  of  the  ball  is  sup- 
posed to  bear  a  constant  ratio  to  that  lost  during  the  compres- 
sion of  the  figure  :  the  limiting  values  of  the  ratio  being  1  and 
0^  according  as  the  ball  and  plane  are  perfectly  elastic  or  are 
perfectly  inelastic. 

One  observation  however  is  to  be  made  on  the  circumstances 
of  oblique  impact,  which  was  not  applicable  in  that  of  direct 
impact.  In  oblique  impact  we  assume  that  the  mutual  action  of 
the  balls  during  collision  is  along  the  line  joining  their  centres 
at  the  instant  when  compression  is  a  maximum,  and  along  that 
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line  only;  that  is,  in  other  words,  we  assume  the  balls  to  be 
perfectly  smooth.  For  suppose  a  baU  of  mass  m,  see  fig.  102, 
to  move  uniformly  along  the  line  aiL  and  to  impinge  on  the  ball 
of  mass  m'f  which  is  moving  at  an  uniform  velocity  along  the 
line  6b:  and  suppose  the  line  oab  to  be  that  which  passes 
through  their  centres  a,  b  at  the  instant  at  which  compression  is 
a  maximum :  we  assume  the  action  of  the  two  balls  on  each 
other  for  the  time  during  which  the  collision  takes  place  to  be 
wholly  along  this  line ;  along  this  line  has  momentum  been 
lost  during  the  compression,  alpng  this  line  will  momentum 
be  acquired  during  the  restitution:  the  momenta  in  a  line 
perpendicular  to  ab  have  not  been  altered  by  the  collision: 
thus  by  virtue  of  the  statements  made  in  Art.  214,  if  p  repre- 
sents the  momentum  along  the  line  ab  lost  during  the  compres-> 
sion;  ev  represents  that  acquired  during  the  restitution  along 
the  same  line.  Thus  although  for  the  time  during  which  the 
balls  are  in  collision,  they,  by  reason  of  their  velocity  which 
is  perpendicular  to  ab,  slide  on  each  other,  and  thereby  the 
momentum  in  that  line  would  be  changed  if  the  balls  are  not 
perfectly  smooth,  yet  for  the  sake  of  simplicity  we  assume  the 
roughness  of  the  balls  to  be  so  far  diminished,  that  it  is  not 
necessary  to  take  account  of  the  change  of  momentum  along 
the  line  perpendicular  to  ab. 

Hence  if  a  smooth  baU  impinges  obliquely  on  a  smooth  plane» 
the  line  of  reaction  of  the  plane  will  be  perpendicular  to  its 
surface,  and  the  momentum  of  the  impinging  ball  will  Jbe 
affected  along  that  line  only,  and  not  along  the  plane. 

261.]  The  results  of  the  direct  impact  of  a  ball  on  a  plane 
are  given  in  equations  (16),  (16),  Art.  216,  so  that  if  v  is  the 
velocity  of  impact,  —  et;  is  the  velocity  of  rebound. 

But  suppose  a  perfectly  smooth  and  spherical  ball,  whose  mass 
is  m,  and  whose  elasticity  is  e,  to  move  with  an  uniform  velocity 
Vf  and  to  impinge  at  r  on  a  smooth  plane  in  the  line  aA,  making 
an  angle  a  with  the  normal  to  the  plane  at  the  point  p,  fig.  103, 
so  that  aAN  =  a ;  let  tf  be  the  velocity  of  m  when  the  compres- 
sion is  a  maximum :  at  which  instant  the  motion  of  the  ball  is 
wholly  along  the  plane ;  and  suppose  v  to  be  the  velocity  of 
rebound,  and  ^  =  na6  to  be  the  angle  which  the  line  of  motion 
of  the  ball  after  rebound  at  p,  makes  with  the  normal :  let  p  be 
the  momentum  in  the  line  an  which  is  lost  by  the  ball  during 
the  compression,  and  let  ep  be  that  recovered  during  the  resti^ 
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tution^  the  line  of  action  of  both  these  momenta  being  the  normal 
AN.  Let  us  resolve  the  momenta  along  and  perpendicular  to 
the  plane :  then  at  the  instant  when  the  compression  is  a  maxi- 
mum^ we  have  (1)  along  the  plane, 

mt^  sin  a  =  the  impressed  momentum  of  m, 
mu  =  the  expressed  momentum  of  m ; 
(2)  perpendicular  to  the  plane, 

mv  cos  a  =  the  impressed  momentum  of  m, 
p  =  momentum  lost  by  m  during  compression  ; 

.'.     mvsina  =  mu;  (1) 

mt?  cos  a  =  p :  (2) 

by  a  similar  process  when  restitution  ends,  we  have  (1)  along 
the  plane, 

mu  =  the  impressed  momentum  of  m, 
mv  sin  p  =  the  expressed  momentum  of  m ; 
(2)  perpendicular  to  the  plane, 

e  p  =  the  impressed  momentum  of  m, 

mv  cos  p  =  the  expressed  momentum  of  m ; 

.-.     mu  =  mvsiujd,  (3) 

ev  =  mvcos^;  (4) 

.-.     rsina  ==  vsin)9, 
etan^  =  tana; 

tana 

.-.     tan^  =  ;  (5) 

sin  a 

V  =   -r— ;r  V  I  (6) 

sm^     '  ^  ' 

whereby  j3  and  v  are  known  in  terms  of  given  quantities ;  a  and 
p  are  called  respectively  the  angles  of  incidence  and  reflexion. 
Generally  if  e  is  less  than  unity,  )8  is  greater  than  a.  If  the 
ball  is  perfectly  elastic,  6=1:  in  which  case  a  =  /3,  that  is,  the 
angles  of  incidence  and  reflexion  are  equal ;  and  v  =  t?,  that  is, 
the  velocities  of  incidence  and  reflexion  are  equal  to  each 
other. 

If  the  ball  is  perfectly  inelastic,  e  =  0 ;  in  which  case  j3  =  90^, 
and  V  =  t;  sin  a ;  the  ball,  that  is,  after  impact  moves  along  the 
plane  with  the  component  in  that  line  of  its  velocity  of  impact. 

These  results  are  equaUy  true,  when  the  ball  impinges  on  a 
curved  surface,  the  plane  of  impact  being  in  this  case  the  tan- 
gent plane  to  the  surface  at  the  point  of  impact* 
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262.]|  Examples  in  illustration  of  the  preeediog  principles. 

Ex.  1.  To  find  the  line  along  which  a  ball  of  given  elasticity  e 
must  be  projected  from  a  given  point  a,  so  that  after  reflexion 
at  a  given  plane  it  may  strike  another  given  ball  at  b. 

Let  CD^  fig.  104^  be  the  given  plane^  a  and  b  the  given  posi- 
tions of  the  balls.  From  a  and  b  draw  ac  and  bd  at  right 
angles  to  the  plane  cd;  produce  ac  to  a!,  making  ca'=  e.CA. 
Join  ba'  catting  cd  in  p,  and  join  ap  ;  apb  is  the  required  path. 
At  p  draw  the  line  pn  normal  to  the  plane :  then  apn  is  the 
angle  of  incidence^  and  npb  is  the  angle  of  reflexion :  and  since 

cp 
tan  APN  =  cotAPC  =  — : 
ac' 

CP  CP 

and        tauBPN  =  cotBPD  =  cotA'pc  =  -7-  = 


AC  C.AC 

.*.      taUBPN  =:  -  taUAPN  ; 

e 
and  therefore  the  path  apb  satisfies  the  condition  (5)^  and 
therefore  is  such  that  a  bail  projected  from  a  along  ap  will 
strike  another  ball  at  b. 

Ex.2.  To  determine  the  path  which  a  ball  of  elasticity  e 
must  take  with  reference  to  two  given  inclined  planes,  so  that 
when  projected  from  a  given  point  a  it  may  after  reflexion  suc- 
cessively at  the  two  phmes  strike  another  ball  at  b^  a  and  b 
being  in  the  plane  which  is  perpendicular  to  the  line  of  inter- 
section of  the  two  planes  of  reflexion. 

Let  the  plane  of  the  paper,  fig.  105,  be  that  in  which  the 
two  points  A  and  b  are,  and  thus  the  planes  of  reflexion  are  per- 
pendicular to  the  plane  of  the  paper. 

From  A  draw  a  da'  perpendicular  to  the  plane  no,  and  make 
A'D  =  e.AD:  also  firom  b  draw  bcb'  perpendicular  to  oc^  and 
such  that  Bc  =  e.B'c :  draw  aV  cutting  no  in  p  and  oc  in  q^ 
join  AP  and  bq  ;  apqb  shall  be  the  path  required. 

It  is  evident  by  the  construction  in  the  former  example  that 
•the  lines  ap  and  pq  satisfy  at  p  the  condition  required  in  (5) : 
and  also  that  pq  and  qb  satisfy  the  same  condition  at  q  :  there- 
fore APQB  is  the  required  path. 

Also  by  a  similar  process  may  the  path  be  determined,  by 
which  a  ball  of  given  elasticity  may  after  projection  from  a 
given  point  and  reflexion  at  given  planes  strike  a  ball  placed  at 
another  given  point. 

Ex.  3.  A  ball  of  given  elasticity  e  is  projected  from  a  given. 

3  B  a 
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point  in  the  drcomference  of  a  circle,  and  after  two  reflexions 
from  the  circle  returns  to  the  same  point :  determine  the  ai^le 
at  which  it  was  projected. 

Let  A,  fig.  106,  be  the  point  in  the  circle  whence  the  ball  is 
projected,  and  let  ap,  fq,  qa  be  the  paths  which  it  snccessively 
describes:  let  cAr  =  0=cPA,  C7Q  =  ^  =  cqp,  cqa  =  ^s=caq. 
Then  by  (5), 

tan  (f>  =  -  tan  6,  tan  t^  =  -  tan  <^  =  -^  tan  6 ; 

also         0  +  <l>  +  yf^  =  9(f ; 

J.,.      .V        1  — tand)tan^ 

.-.     tand  =  cot(<(»+^)  == -- — — ^^j r^ 

^     ^'        tan  ^+ tan  ^ 

_  e»~(tan^)»  ^ 
■"  (tf»  +  6)tan^' 

263.]  Two  smooth  spheres  of  given  elasticity  and  of  masses 
m  and  m',  moving  in  given  lines,  and  with  given  velocities,  and 
with  their  centres  in  the  same  plane,  impinge  on  each  other ;  it 
is  required  to  determine  their  velocities  and  lines  of  motion 
after  impact. 

Let  us  suppose  the  two  spheres  to  be  moving  in  the  directions 
indicated  by  the  arrows,  fig.  102,  and  along  the  lines  a  a  and  bB, 
and  let  oab^  be  the  line  passing  through  their  centres  at  the 
instant  when  the  compression  is  a  maximum :  and  let  m,  whose 
centre  is  a,  impinge  on  m\  whose  centre  is  b.  Now  by  Art.  259, 
the  elastic  action  of  the  two  spheres  takes  place  along  the  line 
OAB  only:  let  e  =  the  elasticity,  and  p  =  the  momentum  lost 
during  compression,  so  that  er  is  that  acquired  during  the  resti- 
tution of  the  figure  of  the  balls.  The  momenta  will  be  resolved 
along,  and  at  right  angles  to,  the  line  oab. 

Let  v,  V  be  the  velocities  of  m,  m'  before  collision  begins, 

u,u' when  compression  is  a  maximum, 

V,  V------  when  collision  ends. 

a,  a  be  the  angles  between  oab,  and  the  lines  of  motion  of  m,  m' 

when  collision  begins^ 
^,  ^--------   when  compression  is  a  maximum^ 

fty^  -    -    -    -    --    -    -   when  collision  ends. 

Then  at  the  instant  when  the  compression  is  a  maximum,  the 
equations  of  resolved  momenta  are. 
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^         r  mucosa  =:  mt( 008^+ p,  (7) 

I  mv  sin  a  =  mil  sin  6^  (8) 


^       ,j  «.Vco8  o'  =  mVcos  ^—  p,  (9) 


for  m  \ 


(18) 
(14) 


^  \  mVsino'  =  mVsin^;  (10) 

and  at  the  instant  when  collision  ends, 

ITIKCOS^  =  «IVC08i9+tfP,  (11) 

mtisin^  =  mvsinjS^  (12) 

jf       ,  r  mVcos  ff  =  mVcos  )3'—  ep, 
tor  m  •<     ,  ,  .    ^         f  J  '    c/ 

Bnt  when  the  compression  is  a  maximum,  both  balls  are  moying 
with  the  same  velocity  along  oab  :  therefore 

K  cos  <9  =  i^cos  ff.  (IS) 

From  these  nine  equations,  t,  t^,  p,  ^  are  to  be  detrmined. 

Prom  (7),  (9)  and  (15), 

^        J       ^      mrcoso+fwVcoso'  ,.^^ 

tf  cos  ^  =  i^cos  ef  =  ? ;  (16) 

from  which  and  from  (7)  and  (11)^  we  have 

i7it7COsa+mVcosa         eni    ,  ,        ,.    .^„. 

V  cos  j8  = J 7  (t;  cos  o— tr  cos  a  ).  (17) 

Similarly^ 
J       ^     mt?  cos  a+mV  cos  a         cm    ,  <        /v  /lov 

v'cOS^'rr  -^--7 +  — -->  (f?C08  O-W  COS  a  ).  (18) 

Also  from  (8)  and  (12),  and  from  (10)  and  (14), 

T  sin  )3  =  t?  sin  a,  (19) 

v'sini3'=  r'sino';  (20) 

so  that  V,  V,  )8,  jS'  are  completely  determined. 
Also  from  the  preceding  we  have 

wv  cos  )3+mV  cos  jS' =  mvcoso  +  mVcoso'l 
i»v  sin  i9  +  mV  sin  jS'  =  mv  sin  a  +  mV  sin  a  J  * 

that  is,  the  sum  of  the  momenta  both  along,  and  at  right  angles 
to,  OAB  is  the  same  before  and  after  impact. 

264.]  Let  the  balls  be  perfectly  elastic,  that  is,  let  e  =  1 :  then 
mt?  COS  o+mV  cos  o'      m'(t;coso— t/cosa)        ,^^. 

,        ^      mt?  cos  o  +  mV  cos  a       m(t?coso— r'coso')         .^^^ 
m-^-m  m-fm 
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y  sin  /3  as  v  sin  a,  (24) 

v'8in/3'=  r'sino';  (26) 

.-.     mv2+i»V«  =  fnv^+m'v'*,  (26) 

that  is^  the  sum  of  the  vires  viY»  is  the  same  before  and  after 

impact. 

Agaan^  let  the  balls  be  perfectly  inelastic^  that  is^  let  e=0 ;  then 

-         ,        ^       mrcosa+mVcosa  ,„^. 

y  cos  iS  =  V  cos  i8^  = — -, ,  (27) 

y  sin  )8  =  t;  sin  a,  (28) 

y'sini9'=  v'sina',  (29) 

that  is,  the  balls  after  impact  have  the  same  yelooity  along  the 

line  OAB,  but  unequal  yelocities  at  right  angles  to  that  line  i  also 

tanff         ysina 

tSE^'iJ'riEV-  ^^^ 

265.]  The  velocity  and  the  line  of  motion  of  the  centre  of 
gravity  of  two  smooth  balls  which  impinge  on  each  other  is  the 
same  before  and  after  impact. 

Let  e  be  the  elasticity  of  the  balls :  and  let  us  take  a  line 
parallel  to  that  which  joins  the  centres  of  the  balls  at  the  in- 
stant when  the  compression  is  a  maximum  to  be  the  axis  of  w, 
and  a  line  perpendicular  to  it  to  be  that  of  y :  let  (^,  y)y  {x\  y') 
be  the  places  of  the  centres  of  the  balls  at  the  time  t^  either 
before  or  after  impact ;  and  let  (^,  y)  be  the  place  of  the  centre 
of  gravity  at  the  same  time :  then 

(f»+«i')^  =  mx-\-m'a/] 
{m^ni)y  =  wiy+m't 
,  ,^dx  dx        ,dao' 

but  -jT  and  -jj-  are  before  impact  respectively  t;  cos  a  and 
at  at 

v'  cos  a' ;  and  are  after  impact  respectively  v  cos  j3  and  v^  cos  /9' : 

and  ^  and  -^  are  before  impact  respectively  t;  sin  a  and 

v'  sin  a',  and  are  after  impact  respectively  v  sin  ^  and  v'  sin  jS' : 
therefore  by  virtue  of  equations  (21),  the  right-hand  members 
of  (82)  are  the  same  before  and  after  impact^  therefore  also  the 

dx  dv 

left-hand  members  are :  and  therefore  -yr  and  -^  are  the  same 

at  at 


(81) 


y,  (82) 
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brfore  and  after  impact:  and  tberefore  the  velocity  and  the 
line  of  motion  of  the  centre  of  gravity  of  m  and  m'  are  the  same 
before  amd  after  impact. 

266.]|  Examples  illustrative  of  the  preceding  equations. 

Ex.  1.  A  smooth  and  homogeneous  sphere  of  mass  m  and 
elasticity  e  moves  with  a  velocity  v  and  impinges  directly  on 
another  of  the  mass  m',  which  is  moving  with  a  velocity  v'  in  a 
line  of  motion  at  right  angles  to  that  of  m ;  it  is  required  to 
find  the  velocities  and  the  lines  of  motion  of  both  balls  after 
the  collision. 

In  this  case  a  =  Oy  a=9(f;  therefore  from  (17),  &o.^ 

m—em' 

VCOS^     =     V  ,     y 

V  sin  )9  =  0, 

v'C08j3'=    (1  +  C) Ty 

v'  sin  jS'  =  v' ; 
.-.     i9  =  0,     tanjS'sr  ^ 


Hence  the  ball  m  will  continue  to  move  in  the  same  line  of 
motion,  but  with  a  velocity  diminished  in  the  ratio  of  m— em' 
to  m  +  m'  to  its  former  velocity ;  the  velocity  of  m'  will  be  in- 
creased, and  its  line  of  motion  will  make  an  angle  ^  with  that 
of  m's  motion. 

2 
Ex.  2.  Two  balls  m  and  2m,  whose  elasticity  is  ^,  move  with 

velocities  2v  and  v^  and  impinge,  so  that  the  line  of  motion  of 

each  one  makes  an  angle  of  60°  with  the  line  joining  their 

centres  at  the  instant  when  compression  is  a  maximum ;  it  is 

required  to  determine  their  motion  after  collision. 

V  2 

Here  m'=2in,  v'=o»  ^=q>  a  =  a'  =  60°;  therefore  from 

(17),  &c., 

vco8j3  =  -g-,  vcos^  =  Yg, 

vsm^  =  ^^-^,  v'sm^=  -^, 

whence  v,  V,  /3,  and  ^  are  easily  determined. 
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267.]|  In  Article  219  was  estimated  the  loss  of  momentum 
of  a  body  in  its  passage  through  a  resisting  medium,  when  the 
body  presented  to  the  medium  a  plane  surfieMse  of  area  m,  which 
is  perpendicular  to  the  line  of  motion  of  the  body.  The  inyes- 
tigation  can  now  be  extended  to  the  case  in  which  the  surface 
which  acts  on  the  medium  is  inclined  at  any  angle  to  the  line 
of  motion.  The  velocity  of  the  body  will  be  resolved  into  two 
components,  of  which  one  is  perpendicular  to  the  plane  of  the 
surface,  and  the  other  is  along  the  surface :  the  former  alone 
causes  the  resistance  by  reason  of  momentum  being  transferred 
to  the  elements  of  the  resisting  medium ;  the  latter  produces 
only  a  friction  along  the  surface,  the  calculation  of  which  does 
not  belong  to  the  present  part  of  our  work. 

Let  there  then  be  a  plane  surface,  of  which  the  area  is  », 
perpendicular  to  the  plane  of  the  paper,  and  of  which  the  sec- 
tion by  the  plane  of  the  paper  is  the  line  op,  fig.  107;  and  sup- 
pose it  to  be  moving  in  the  line  mo,  and  its  normal  to  be  in- 
clined to  MO  at  the  angle  t;  let  t;  be  the  velocity  of  the  body 
along  the  line  of  motion,  so  that  v  cos  i  is  the  velocity  of  or  in 
the  line  of  its  normal;  and  therefore  by  a  process  similar  to 
that  of  Art.  219  it  follows,  that  the  momentum  which  is  im- 
pressed by  o  on  the  particles  of  the  resisting  medium  during 
the  time  dt,  and  which  has  therefore  been  withdrawn  from  the 
moTingbody,!.  p^„t(costydt} 

but  the  line  of  action  of  this  resistance  is  in  the  normal  to  or; 
therefore  its  component  in  the  line  .of  motion  of  the  moving 

^^^y"  p«t?»  (cos  »)»*;  (38) 

and  therefore  if  m  is  the  mass  of  the  moving  body,  and  dv  its 
loss  of  velocity  in  the  line  of  its  motion  during  the  time  di 
owing  to  the  resistance  of  the  medium, 

—  m^r  =  pwt?*  (cos  i)'rf/; 

.• .     !»-_=—  p©  V*  (cos  i)\  (84) 

at 

Hence  it  appears  that  the  resistance  of  a  plane  rudder  passing 

through  the  water  varies  as  the  cube  of  the  sine  of  the  angle  at 

which  it  is  inclined  to  the  keel  of  the  vessel. 

A  few  examples  illustrative  of  (88)  are  subjoined. 

Ex.  1.  An  isosceles  triangular  wedge,  of  which  the  vertical 
angle  is  20,  the  depth  is  b,  and  the  fdtitude  is  a,  moves  in  a 
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resisting  medium,  firstly  with  its  edge  forward,  secondly  with 
its  top  forward :  compare  the  resistances  in  the  two  cases. 

Let  Bi  and  k%  be  the  resistances  in  the  first  and  second  cases 
respectivdy,  then    ^^  ^  3^^,  ^^j^  ^^,  ^  ^  ^ 

R2  =  2pv^a6  tan  a; 

^=  (sina)». 

Ex.  2.  A  semidrcnlar  lamina  of  given  thickness  r  moves  in  a 
fluids  firstly  with  its  convex  edge  forwards,  secondly  with  its 
base  forwards ;  compare  the  resistances  in  the  two  cases. 

Let  the  resistances  be  Bi  and  Ra :  let  a  =  the  radius  of  the 
semicircle :  then^  fig.  108^  if  pca  =:$,  qcp  =  d$^  pq  =  a  dOy 

.'.     Bi  =  ZOTpV^f  (coBe)^d$ 

Jo 

^  4aTpv* 
""  ~8       ' 
K%  =  2aTpv^; 

•     Ba  "3- 

268.]  By  means  of  (33)  also  can  be  determined  the  resistance 
which  a  solid  of  revolution  meets  with  in  its  passage  through  a 
resisting  medium^  such  as  water  or  air. 

Let  OPB,  fig.  109,  be  the  generating  curve  of  the  bounding 

surface  of  the  solid,  and  let  its  equation  be^  y  =  f(x) ;  om  =  or, 

MP  =  y ;  and  let  pg  be  the  normsd  to  the  curve  at  the  point  p, 

so  that  fjiy 

cos  POO  =  -^. 

Let  an  element  of  the  curve  at  p  =  db ;  so  that  of  a  surface- 
element  at  p,  ds  is  the  section  by  the  plane  of  the  paper :  also 
let  the  surface-element  subtend  at  an  angle  dO  Vitu;  and  thus, 
if  »  =  the  surface-element, 

o  =  dsydO\ 
and  therefore  the  loss  of  momentum  corresponding  to  a>  in  the 
line  Ao  and  in  the  time  dt  is 


pv^y{^)^dsdedt; 


and  as  the  loss  of  momentum  corresponding  to  every  equal  ele- 
ment of  the  ring  generated  by  the  revolution  of  ds  about  ao  is 
the  same,  therefore  the  loss  of  momentum  due  to  the  ring  is 
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i^P^'y(^fdsdi; 


and  therefore  the  loss  of  momentum  of  the  whole  surface  in  the 
time  *  is  ^     .    , 

2irpv^dtjy(2)ds;  (35) 

and  therefore  the  loss  of  momentum  to  the  moving  body  in  an 
unit  of  time,  or  the  resistance  of  the  medium^  as  it  is  called^  is 

2,rpr«/y(g)V  (86) 

the  limits  of  the  intq^  being  quantities  assigned  by  the  c(m- 
ditions  of  the  problem. 

Ex.  1.  Let  the  surface  cob  be  a  hemisphere;  it  is  required 
to  compare  the  resistance  of  the  hemisphere  with  the  resistance 
of  the  base. 

Let  a  be  the  radius ;  then  if  the  line  of  motion  is  the  axis  of 
07,  and  o  is  the  origin, 

dy    _  rfi«?  _  A, 


the  resistance  =  ivpv^j   - — j-^cfa? 


and  the  resistance  of  hemisphere  moving  with  the  base  forwards 

Therefore  the  resistance  of  a  hemisphere  moving  with  its  convex 
surface  forwards  is  one-half  of  its  resistance  when  it  moves  with 
its  base  forwards. 

Ex.  2.  A  right  cone  passes  through  a  resisting  medium,  firstly 
with  its  vertex  forwards,  secondly  with  its  base  forwards :  it  is 
required  to  compare  the  resistances  in  the  two  cases. 

Let  the  resistances  be  Bi  and  B2:  let  ar=  the  altitude  of  the 
cone,  b  =  the  radius  of  its  base ;  so  that  in  the  first  case 

y  __  a?  .      ^y  _  ^  _        <to       ^ 


Ri  =  -rr^ — 15:  /  ^dx 
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also  Es  =2  vpv^b^; 


In  these  inyestigations  no  account  has  been  taken  of  the 
action  of  the  particles  of  the  fluid  on  each  other,  nor  of  the 
friction  of  the  particles  against  the  surface  of  the  moving  body : 
also  as  the  body  moves  forward  it  leaves  a  space  behind  it^  which 
the  particles  of  the  resisting  medium  rush  into  and  occupy : 
doubtless  some  momentum  is  imparted  by  these  to  the  moving 
body:  it  is  not  therefore  to  be  expected  that  the  preceding 
results  will  be  entirely  accordant  with  experiment;  and  they 
are  not ;  and  in  fact  it  appears  that  the  law  of  the  resistance  is 
not^  caeteris  paribus,  that  of  the  square  of  the  velocity.  It  is 
however  worth  while  even  to  approximate  to  a  solution  of  a 
problem  of  such  difficulty,  and  therefore  I  have  inserted  the 
preceding  theory  of  resistance^  springing  as  it  does  out  of  that 
of  impact  and  collision.  There  is  ako  one  other  problem  in  the 
subject  which  deserves  insertion^  requiring  as  it  does  the  cal- 
culus of  variations,  and  of  which  the  solution  was  first  given  by 
sir  Isaac  Newton. 

269.]  To  determine  the  form  of  a  sur£Eu;e  of  revolution  cob, 
so  that  the  resistance  of  a  fluid,  through  which  it  moves  in  the 
line  of  its  axis,  may  be  the  least. 

Let  u  represent  the  resistance :  then 

and  taking  the  variation,  and  equating  it  to  zero,  we  hare 
but  since  ds^  =  dw^+dy\  * 


•0 

3W2 
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To  determine  the  function  which  represents  the  curve,  we  have, 
by  the  Calculus  of  Variations, 


(88) 


therefore  from  the  former, 
2ydy^dx 


=  a  constant  s=  c  (say) ; 


fib* 
.-.     c(rfy>+£tp«)>  =  2ydy^dx, 

«.  '{^*^)'=^>&-       "») 

and  replacing  y  in  (88)  by  its  value  from  (89),  we  have 

where  c'  is  also  an  arbitrary  constant.    And  thus  (40)  becomes 

rt  ,      dy        dx^      8c  ifer*         ,  , .,. 

2^-clogJ-c^-^-^  =  c,  (41) 

(89)  and  (41)  are  together  the  equations  to  the  required  curve : 

and  if  ^  could  be  eliminated,  the  resulting  equation  would  be 

that  required  in  terms  of  x  and  y.    The  properties  of  the  curve 
at  the  limits  would  be  given  by  the  integrated  part  of  (87). 


Section  2. — Motion  of  particles  on  smooth  inclined  planes^  under 
the  action  of  the  constant  accelerating  force  of  gravity. 

270.]  As  the  problem  of  particles  moving  on  smooth  inclined 
planes  under  the  action  of  a  constant  force,  and  which,  to  fix 
our  thoughts,  I  will  take  to  be  the  resolved  force  of  gravity,  is 
the  most  simple  in  which  a  constant  force  is  resolved,  it  is  con- 
venient to  treat  of  it  in  this  part  of  our  work :  yet  as  it  properly 
belongs  to  the  theory  of  constrained  motion,  we  are  unable  to 
give  a  complete  solution  of  it,  until  the  principles  of  such 
motion  have  been  explained  in  a  future  Chapter. 
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Let  the  smooth  plane  be  inclined  to  the  horizon  at  the  angle 
a :  and  let  oa,  ab,  fig.  110,  be  the  sections  of  the  inclined  and 
horizontal  planes  made  by  the  plane  of  the  paper,  which  is  sup- 
posed to  be  vertical  and  perpendicular  to  the  line  of  intersection 
of  the  two  planes. 

Let  p  be  the  place  of  the  particle  m  at  the  time  t,  and  suppose 
m  to  be  under  the  action  of  gravity :  let  ^,  as  in  Section  8, 
Chap.  YIII,  represent  the  velocity-increment  impressed  by  the 
earth  in  one  second  of  time,  so  that  mff  represents  the  eartVs 
impressed  momentum  on  m  due  to  a  second  of  time  in  its  own 
vertical  line  of  action :  therefore  the  component  of  it  along  the 
plane  oa  is  m^rsina:  let  op  =  j?,  and  suppose  m  to  be  moving 
down  the  plane,  then  the  expressed  momentum-increment  of  m 

along  the  plane  in  an  unit  of  time  is  m  -jr^ ;  and  as  the  plane 

and  m  are  smooth,  there  is  no  friction,  and  the  impressed  mo- 
mentum-increment along  the  plane  is  equal  to  the  expressed 
momentum-increment :  therefore 

»»^  =  «V8^na,  (42) 

d^x 

^  =  ^sma;  (48) 

g  sin  a  being  positive,  because  both  x  and  the  velocity  of  m  in- 
crease as  t  increases.     Let  the  velocity  oimhe  u  when  /  =  0, 

therefore  ^ 

— -tt  =  ^^8ina, 

^  =  tt+^/sina;  (44) 

whereby  the  velocity  due  to  the  time  /  is  known. 
Also  let  ^  =  a  when  /  =  0,  therefore 

^_a  =  «<  +  ^^;  (45) 

^  =  a+«/+^^;  (46) 

whereby  the  distance  due  to  the  time  /  w  given. 

If  m  moves  from  rest  when  /  =  0,  and  from  o  where  ^  =  0, 
then  (44)  and  (4<6)  become. 


dx 

_  gt*sma 


(47) 
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Again^  multiplying  both  sides  of  (43)  by  2dx,  and  int^rating 
for  the  limits  corresponding  to  ^  =  /  and  to  ^  =  0^  we  have 

2dxd^x       ^    -     . 
^^a      =  ^9dx%ma\ 

.-.     ^-««  =  2^(:i?-.a)sma;  (48) 

and  thus  the  velocity  is  given  in  terms  of  the  space  described. 

If  m  is  at  rest  when  /  =  0,  and  also  at  o,  which  is  the  origin 
of  distance^  then 

-j-^  ==  2gx  sin  a.  (49) 

Thus  if  OA,  the  length  of  the  plane,  is  equal  to  I,  and  ob,  the 
vertical  projection  of  I,  =  h,  then 

(velocity  due  to  the  plane)'  =  2ffl  sin  a 

=  2ffh;  (50) 

but  2ffh,  see  Art.  227,  equation  (49),  is  equal  to  the  square  of 
the  velocity  acquired  by  m  in  falling  down  the  altitude  ob  ;  there- 
fore the  velocity  acquired  by  m  in  falling  down  the  plane,  de- 
pends only  on  the  vertical  projection  of  the  length  of  the  plane, 
and  not  separately  on  its  length  or  its  angle  of  inclination;  that 
is,  depends  only  on  the  distance  through  which  the  force  has 
acted  in  its  own  line  of  action.  Therefore  the  velocity  acquired 
by  m  in  falling  down  a  plane  is  the  same  for  all  planes,  the  ver- 
tical heights  of  which  are  equal. 

This  is  a  particular  case  of  the  general  law  of  vis  viva,  which 
will  hereafter  be  shewn  to  rule  generally  in  cases  of  dynamical 
action. 

If  m  is  projected  up  the  plane,  and  x  is  measured  from  the 
bottom  of  the  plane,  and  thus  in  the  direction  contrary  to  that 
in  which  the  resolved  part  of  gravity  acts,  so  that,  in  fig.  110, 
AP  =  ;i?,  then  ^,^ 

-g^  =  -^sina; 

and  if  /  s:  0,  when  m  is  at  a,  and  if  the  velocity  of  projection  =  u, 

then  . 

ax 
^  =  tt-^^sma; 

dx^         .     «        . 


dfl 
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SO  that  m  ascends  until  ^  =  0,  in  which  case^ 


t  =  — ;^.  a?  = 


^sina'  2^8ina' 

371.3  If  a  circle  is  placed  in  a  vertical  plane^  the  times  of  de- 
scent down  all  chords  drawn  firom  the  highest  point  are  the  same. 

Let  o,  fig.  111^  be  the  highest  point  of  the  circle  oqa^  which 
is  supposed  to  be  in  a  vertical  plane :  let  a  =  the  radius,  aoq  =  $^ 
therefore  0Q=:  2a  cos  ^;  op  =  r:  then 

—  ^gcof^e,  -^^  gtco%$i 

A  ^         ^^'COS^  ^  o/«\* 

.-.     r  =  2acos^  =  ^^— g — ;        .-.     /  =  2(-)  ; 

which  is  independent  of  0^  and  is  therefore  the  same,  whatever 
is  the  inclination  of  oq  to  the  vertical  line  oca.  Therefore  the 
times  of  descent  down  all  chords  drawn  from  o  the  highest  point 
are  the  same. 

By  reason  of  this  property  the  circle  is  called  the  synchronous 
curve  of  all  straight  lines  in  a  vertical  plane  passing  through  o. 

Similarly  it  may  be  shewn  that  the  times  of  descent  down  all 
chords  drawn  to  a,  the  lowest  point,  are  equal ;  that  is,  the 
time  down  qa  is  equal  to  that  down  oa. 

If  the  plane  of  the  circle  is  inclined  to  the  horizon  at  an 
angle  i,  a  similar  property  is  true;  for  the  resolved  part  of 
gravity  along  the  diameter  oa  becomes  g  sin  i,  of  which  the  re- 
solved part  along  oq  is  ^  sin  i  cos  6.  Therefore  using  the  same 
notation  as  in  the  preceding  problem, 

^  =  ^  sm  t  cos  ^ ; 
.-.     r  =  2a cos  ^  =:  ^^  sini cos 6 \ 

At 

...     <  =  2(-i^)*; 
^gvaaxi 

which  is  independent  of  ^,  and  is  therefore  the  same  for  all 
chords  drawn  from  o,  the  highest  point  of  the  circle  to  the  cir- 
cumference. 

Similarly  it  may  be  shewn  that  the  times  down  all  chords 
from  any  point  q  on  the  circle  to  the  lowest  point  a  are  equal : 
the  circle  therefore  is  the  synchronous  curves  for  a  pencil  of 
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lines  drawn^  (1)  from  a  given  point  o^  (2)  to  a  given  point  a,  on 
an  inclined  plane. 

272.]  By  help  of  the  preceding  property  of  the  circle,  whe- 
ther in  a  vertical^  or  on  an  inclined  plane^  may  many  problems 
be  solved,  which  involve  the  determination  of  planes  drawn 
from  given  points  and  lines  to  other  points  and  lines,  and  which 
are  such  that  the  times  of  descent  down  them  may  be  maxima 
or  minima.  Some  examples  are  subjoined,  and  the  principle 
contained  in  them  is  equally  applicable  to  all  similar  problems. 

Ex.  1.  To  determine  the  plane  of  quickest  descent  from,  (1)  a 
given  point  to  a  given  straight  line,  (2)  a  given  straight  line  to 
a  given  point. 

(1)  Let  A,  fig.  112,  be  the  given  point,  and  bc  the  given 
straight  line :  the  solution  of  the  problem  depends  on  the  con- 
struction of  a  circle  which  passes  through  a,  the  diameter  of 
which  is  vertical,  and  which  touches  the  given  straight  line. 

Through  a  draw  the  horizontal  line  ab  :  bisect  the  angle  abc 
by  BO,  which  intersects  in  o  the  vertical  line  drawn  through  a  : 
fi^m  o  draw  op  perpendicular  to  bc:  then  op  is  manifestly 
equal  to  oa,  and  therefore  the  circle  described  from  the  centre 
o,  and  with  the  radius  oa  or  op  will  touch  the  line  bc  at  p ;  join 
AP :  AP  is  the  required  line  of  quickest  descent. 

For  since  the  time  is  the  same  down  all  chords  of  the  circle 
drawn  from  a,  it  is  manifest  that  the  time  down  any  line  other 
than  AP  from  a  to  the  line  bc  is  longer  than  that  down  a  p. 

(2)  Let  A  be  the  given  point,  fig.  118,  and  bc  the  given 
straight  line :  through  a  draw  the  vertical  line  ao,  and  the 
horizontal  line  ab  ;  bisect  the  angle  abc  by  bo,  meeting  ao  in 
o;  from  o  draw  op  at  right  angles  to  bc,  and  describe  a  circle 
from  o  as  a  centre  with  the  radius  equal  to  either  oa  or  op, 
which  are  evidently  equal  to  each  other :  join  pa  :  ap  is  mani- 
festly the  line  of  quickest  descent  from  any  point  in  bc  to  the 
point  A. 

Ex.  2.  To  determine  the  line  of  quickest  descent,  (1)  from  a 
point  within  a  circle  to  the  circle :  (2)  from  a  circle  to  a  point 
without  it. 

(1)  Let  BPD,  fig.  114,  be  the  given  circle,  c  its  centre,  and  a 
the  given  point  within  it ;  through  a  draw  the  vertical  line  ao, 
and  draw  the  vertical  diameter  bcd  :  join  ba,  and  produce  it  to 
meet  the  circle  in  p  :  join  cp,  which  intersects  ao  in  o :  then 
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OA  is  manifestly  equal  to  op,  and  therefore  the  circle  described 
from  o  as  a  centre  with  the  radias  o a  or  op  wiU  touch  the  given 
drcle  at  p  :  and  ap  is  manifestly  the  line  of  quickest  descent. 

(2)  Let  BPD^  fig.  115,  be  the  given  circle^  c  its  centre,  and  a 
the  point  without  it :  draw  the  vertical  diameter  bcd  of  the 
circle ;  and  join  ba  cutting  the  circle  in  the  point  p :  through  a 
draw  the  vertical  line  ao,  and  draw  the  line  cpo.  From  the 
geometry  it  is  plain  that  op  =  oa  ;  and  therefore  the  circle  de- 
scribed from  o  as  a  centre,  with  the  radius  op  or  o a,  will  touch 
the  given  circle  in  the  point  p  :  and  thus  pa  is  manifestly  the 
straight  line  of  quickest  descent. 

Ex.  3.  To  find  the  straight  line  of  longest  descent  from  a 
circle  to  a  point  without  it,  and  which  lies  below  the  circle. 

Let  BPD  be  the  circle,  c  its  centre^  fig.  116,  d  the  lowest  point 
of  its  vertical  diameter  bcd,  and  a  the  given  point;  join  adp, 
PC ;  and  produce  pc  so  as  to  intersect  a  vertical  line  through  a 
in  the  point  o :  then  the  circle  described'  from  the  centre  o  with 
the  radius  o a  or  op  manifestly  touches  the  given  circle  at  p,  and 
the  line  ap  is  evidently  that  of  the  longest  descent. 

273.]  Illustrative  examples  of  the  motion  of  a  particle  on  an 
inclined  plane. 

Ex.  1.  Of  a  parabola,  whose  axis  is  vertical  and  vertex  down- 
wards, to  find  that  focal  radius  vector  the  time  of  descent  down 
which  is  a  minimum. 

Let  4a  =  the  latus  rectum :  and  let  6  be  the  angle  between  r 
and  the  shortest  focal  distance :  so  that 

-       ^« 
""  1  +  cos^* 

Now  by  (47).  r  =  ?^; 

fft*  1 


4a  ~co8d(l  +  co8^' 

2a  {cose>(l  +  cos^)}« 

therefore  sin  ^  =  0,  and  the  sign  of  ^  changes  from  —  to  +  ; 
therefore  t  is  2l  minimum :  so  that  the  line  from  the  focus  to 
the  vertex  is  that  of  quickest  descent :    also  ^  =  0  when 

cos  ^  =  —  5,  that  is,  when  $=  I2(f:  the  radius  vector  corre- 

PRICE,  VOL.  III.  3  o 
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sponding  to  which  is  the  line  of  quickest  descent  firom  the  para- 
bola to  the  vertex. 

With  reference  to  these  and  similar  problems  it  may  be  ob- 
served, that  we  have  here  determined  the  position  of  that  plane 
down  which,  of  all  drawn  from  a  given  point  or  line  to  another 
given  line  or  point,  the  time  of  descent  is  the  least  or  greatest. 
It  must  not  however  be  hence  inferred  that  a  straight  line  is 
that  for  which  of  all  lines  straight  or  curved,  joining  two  given 
points  or  two  given  curved  lines,  the  time  of  descent  is  the 
least:  we  shall  hereafter  shew  that  the  cycloid  is  the  curve 
which,  in  vacuo  and  under  the  action  of  gravity,  possesses  this 
property  of  Brachistochronism  (as  it  is  called);  and  that  the 
cycloid  required  cuts  each  of  the  given  curves  at  right  angles. 

Ex.  2.  To  determine  the  inclination  to  the  horiion  of  a 
smooth  inclined  plane,  so  that  the  time  of  descent  of  a  particle 
m  down  the  length  may  be  n  times  that  down  the  height  of  the 
plane. 

Let  $  =  the  inclination  of  the  plane  to  the  horizon, 
c  s  the  length  of  the  plane, 
b  =  the  height  of  the  upper  end  of  the  plane. 
Therefore  A  =  c  sin  0.    Now  firom  (47), 

the  time  down  the  length  of  the  plane  =  ( — r-^j  ; 
and  the  time  down  the  height  =  ( — j  =  ( j  ; 

.•.     sm  ^  =  ~. 
n 

Ex.  8.  It  is  required  to  shew  that  the  times  of  descent  down 
all  the  radii  of  curvature  of  the  cycloid,  fig.  105,  Vol.  I,  are 
equal ;  that  is,  the  time  down  pn  is  equal  to  that  down  bc. 

Employing  our  usual  notation, 

07  =  a  versin-*  -  —  (2«y— y*)*; 
dx  dy  ds 


y*        (2a-y)*       (2  a)*' 
p  =  pn  =  2(2ay)*; 
dw  _  /^\* 
ds  -  \2af  ' 


sm  POO  = 
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. • .     (time  down  p  n)«  =  ^^^^^^    (2 a)* 

ffiyr 

-  ^ 

=  (time  down  bc)'. 

Ex.  4.  To  detennine  the  form  of  a  sorface  so  that  the  times 
of  descent  to  any  point  in  it  from  two  given  points  in  the  same 
vertical  line  may  be  equal. 

It  is  evident  that  the  surface  is  one  of  revolution  about  the 
given  vertical  line ;  we  may  therefore  determine  the  curve  by 
the  revolution  of  which  the  surface  is  generated :  and  let  us 
suppose  the  curve  to  be  in  the  plane  o{xz :  let  the  given  ver- 
tical line  be  the  axis  otz;  and  let  the  two  given  points  a  and 
a',  fig.  117^  on  it  be  at  a  distance  2a  apart :  let  o,  the  middle 
point  of  aa',  be  the  origin^  and  p  be  any  point  so  that  the  time 
down  AP  is  equal  to  that  down  a'p  :  then 

OA  =  oa'  =  a  ;  OM  =  z,         mp  =  x, 

2.AP  2.AP« 


(time  down  ap)*  = 
(time  down  a'p)*  = 


^SmAPM  ^.AM 

2.A^P         '_    2.A^P» 
^.siUA'PM    "~    ^.a'm  ' 


therefore  by  the  conditions  of  the  problem^ 


AP>   ^   ^. 
AM  a'm  ' 


.-.     {ar>  +  («+«)*}  («-a)  =  {x^  +  (z-a)^}  (z-\-a) ; 

.•.     «*— J?*  =  a*; 

which  is  the  equation  to  the  equilateral  hyperbola.  And  there- 
fore the  surface  required  is  that  which  is  generated  by  the 
revolution  of  an  equilateral  hyperbola  about  its  transverse  axis. 
The  lower  sheet  is  that  to  any  point  on  which  all  straight  lines 
drawn  firom  a  and  a'  are  lines  down  which  the  times  of  descent 
are  equal :  and  the  upper  sheet  is  that  firom  any  point  in  which 
the  lines  drawn  to  a  and  a'  are  those  down  which  the  times  of 
descent  are  equal. 

274.]  Two  smooth  inclined  planes^  the  inclinations  of  which 
to  the  horizon  are  respectively  a  and  a^  have  a  common  vertex : 
on  these  are  placed  two  smooth  particles  m  and  mf,  connected 
by  a  perfectly  flexible  and   inextensible  string,  which  passes 

302 
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over  a  small  pulley  placed  at  the  common  vertex  of  the  planes : 
it  is  reqaired  to  determine  the  motion  of  m  and  m'. 

Let  the  section  of  the  two  planes  by  the  plane  of  the  paper^ 
which  is  supposed  to  be  vertical,  and  to  pass  through  the  pulley 
and  to  be  perpendicular  to  the  line  of  intersection  of  the  two 
planes,  be  represented  in  fig.  118 :  let  us  suppose  the  pulley  at 
c  to  be  so  small  that  we  may  consider  it  to  be  (approximately) 
a  pointy  and  so  that  the  strings  cp  and  cp'  are  parallel  to  the 
respective  planes.  Let  CAA'=a,  CA'A  =  a',  cp  =  a7,  cp'=a/,  p 
and  p'  being  the  places  of  m  and  m'  at  the  time  t :  and  to  fix  our 
thoughts  let  us  suppose  m  to  be  descending.  Because  the  string 
isineitensible,         ^+y  =  a  constant, 

d^af  d^x 

that  is,  -^Tj-  =  —  -rp^ :  which  result  is  also  manifest  by  gene- 
ral reasoning.     Now  m  +  m'  is  the  whole  mass  moved:   and 

d^x 

-^  is  the  velocity-increment  expressed  in  the  motion  of  each : 

d^x 
.'.     (m+i»')  -^  =  the  momentum-increment  expressed. 

And  m^sina^  and  m'ffsma'  are  the  respective  impressed  mo- 
mentum-increments along  the  planes :    but  as  these   act  in 
opposite  directions, 
mff  sin  a—m'g  sin  a  =  the  momentum-increment  impressed ; 

therefore  ^3^ 

(m -f  m)  -=j^  =  (wi  sin  a— m'  sin  a )  g ;  (51) 

d^x        m  sin  a —  m' sin  a 

w ;^^ — ff-  <5*> 

Similarly  for  the  equation  of  motion  of  m\  we  have 
d^x'        m' sin  a— m  sin  a 

-dir  =  — WT^^ —  ff-  <58) 

If  when  tszO,m  and  m'  are  at  rest, 

dx        m  sin  a— !»' sin  a     , 

dt  =  m+m' ff*'  <54) 

whereby  the  velocity  acquired  during  the  time  /  is  known. 

Also  multiplying  both  sides  of  (52)  by  2dxy  and  supposing 
the  Umits  of  the  integral  to  be  such  that  the  velocity  =  0^  when 
07  =  a. 


Digitized  by  VjOOQ  IC 


275-]  ON  AN  INCLINED  PLANE.  413 

dx^       msina— m'sina'       ,         .  ,^f,. 

w ^+^? —  ^^^^-''^-  ^^^^ 

And  integrating  (54)  again,  and  taking  the  limits  of  integration 
sucli  that  x-^a,  when  ^.=  0,  we  have 

m  sin  a—m'  sin  a  gt^  ,^^. 

af-a  = —-—7 %-.  (66) 

If  the  velocity,  with  which  m  and  m'  begin  to  move,  is  u,  then 
if  0?  =  a,  when  /  =  0, 

dx  wsina— m'sina'    ^  ,^^^ 

:;i7''^  = :rr:::' ^'>  (^^> 

« «  w»  4-  w» 

msina— m'sina'  flr^*  ,^_^ 

^-a  =  tt/+ -——, ^,  (58) 

f?»  +  ''i  ^ 

dx^        ,       msina— m'sin  a'  .^j^. 

As  to  the  initial  velocity  u ;  suppose  m  and  m'  respectively  to 

have  the  velocities  v  and  v'  down  the  corresponding  planes ;  then 

if  u  is  the  common  velocity  with  which  the  two  particles  by 

reason  of  their  connexion  by  means  of  the  string  begin  to  move, 

we  have  from  the  equality  of  the  expressed  and  the  impressed 

momenta,  ,^  .     /.^,       ^^       ,, 

(m+9ii)f«  =  mv — mr, 

•  •.     u  =  r-  '  (60) 

The  preceding  formulae  are  also  applicable,  whatever  are  the 
inclinations  of  the  planes.  Thus  suppose  the  plane  ca'  to  be 
horizontal,  then  a  =0,  and 

d^x  __  mff  sin  a 

that  is,  m'  has  no  impressed  momentum-increment;  and  if 
a  =  90°,  m  is  then  moving  vertically  downwards :  this  case  is 
that  of  m  hanging  by  a  string  over  the  edge  of  a  horizontal 
table,  and  drawing  another  body  m'  which  is  on  the  table  at  the 
j>ther  end  of  the  string. 

K  a  =  a=90°,  we  have  the  same  formulae  as  those  which 
were  investigated  in  Art.  229. 

275.3  Examples  in  illustration. 

Ex.  1.  A  small  ball  m  descending  vertically  draws  an  equal 
ball  25  feet  in  2.5  seconds  up  a  plane  inclined  at  30°  to  the 
horizon,  by  means  of  a  string  passing  over  a  pulley  at  the  top : 
it  is  required  to  determine  the  force  of  gravity. 
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Here  o  =  90P,  o'=80P,  m  =  m'; 

"    dt*  ~  4' 

d*  _ff. 
dt  ~  4^' 

*  =  |<«.            25  =  |(2.5)», 

^  =  82  feet, 

Ex.  2.  Two  smooth  inclined  planes  are  placed  as  in  fig.  119 : 
BC  is  inclined  at  80^^  and  ca  at  60°  to  the  horizontal  line  oa  :  it 
is  required  to  determine  the  distance  cp  through  which  m  moves 
in  f,  m'  being  equal  to  m. 

The  equation  of  motion  becomes 

2m^5-  =  m^  (sin  80° -I- sin  60°); 
8*  +  l    ^, 


Section  8. — The  determination  of  the  law  of  accelertUing  farces, 
that  a  particle  moving  in  vacuo  may  describe  given  curves. 

276.]  In  the  present  section  our  object  is  to  determine  the 
laws  of  accelerating  force  acting  in  assigned  lines^  as,  for  in- 
stance, parallel  to  the  axes  of  x  or  y,  or  subject  to  certain  con- 
ditions, so  that  a  particle  may  describe  a  given  curve :  that  is, 
the  trajectory  being  given  under  certain  conditions,  to  deter- 
mine the  law  of  force.  The  principle  on  which  such  problems 
are  to  be  treated  have  been  so  fully  unfolded  in  Art.  251  that  it 
is  necessary  for  us  now  only  to  apply  them  to  some  examples. 

Ex.  1.  A  particle  moves  in  an  elliptic  orbit  under  the  action 
of  an  accelerating  force  which  is  parallel  to  the  minor  axis ;  it 
is  required  to  determine  the  law  of  that  force. 

Let  the  position  of  m  at  the  time  t  be  {x,  y) ;  and  let  the 
equation  to  the  elliptic  path  be 
x^      v> 

As  no  accelerating  force  acts  along  the  axis  of  x^  we  have 

_=0;  .-.     ^  =  a;  (62) 

that  is,  the  velocity  of  m  parallel  to  the  axis  of  x  is  always  the 
same ;  and  if  we  assume  the  initial  circumstances  to  be  such 
that  the  particle  is  at  the  extremity  of  the  minor  axis  when 
t  =  0,  then  from  (62), 


X  =z  at.  (68) 
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Now  our  object  is  to  determine  the  law  of  the  impressed  velo- 
city-increment which  is  parallel  to  the  axis  of  y,  and  which  it  is 
convenient  to  represent  by  t.    And 


Prom  (61) 


^ -  dt*' 

dy  = 

ah, 

dy 

5»»<fc 

dt  ~ 

a'ydt 

^ 

«»   y' 

dx 

Jy 

dPy 

b'a^dt 

"di 

dt*  "" 

a*           y* 

Y  =r 

b*a* 

Therefore  the  accelerating  force  parallel  to  the  axis  of  y  varies 
inversely  as  the  cube  of  the  ordinate  of  the  ellipse,  and  is  at- 
tractive, as  is  shewn  by  the  negative  sign. 

Now  when  the  particle  has  passed  from  the  extremity  of  the 
minor  axis  to  the  extremity  of  the  major  axis,  x  has  increased 
from  0  to  a;  therefore  the  time  to  which  this  passage  is  due 

=  - ;  therefore  the  time  in  which  m  passes  through  the  whole 

ellipse  is  — . 
a 

If  the  path  which  m  describes  is  a  circle,  i  =  a;  and  if  the 

acting  accelerating  force  is,  as  in  the  preceding  investigation, 

parallel  to  the  axis  of  y,  ,  , 

T=-^;  (65) 

that  is,  varies  inversely  as  the  cube  of  the  ordinate,  and  is  at- 
tractive, 

Ex.  2.  Suppose  m  to  move  in  the  same  elliptic  orbit,  and 
under  the  action  of  an  accelerating  force  which  is  parallel  to 
the  axis  of  ^ ;  it  is  required  to  determine  the  law  of  the  force. 

Since  no  accelerating  force  is  parallel  to  the  axis  of  y, 

-i~  =  0;  therefore 

ft 


dt*      '' dy  _ 


dt 
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j3  being  the  constant  velocity  of  m  parallel  to  the  axis  of  y.  And 
if  m  is  at  the  extremity  of  the  major  axis  when  /  =  0,  then 

Also  from  (61),       da?  =z  —^  dy, 
dx  ^  ^  a^p  y 

dy         dx 

d^x a^p^dt^^dJ 

dt^  ~        62  x^         ' 

and  therefore  if  x  is  the  impressed  velocity-increment  parallel 
to  the  axis  of  Xy  ^^2 

^=-^'  (66) 

that  is^  the  force  parallel  to  the  axis  of  x  is  atti^tive  and  varies 
inversely  as  the  cube  of  the  abscissa. 

In  this  case  the  periodic  time  in  the  orbit  is  -— -. 

In  the  circle^  x  = j- .  (67) 

Ex.  3.  A  particle  m  moves  in  a  parabola  under  the  action  of 
a  force  parallel  to  the  principal  axis  of  the  parabola;  it  is  re- 
quired to  determine  its  law. 

Let  the  equation  to  the  parabola  be 

y>  =  4aj7;  (68) 

then  since  no  accelerating  force  acts  parallel  to  the  axis  of  y, 

^-0  A 

that  is,  the  velocity  of  m  paraDel  to  the  axis  of  y  is  constant  : 
and  if  m  is  at  the  vertex  when  /  =  0^ 

y  =  Pt. 

Let  X  represent  the  accelerating  force  acting  on  m  pandlel  to 
the  axis  of  x :  then  since  from  (68) 

.  y    ,  dx        p 

d^x  _    ft  dy 
dt^  "Jadt 

=  k'  (^«) 
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AS 

.* .    X  =  --- ;  therefore  x  is  constant,  and  also  repulsive,  because 

it  carries  a  positive  sign :  the  accelerating  force  therefore  parallel 
to  the  axis  of  x  repels  m  with  a  constant  force  from  the  line 
which  touches  the  parabola  at  its  vertex. 

Hence  also  conversely,  if  a  particle  m  is  projected  with  a  ve- 
locity )3  in  a  horizontal  line,  and  is  attracted  towards  the  earth 
by  the  constant  force  of  gravity  in  a  vertical  Une,  m  will  move 
in  a  parabolic  path. 

By  a  similar  process,  if  t  represents  the  accelerating  force 
acting  parallel  to  the  axis  of  y^  when  no  force  parallel  to  the 
axis  of  X  acts ;  and  if  x  represents  the  force  acting  parallel  to 
the  axis  of  x^  when  no  force  parallel  to  the  axis  of  y  acts ;  and 
if  a  and  )3  are  the  constant  velocities  parallel  to  the  axes  of  x 
and  y  respectively  in  each  case ;  then,  if  a  particle  m  describes 

(1)  A  Hyperf)o]a,  xy  =  A:^ 


(2)  A  Parabola,  y'=:4a^, 

(3)  A  Hyperbola,  5 -|i  =  l, 

(4)  The  Logarithmic  Curve  y  =  a', 

(5)  The  Cycloid,  starting  point  being  origin,  x  =  -j^ — —^ 

(6)  The  Catenary,  y  =  |  {««  -f  e"^  } 

277.3  ^^  determine  the  laws  of  force  parallel  to  the  axes  of 
X  and  y,  so  that  a  particle  m  may  describe  the  parabola  with  a 
constant  velocity. 

Let  the  equation  to  the  parabola  be 

PRICE,  VOL.  III.  3  H 
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dx       —dy 

d» 

And  let  the  constant  velocity  along 

ds  =  cd\ 
dx^        c^x 
'  '     dfl"  x-\-y' 
and  differentiating, 

d^x        c*(ay)^ 

'  the  curve  =  c;  ao  that 

dy»         c«y 

df   -  x+y' 

d*y        c'iax)^ 

(71) 

If  however  we  take  the  system  of  tangential  and  normal  resolu- 
tion^ then  as  the  velocity  along  the  curve  is  constant^  =  c,  say, 
so  the  accelerating  force  along  the  curve  is  zero :  and  therefore 
d^s  ^ 

Also^  N  =  —  =  — ; 

P  P 

in  the  parabola  whose  equation  is  given  above, 

2(a?+y)^  . 

.-.     N= =— I,  (72) 

2(a?+y)* 

and  which  is  also  the  same  as  -<  \-^)  +  ("^/  (  i  if  we  sub- 
stitute for  these  latter  quantities  their  values  given  in  (71). 

278.3  From  the  vertex  of  a  parabola  a  particle  m  is  projected 
with  a  velocity  u  at  right  angles  to  the  principal  axis^  and  is 
acted  on  by  an  attractive  force  which  is  perpendicular  to  that 
axis  and  varies  directly  as  the  distance  of  the  particle  from  it. 
It  is  required  to  determine  the  law  of  force  acting  parallel  to 
the  axis  of  ^  so  that  the  particle  may  move  in  the  parabola,  and 
the  other  circumstances  of  motion. 

Let  the  vertex  be  the  origin,  and  the  principal  axis  and  the 

tangent  at  the  vertex  be  the  axes  of  x  and  y ;  and  let  f,  (x,  y), 

fig.  120,  be  the  position  of  m  at  the  time  t,  so  that  the  equation 

to  the  parabola  is  a       >« 

^  y*  =  4iax; 


fl^  _  2a  _  /a\* 
dx  ^    y    ^  \^/  ■ 
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By  the  conditionB  of  the  problem^ 

-T^  =  X,  which  is  to  be  determined^ 

therefore  miilliiplying  (73)  by  2dy,  int^^ting,  and  taking  the 
limits  corresponding  to  /  =  ^  and  to  ^  =  0, 

.'.    ^  =  i.»-My»  (74) 


=  fi>  — 4fAa^; 


(75) 


•••     *r  =  «  =  2^-4M*>  (76) 

therefore  the  required  force  which  is  parallel  to  the  axis  of  ^ 

partly  is  constant  and  repulsive,  and  partly  varies  as  the  abscissa 

and  is  attractive  towards  the  axis  of  x. 

dfi  dx 

Also  from  (74)  and  (76)  ^  and  ^  both  vanish,  when 

y=±J.     and    *=4^;  (77) 

80  that  at  this  point,  say  b  in  the  figure,  m  comes  to  rest;  and 
afterwards  under  the  action  of  the  forces  returns  to  the  vertex 
of  the  parabola,  through  which  it  passes  with  the  original  velo- 
city Uy  and  comes  to  rest  again  at  b',  which  is  equidistant  with 
B  from  the  vertex :  thus  the  motion  is  oscillatory.    Also  from 

(74),  dy  ^   ^ 

(i*>-fiy«)* 
taking  the  positive  sign,  as  we  will  consider  the  original  motion 
from  o  to  B.    Therefore  integrating,  and  taking  the  limits  cor- 
responding to  ^  =  ^  and  to  /  =  0, 


sm~ 

u 


.'.     y  =  -^sinfA*/;  (78) 

therefore  the  time  from  o  to  b  is  — - ,  and  therefore  the  time 

2fA* 
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of  an  oscillation^  ▼iz.  from  b  to  b^  =  — ,  which  is  independent 

of  the  velocity  of  projection  from  o,  and  depends  on  only  the 
absolute  force  parallel  to  the  axis  of  y. 

I  have,  for  the  sake  of  simplicity,  taken  the  parabola  for  the 
example  whereby  the  process  may  be  illustrated,  but  the  method 
is  the  same  in  iJl  cases.  Thus  in  the  ellipse,  if  m  is  projected 
from  the  extremity  of  the  major  axis  with  the  velocity  u, 


and  the  coordinates  of  the  point  b  to  which  m  passes  are 
therefore  m  comes  to  rest  at  the  extremity  of  the  minor  axis, 

if  tt  =  yi^b. 

279.3  A  particle  m  describes  a  helix  with  a  constant  velocity ; 
it  is  required  to  determine  the  laws  of  the  accelerating  forces 
which  act  on  it  parallel  to  the  three  coordinate  axes. 
Let  the  equations  to  the  curve  be 

afr=aco8<^,  ^  .'.     ^  =  —  asin^£if<^, 

y  =  a  sin  <^,  i-  dy  ^  a  cos  <^  d<t>, 

z  =z  ka(l>,      J  dz  =z  kacUft; 

.-.     A>  =  a^a  +  k^)d<l>K 
But  since  the  velocity  along  the  curve  is  constant,  d8=:cdt; 
d<l>  _  c 

'  '     ~dt   "  a(l  +  *«)*' 
dx  csin<^         dy        ccos<^         dz  kc 


dt  (!  +  *•)*'      *        (l  +  >t*)*'      ^^        (1  +  **)*' 

d^x c^x  d^y  _  e^y  d^z  _  ^ 

•'•     *»  ■"      a»(l  +  >fc2)'      dfl  "      a»(l  +  *»)'      "d^~    • 

Hence  we  infer  that  the  accelerating  forces  parallel  to  the  axes 
of  X  and  y  vary  directly  as  x  and  y  respectively,  and  are  at- 
tractive, and  have  the  same  absolute  force ;  that  is,  the  resultant 
force  of  these  two  forces  will  have  a  line  of  action  always  pass- 
ing through  the  axis  of  z,  and  will  be  constant.  Also  the  acce- 
lerating force  parallel  to  the  axis  of  z  vanishes,  and  the  velocity 
of  m  parallel  to  that  axis  is  constant. 
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Section  4. — The  determination  of  the  curvilinear  paths  described 
6y  particles  movikg  in  vacuo  uti^ier  the  action  of  given  accele- 
rating  forces. 

280.3  In  the  preceding  section  laws  of  force  have  been  found 
when  the  equation  to  the  trajectories,  and  some  other  condition, 
are  given :  it  is  our  object  now  to  investigate  the  equation  to 
the  trajectory  when  the  law  of  force  is  given :  and  I  shall  take 
first  the  simple  case  of  a  particle  moving  in  vacuo  under  the 
action  of  gravity  which  is  a  constant  accelerating  force,  and  the 
line  of  action  of  which  is  always  vertical.  The  projected  body 
or  particle  is  called  a  projectile,  and  the  problem  is  in  this  case 
that  of  the  motion  of  a  projectile  in  vacuo. 

Let  m  be  the  mass  of  the  projectile;  and  let  us  prove,  in  the 
first  place,  that  the  particle  during  the  motion  is  always  in  one 
and  the  same  plane. 

'  Let  the  horizontal  plane  passing  through  the  point,  whence 
the  particle  is  projected,  be  the  plane  of  ^y,  so  that  the  axis  of 
z  is  parallel  to  the  line  of  action  of  gravity :  also  let  the  velocity 
of  projection  of  the  particle  be  u ;  and  let  it  be  projected  in  a 
line  which  makes  an  angle  j3  with  the  axis  of  z,  and  of  which 
the  projection  on  the  plane  of  xy  makes  an  angle  a  with  the 
axis  of  ^ ;  so  that  the  three  components  of  u  along  the  three 
rectangular  axes  are 

tf  sin  )3  cos  a,      n  sin  )3  sin  a,       u  cos  )3. 

Now  the  components  of  the  impressed  accelerating  force  give 
the  following  equations : 

— -0  ^-0  ^--£/-  ^79^ 

therefore  integrating  the  first  two,  and  taking  for  the  limits  of 
integration  the  values  which  correspond  to  ^  =  /  and  to  ^  =  0, 
we  have  from  (79), 

dx  ^  dy 

-=T-  —  tt  sm  B  cos  a  =  0,  -iT-  —  tt  sm  i8  sm  a  =  0, 

dt  dt  "^ 

.'.     ^  =  ti/sin)3cosa,  y  =r  ti^sin/Ssina; 

cos  a        sin  a ' 
which  is  the  equation  to  a  plane  perpendicular  to  the  plane  of 
xy^  and  containing  the  axis  of  z ;  therefore  the  moving  particle 
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is  always  in  the  Tertical  plane,  which  is  inclined  at  the  angle  a 
to  the  plane  of  xz. 

281.]  Let  us  take  the  plane  in  which  the  particle  moves  to 
be  that  of  xy :  let  the  point  of  projection^  fig.  121,  be  the 
origin :  let  the  axis  of  ^  be  horizontal,  that  of  y  vertical :  let 
the  velocity  of  projection  =  u^  and  let  the  line  of  projection  be 
inclined  at  an  angle  a  to  the  axis  of  x,  so  that  u  cos  a  and 
tt  sin  a  are  the  resolved  parts  of  the  velocity  of  projection  along 
the  coordinate  axes  of  ^  and  y. 

Let  F  be  the  position  of  m  at  the  time  /,  om  =  ^,  mf  =  y ; 
g  =  the  accelerating  force  of  gravity  which  acts  parallel  to  the 
axis  of  y ;  therefore  mg  is  the  impressed  momentum-increment ; 
so  that  the  equations  of  motion  are, 

d^x      ^  d^y 

m^=0,  m^  =  -m^;  (80) 

the  latter  being  affected  with  a  negative  sign,  because  the  ten- 
dency of  gravity  is  to  make  the  velocity  increase,  and  y  to 
decrease,  as  t  increases.    Therefore 

d^x       ^  d^y 

*r  =  0,  ^  =  -^-  (81) 

Now  integrating  these,  and  taking  the  limits  corresponding  to 
^  =  ^  and  to  /  =  0,  we  have 

j-ttcoso  =  0;  (82) 

X  =  utCQ%a\  (88) 

-^  —  ttsino  =  — ^/;  (84) 

y  =  f«^sina-^.  (85) 

Prom  (88),  t  =  — ^— ,  (86) 

^     '*  ficosa  ' 

and  substituting  this  value  of  ^  in  (85),  we  have 

2tt'(co8a)' 

And  this  equation  is  that  of  a  parabola ;  whence  it  follows  that 
a  parabola  is  the  trajectory  of  the  particle.  And  (87)  may  be 
put  into  the  form 

/        tt*  cos  a  sin  a\*      21*3  (cos  a)«  Ctt*(sina)*         )         ^^ 

i^ -g y -g \~2-g ^P   ^^^ 

80  tliat  ve  have 


=  xtana-^./„.   .,.  (87) 
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(1)  the  absciflsa  to  the  vertex  =  ;  (89) 

9 

(2)  the  ordinate  to  the  vertex  =  YLS^l^.^  (90) 

(8)    the  latuB  rectum  =  ^^'(^0^^)' .  (91) 

Also  the  form  of  the  equation  (88)  shews  that  the  parabola  is 
placed  with  its  axis  vertical  as  in  the  figure^  and  that  the  vertex 
is  the  highest  point  of  the  carve. 

The  distance  ob  between  the  point  of  projection  and  the 

point  where  the  projectile  strikes  the  horizontal  plane  is  called 

the  Range  on  the  horizontal  plane^  and  is  the  value  of  x  when 

y  =  0 ;  that  is,  putting  y  =  0  in  (87), 

.,                                ti>  sin  2  a  ,^„. 

the  range  =  ob  =  ;  (92) 

also,  as  is  geometrically  manifest,  ob  =  2  oc,  that  is,  the  range 
is  equal  to  twice  the  abscissa  to  the  vertex. 

From  (92)  it  appears  that  for  a  given  velocity  of  projection, 
the  range  is  the  greatest  when  a  =  46^,  in  which  case  the  range 

=  — ;  and  the  focus  of  the  parabola  in  this  case  lies  in  the 

9 
horizontal  line  drawn  through  the  point  of  projection. 

Also  from  the  value  of  the  range  (92)  it  appears,  that  if  ti  is 
the  same,  the  range  is  unaltered  when  a  is  replaced  by  its  com- 
plementary angle :  so  that  the  range  is  the  same  for  two  dif- 
ferent angles  which  are  complementary  of  each  other,  if  the 
velocity  of  projection  is  the  same :  hence  if  a  =  46^,  these  two 
angles  become  identical,  and  the  range  is  a  maximum. 

CA  is  called  the  altitude  or  the  greatest  height  of  the  projectile, 

and  is  the  value  of  y  when  ^  =s  0 ;  therefore  from  (87), 

the  greatest  height  =  ^  ^^^^  .  (93) 

^9 
Also  from  (88),  x  ^  ut  cos  a;  (94) 

that  is,  the  abscissa  uniformly  increases  along  om.  Hence  if  we 
substitute  the  range  for  x,  we  shall  have  an  expression  for  the 
time  which  a  particle  takes  in  passing  from  o  to  b,  and  which 
is  called  the  time  of  flight :  and  thus 

Ai.    ^         en-  1.4.       2tt8ina 
the  tmie  of  flight  =  . 

^  9 
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282.]  Again  mnltiplying  (81)  respectively  hj  2dx  and  2rfy, 
and  integrating,  and  taking  the  limits  corresponding  to  ^  =  / 
and  to  ^  =  0^  we  have 

^  =  i«>(C08a)^  (95) 

^  =  tt«(sina)»-2^y;  (96) 

.-.     -^  =  (*e  velocity)*  =  ««— 2^y.  (97) 

Now  this  result  deserves  notice.  Let  the  directrix  of  the 
parabolic  trajectory  be  drawn  as  in  the  figure :  then 

AD  =  T^^  o'  the  latus  rectum  =  — ~r — ^  • 
4  2g 

and  since  by  (90),  ca  = ^ ,  therefore  cd  =  ^ ;  that  is, 

see  equation  (49),  Art.  227,  cd  is  the  vertical  height  through 
which  a  particle  falling  in  vacuo  will  acquire  the  velocity  with 
which  the  particle  m  moves  at  its  projection  firom  o. 

Let  CD  =  A ;  therefore  ti>  =  2^A  ;  and  substituting  in  (97)^ 
d»^ 

^  =  2^(A-y);  (98) 

that  is,  the  velocity  at  any  point  p  on  the  curve  is  that  which 
would  be  acquired  by  a  heavy  particle  falling  freely  in  vacuo 
down  a  vertical  height  equal  ix}  h—y,  that  is,  to  sp.  Hence  it 
follows  that  the  velocity  of  m  at  any  point  p  in  its  path  is  that 
which  would  be  acquired  by  a  particle  falling  freely  from  the 
directrix  to  the  curve.  The  directrix  of  the  parabola  is  there- 
fore determined  by  the  velocity  of  projection,  and  is  at  a  vertical 
distance  above  the  point  of  projection  equal  to  that  down  which 
a  particle  falling  would  have  the  velocity  of  projection.  Hence 
also  the  vis  viva  of  the  projectile  is  at  every  point  of  the  path 
the  same  as  that  of  an  equal  particle  acquired  in  falling  from 
the  directrix  to  the  point  in  the  curve. 

283.]  The  equation  to  the  path  of  the  projectile  may  also  be 
found  by  the  following  process :  and  as  the  result  of  simulta- 
neous velocities  taking  place  in  combination  is  well  exemplified 
by  it,  I  do  not  hesitate  to  insert  it. 

Let  the  particle  m  be  projected  from  o,  fig.  121,  with  a  velo- 
city u,  in  the  line  oq  making  an  angle  a  with  the  horizontal 
line ;  then  if  no  force  acted  to  impress  velocity  on  m,  it  would 
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in  the  time  t  describe  a  space  oQ  =  ui,  and  its  coordinates  at 
the  time  t  would  be^ 

a;  =i  ut  cos  a,  y  =  ut  sin  a.  (99) 

But  as  gravity  is  a  constant  force,  and  acts  in  a  line  parallel  to 
the  axis  of  ^^  and  tends  to  diminish  y  according  to  the  arrange- 
ment which  we  have  assumed  in  the  figure,  y  will  by  it  be 

diminished  in  the  time  /  by  a  quantity  equal  to  ~~  ,  see  equa* 
tion  (48),  Art.  227,  so  that  at  the  end  of  the  time  /  we  have, 

X  =  ut  cos  Oy  y  =  a^sino —  ^^j  (100) 

which  values  are  the  same  as  (83)  and  (85) ;  and  therefore  it 
appears,  that  if  p  is  the  place  of  m  in  the  parabolic  path  at  the 

time  t,  QP  =  ^. 

284.]  A  particle  m  is  projected  from  a  given  point  on  an  in- 
clined plane  in  a  given  line;  it  is  required  to  determine  the 
point  at  which  it  will  strike  the  plane. 

Let  the  angle  of  inclination  of  the  plane  to  the  horizon  be  i : 
le't  a  =  the  angle  between  the  line  of  projection  and  the  hori- 
zontal line :  u  —  the  velocity  of  projection :  then  the  equations 
to  the  inclined  plane  and  to  the  path  of  the  projectile  respect- 
ivelyare,  y  =  ^tan», 

y  :=.  X  tan  a  —        "^ 


2tt2(cosa)2' 
whence  eliminating  y,  we  have 

21*2 

X  =  (cos  a)*  (tan  a— tan  i) 

9 
—  ^^^c<)sasin(a— f) 
"  g cos  %  ' 

2t|2  cos  a  tan  i  sin  (a— i) 
^  gco^% 

which  give  the  point  on  the  plane  at  which  the  projectile  strikes 
it :  and  the  range  on  the  plane  is  equal  to  x  sec  t,  that  is, 

2tt*cosasin(a— i) 
^(cost)a 
Also  the  range  is  the  greatest  when 

PRICE,  VOL.  III.  3  I 


-  ^ »- uus  u  Dill  v(A — *;  /^/^^^ 

the  range  = ^t;;;:.--^, •  (101 ) 
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a-i  =  i{|-i};  (102) 

which  litter  Tahie  gives  the  angle  between  the  plane  and  die 
Una  of  projectioQ  for  which  the  range  is  the  greatest :  and  in 
this  case  2 

the  greatest  range  =     ,    "  .    ., .  (103) 

Hence  it  (bUows  that  if  from  a  given  point  a  system  of  straight 
linea  is  drawn  in  the  same  vertical  jdane,  and  particles  are  pro- 
jected with  a  given  velocity  v,  and  in  snch  lines  that  the  ranges 
on  Ihe  planes  are  the  greatest,  the  locus  of  the  extreme  points 
of  Iheee  ranges  is  gircn  by  the  equation  (103) ;  and  therefore  if 
«  is  the  v^Kity  of  projection,  r  =  the  range,  0  =  the  angle 
b^wimi  the  plane  and  the  vertical  line  through  the  point  rf 
F^>)wtiott,  then  from  (103), 

'  =  ,11^)^  <»^> 

<mm)  if  A  is  ih<»  rertical  distuee  to  which  u  is  due 

>irKKk  M  tW  «qwKtH>o  to  a  puiOtob,  the  focus  of  which  is  at  the 
wv^H  v»f  «.>Mr>KtMt««k  whose  axis  is  rertical,  and  of  which  4A  is 

^^^^^nJ  \X  »  (v^uiiva  to  determine  the  angle  of  projection  for 
•  |8^>v«  >vi^sHtv  »K»  that  a  pwjectik  may  pass  through  a  given 

t^^  iK*  ,jt>««  jsMut  Uf  ,j^.  yo:  then  these  coordinates  satisfy 
«^»^  *Sv^*lKv«»  vM-  ,W  |v»tK  i>f  the  projectile,  and  we  have 

jrx«  *xt*a.-|^*{l  +  (tana)«}; 

^    *"''"*"  yW  "  J^^'^-^'^99i-9'*x*)^:  (106) 

«  W*N^^^  t  WW  vUttxNr>H«  v*l««  of  a  satisfy  the  condition,  if 

**  «  ««««tvr  than  Sa'^yi+^x^i; 
,,nmVv  v^>h^  \*W  v>f  ^  »«t»s««i  it.  if 
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and  the  projectile  cannot  reach  the  point,  if 
«*  is  less  than  itfgyi  +  j^^i'  • 
Now  (107)  is  the  equation  to  a  parabola  of  which  o,  fig.  121, 

is  the  focus.  —  is  the  latus  rectum,  and  ^r—  or  A,  see  Art.  282. 
9  ^9 

is  the  distance  to  the  highest  point ;  all  points  therefore  on  this 
parabola  are  the  farthest  which  the  projectile  can  reach;  all 
points  without  it  are  beyond  the  reach ;  and  all  points  within  it 
may  be  reached  by  two  different  angles  of  projection.  The 
same  result  may  also  evidently  be  proved  by  the  following 
process. 

It  is  required  to  find  the  envelope  of  all  parabolas  described 
by  particles  projected  with  a  given  velocity  u  from  a  given 
point  in  the.  same  vertical  plane. 

The  equation  to  the  path  of  one  is 

y  =  4ftana-|^{l+(tana)»};  (108) 

therefore  differentiating  by  making  tan  a  to  vary,  we  have 
0  =  (a?— ^-^  tanajrf.tana; 

.-.     tana  =  — ; 
9» 
so  that  (108)  becomes 

which  result  is  of  course  the  same  as  (107). 

286.]  Problems  in  illustration  of  the  preceding  equations. 

Ex.  1.  To  determine  the  angle  of  projection  so  that  the  area 
contained  between  the  path  of  the  projectile  and  the  horizontal 
line  may  be  a  maximum. 

Since  the  area  of  a  parabola  is  two-thirds  of  that  of  the  cir- 
cumscribed rectangle,  see  Ex.  1,  Art.  118,  Vol.  II,  therefore  if  a 
represents  the  required  area, 

2 

A  =s  ^  range  x  greatest  altitude 

2tt*     . 
=  -5-5  (sm  of  cos  a  ; 


^  =  1^  (sin  a)»  {3  (cos  a)>-(sin  a)>}  =  0, 
3  I  2 
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if  tan  a  =  3^,  and  changes  sign  from  4-  to  —  :   therefore  the 
area  is  a  maximum  and  =  -q—^  ,  if  o  =  60^. 

Ex.  2.  It  is  required  to  compare  the  areas  of  the  two  para- 
bolas described  by  projectiles,  of  which  the  horizontal  ranges 
are  the  same,  and  the  angles  of  projection  are  therefore  comple- 
mentary to  each  other. 

Let  Ai  and  A2  be  the  areas :  then  as  the  ranges  are  equals 
these  are  to  each  other  as  the  greatest  altitudes :  therefore 

A2         (cos  a)' 

Ex.  8.  From  the  top  of  a  tower  two  particles  are  projected  at 
angles  a  and  /3  to  the  horison  with  the  same  velocity  u,  and 
both  strike  the  horizontal  plane  passing  through  the  bottom  of 
the  tower  at  the  same  point ;  it  is  required  to  find  the  height 
of  the  tower. 

Let  h  =  the  height  of  the  tower ;  u  =  the  velocity  of  projec- 
tion :  then  if  the  particles  are  projected  from  the  edge  of  the 
top  of  the  tower,  and  x  is  the  distance  from  the  bottom  of  the 
tower  to  the  point  where  they  strike  the  horizontal  plane, 

-A  =  ;Ptana-|^{l+(tana)«},  (109) 

-A  =  a?tan^-|^{l+(tan^)2};  (110) 

therefore  by  subtraction, 

2u^ 2tt^cosacos)3 

""  ^(tana-i-tan^)  ""     gsm(a-\-fi)    ' 
substituting  which  in  either  (109)  or  (110),  we  have 
^  2tt*  cos  a  cos  ^  cos  (a  +  )3) 
"  ^{sin(a4-^)}»  * 

Ex.4.  Particles  are  projected  with  a  given  velocity  in  all 
lines  in  a  vertical  plane  from  the  point  o :  it  is  required  to  find 
the  locus  of  them  at  a  given  time  /. 

Prom  (83)  and  (85)  we  have. 


=  ti/cosa. 

gt* 

X 

gt* 

8m«=        ^^      ; 

therefore  squaring  and  adding,  we  have 
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the  equation  to  a  circle  of  which  the  radius  is  ut,  and  the 
centre  is  on  the  axis  of  ^  at  a  distance  ^^  below  the  origin. 

Ex.  5.  Particles  are  projected  from  o  with  a  given  velocity  in 
all  lines  in  a  vertical  plane :  it  is  required  to  find  the  locus  of 
their  highest  points. 

Let  X  and  y  be  the  coordinates  to  the  highest  point :  then 
from  (89)  and  (90), 

__  tt*  sin  a  cos  a  ^  u^  (sin  a)* 

2 

therefore  adding, 


(sin  a)2  =  ^,  (cos  a)«  =  ^ ; 

1*2  2u^y 


which  is  the  equation  to  an  ellipse,  of  which  the  major  axis 

•|8  «/2 

=  — ,  and  the  minor  axis  =  -=r-\    and  the  origin  is  at  the 

extremity  of  the  minor  axis. 

The  preceding  investigations  into  the  motion  of  projectiles 
would  explain  the  theory  of  gunnery,  if  it  were  allowable  to 
neglect  the  resistance  of  the  air ;  but  as  the  velocity  with  which 
balls  and  shells  traverse  their  paths  is  very  great,  so  is  much  of 
their  momentum  lost  by  the  resistance  of  the  medium ;  and 
the  ratio  of  the  vertical  and  horizontal  velocities  is  so  much 
altered,  that  the  form  of  the  trajectory  is  very  diflferent  from 
that  of  a  parabolic  path.  In  the  last  Section  of  the  present  Chap- 
ter we  shall  investigate,  as  far  as  it  is  possible,  the  path,  and 
shall  take  account  of  the  loss  of  momentum  which  is  due  to  the 
resistance  of  the  medium. 

We  proceed  now  to  other  cases  of  curvilinear  motion  in 
vacuo ;  and  I  would  observe,  once  for  all,  that  if  a  particle  is 
projected  with  a  given  velocity  in  a  plane,  and  if  the  lines  of 
action  of  the  forces,  which  act  on  the  particle,  are  in  that 
plane,  the  particle  is  during  its  motion  in  that  plane :  this  is 
evident  by  the  principle  of  sufficient  reason. 

287.]  Prom  a  given  point  in  the  axis  of  y  a  particle  is  pro- 
jected with  a  velocity  t*  in  a  line  parallel  to  the  (rectangular) 
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axis  of  Xf  and  is  attracted  by  a  force  the  intensity  of  which 
varies  directly  as  the  distance,  and  which  has  its  source  in  the 
origin  of  coordinates :  it  is  required  to  find  the  equation  of 
the  path  of  the  particle^  and  to  define  the  circumstances  of 
motion. 

Let  b  be  the  distance  on  the  axis  of  y  from  the  origin  of  the 
point  whence  the  particle  is  projected  with  the  velocity  ti :  let  p, 
fig.  122,  be  the  place  of  m  at  the  time  t,  b  its  place  when  /  =  0 ; 
OM  =  ^^  MP  =  y,  OP  =  r,  OB  =  d;  and  let  /i  be  the  absolute  force 
of  the  attraction  at  o.     Then  the  equations  of  motion  are 


d*y  y 


>.  (Ill) 


Now  multiplying  these  equations  respectively  by  2d^  and  ftdy, 
and  integrating,  and  taking  the  limits  corresponding  to  ^  =  / 
and  to  /  =  0,  we  have 

^^u^^^yLX^',  (112) 

^  =  -^(y>«ft3).  (118) 

therefore  adding, 

dx^      dy^        ds^         •       /  •      •     r«x  /n^v 

IF-^W^lP^  ««-fi(^«+y>- A») ;  (114) 

which  gives  the  velocity  of  m  at  any  point  of  its  path.  Also 
from  (112)  and  (118), 


.•.     -a?  = -^siufi*^;  (116) 

y  =  ftco8fi*/;  (117) 

whence  we  have  ^  -f  ^  =  1,  (118) 

which  is  the  equation  to  an  ellipse  whose  o^-^axis  is  — - ,  and 

whose  y-axis  is  26,  and  whose  centre  is  at  the  origin,  that  is,  at 
the  source  of  the  force. 

From  the  preceding  values  we  have 
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^  =  (velocity)*  =  u*  {cos  fi*  t^  +  nb*  (an  n*  t^ ;     (119) 

and  fjpom  (116)  and  (117),  the  time  from  b  to  a  =  — - ;  there- 
at P'* 
fore  the  whole  periodic  time  =  —7-1  ^^^  ^  therefore  independent 

of  the  velocity  and  distance  of  projection^  and  involves  only  the 
absolute  force  of  the  impressed  force. 

K  the  force  at  o  had  been  repulsive,  then  the  sign  of  /x  would 
be  changed,  and  the  equations  of  motion  would  be 


0 
whence  sqaaring,  and  sabtracting  the  former  from  the  latter,  we 

which  is  the  equation  to  a  hyperbola  with  its  centre  at  the 
origin;  and  which  might  have  been  deduced  from  (118)  by 
affecting  fx  with  a  negative  sign. 

If,  in  the  case  of  the  force  being  attractive,  the  velocity  and 
distance  of  projection  are  such  that  u  =  ftfxi,  the  path  which  m 
describes  is  a  circle,  and  the  velocity  in  it  is  constant  and  eqmil 
to  that  of  projection. 

288.]  A  particle  m  is  projected  from  a  given  point  with  a 
given  velocity,  and  is  acted  on  by  a  force  which  varies  inversely 
as  the  square  of  the  distance  from  a  given  point  which  is  its 
source ;  it  is  required  to  determine  the  path  of  the  particle,  and 
the  other  circumstances  of  motion. 

Let  u  be  the  velocity  of  projection,  a  •=>  the  angle  between  the 
line  of  projection  and  the  axis  of  x,  so  that  the  components  of 
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the  velocity  of  projection  along  the  axes  are  u  cos  a  and  tt  sin  a ; 
let  (a,  b)  be  the  point  of  projection^  /i  =  the  absolute  force,  and 
let  a*-f  i*=:  c^ :  let  r  be  the  distance  of  m  at  the  time  t  from 
the  centre  of  force,  which  we  will  take  to  be  the  origin,  and  let 
(^,  y)  be  the  place  of  m  at  the  time  t ;  then  the  equations  of 
motion  are,        .«  .« 

dt^  "       r3 '         dfi  "       r3  '  ^^^^^ 

which  are  simultaneous  differential  equations,  and  from  which 
the  solution  of  the  problem  is  to  be  obtained.  Multiply  (121)  re- 
spectively by  y  and  x,  and  subtract ;  then 

^    dt^  ^    dt^       ~     "' 

dx   dv 
and  adding  and  subtracting  -z-  -^,  and  integrating,  and  taking 

definite  integrals  with  limits  corresponding  to  /  =  /  and  to  /  =  0, 
we  have  .  . 

^  -jf  "^y-JT  =  tt  (a  sin  a— J  cos  a)  (122) 

=  h  (say).  (123) 

Again,  from  (123)  and  the  first  of  (121),  we  have 
f^d^x  ^       Imx  xdy—ydx 
di^  "  ■"T''         di 

—  fjL  x^dy  —  xydx  ^ 


r»            dt 

9  . 

but 

a?a+y2^ 

r  r* ;  therefore  xdx-\-ydy 

:=zrdr\ 

.'. 

d*x 

H  x^dy—\ 

yirdr- 
dt 

'U^l 

~ 

H  r^dy—t 

-ydr 

r»          dt 

= 

dy 
-''dir' 

...     A$-A«C08a=-^  +  ^;  (124) 

dt  re 

similarly,  from  the  second  of  (121), 

At-*«"'i««  =  ----  (125) 

dt  re 

Multiplying  (125)  by  a?,  and  (124)  by  y,  and  subtracting,  we  have 

hix-^^y  -J-)  —  hu  {x  sin  a— y  cos  a)  =  /utr  —  -  {ax-\'by) ; 
^    dt         at '  e 

therefore  by  (123) 
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A*  — *tt(4?8iiia— y  C08a)  =  iir —-{ax-\-by),  (136) 

which  is  of  the  form,      r  =  ao?  -f  ey  -|-  c ;  (127) 

and  as  r  is  a  rational  function  of  the  coordinates  w  and  y,  the 
equation  is  that  of  a  conic  of  which  the  focus  is  the  origin. 
A  conic  therefore  is  the  trajectory,  with  the  source  of  the  im- 
pressed force  in  the  focus ;  and  the  constants  a^  b,  c  are  given 
in  terms  of  the  velocity,  the  direction  of  the  line  of  action^  and 
the  coordinates  of  the  pointy  of  projection. 

Also  from  (121),  multiplying  respectively  by  2  (to  and  by  2rfy, 
and  adding  and  integrating  with  the  limits  assigned  above, 

whereby  the  velocity  is  given  at  any  point  of  the  curve. 

This  problem  and  that  contained  in  the  last  Article  are  cases 
where  the  impressed  forces  are  central;  and  I  have  selected 
them  for  the  purpose  of  illustrating  the  method  of  coordinate 
resolution.  As  central  forces  however  have  such  large  applica- 
tion in  nature,  it  is  necessary  to  consider  their  properties  at 
greater  length,  and  the  following  Chapter  will  contain  the  de- 
velopment of  them :  we  need  not  therefore  pursue  at  present 
the  inquiry  which  the  preceding  problems  suggest. 

289.]  From  a  given  point  in  the  axis  of  y  a  particle  is  pro- 
jected with  a  given  velocity  in  a  line  parallel  to  the  axis  of  x^ 
and  is  acted  on  by  an  attractive  force  parallel  to  the  axis  of  y 
and  which  varies  as  the  distance  from  the  axis  of  ^;  it  is  re- 
quired to  determine  the  circumstances  of  motion. 

Let  b  =  the  distance  from  the  origin  of  the  point  of  projection, 
u  =  the  vdocity  of  projection ; 
so  that  the  equations  of  motion  are 

d^x       ^  d^y 

y  =  icos/A*/ 

=  4co8^^;  (129) 


u 
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the  limitfl  of  integration  being  the  ralaes  of  the  Beveral  quan- 
tities which  correspond  to  /  =  ^  and  to  /  =  0^  when  the  position 
of  mis  (0,6). 

From  (129)  it  appears  that  the  particle  moTCS  in  the  cnnre  of 
cosines^  and  therefore  describes  an  undulating  path,  the  greatest 
distances  of  which  from  the  axis  of  a?  are  +&  and  — ( :  and  the 
velocity  parallel  to  the  axis  of  x  is  constant. 

290.]  For  a  problem  wherein  it  is  conyenient  to  adopt  the 
method  of  radial  and  transversal  resolution  explained  in  Article 
256^  we  will  take  the  following : 

A  particle  m  moves  about  a  fixed  point  with  a  constant  angular 
velocity,  and  is  acted  on  by  a  transversal  force  only :  it  is  re- 
quired to  find  the  law  of  this  force  and  the  equation  to  the  orbit. 

In  accordance  with  the  symboliBm  of  Art.  256,  in  this  case 

T  =zO,  di  ^^  constant  =  u  (say). 

Let  the  prime  radius  be  the  line  passing  through  the  fixed 
point  and  the  initial  place  of  the  particle,  that  is,  when  ^  =  0, 
where  we  will  suppose  it  to  be  at  rest ;  and  let  a  be  the  distance 
of  the  particle  from  the  fixed  point  at  the  beginning  of  motion  ; 
and  let,  fig.  128,  sp  =  r,  sa  =  a,  psx  =  0 ;  so  that  the  equations 
of  motion  are,  .j 

^  -  ««r  =  0,  (180) 

Q=2a)^.  (181) 

Now  (130)  is  a  linear  difierential  equation  of  which  the  coeflSi- 
cient  is  constant,  and  therefore  might  be  integrated  by  the 
methods  of  Vol.  II.  But  the  following  process  is  easier.  Let 
us  multiply  through  by  2  dr,  and  taking  the  limits  correspond- 
ing to  /  =  /  and  to  /  =  0,  we  have  by  integration, 

=  »  *,  .-.     log ^ —  =  »/, 


{r^-a^)^ 


a 


.-.     r  =  ^{c-«  +  6— '}.  (182) 

Also  as  -=r-  =  en,  therefore  6  =  iat,  because  i»  is  at  a  when 
at 

^  =  0,  in  which  case  ^  =  0 ;  therefore  (132)  becomes 

r=Ue  +e'^},  (133) 
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which  is  the  equation  to  the  path  described  by  m;  and  from 

whereby  q  is  known. 

291.]  In  illustration  of  the  process  of  tangential  and  normal 
resolution  we  will  consider  the  simple  case  of  the  motion  of  a 
projectile  in  yacuo  under  the  action  of  gravity. 

A  particle  of  mass  m  is  projected  from  a  given  point,  in  a 
given  line,  and  with  a  given  vdodty ;  and  moves  subject  to  the 
action  of  gravity;  it  is  required  to  determine  the  curvilinear 
path. 

Let  the  point  of  projection  be  taken  as  the  origin  of  coordi- 
mates;  and  let  a  vertical  and  horizontal  line  drawn  through  it 
be  the  axes  of  y  and  x  respectively :  let  u  be  the  velocity  of  pro- 
jection, and  let  a  be  the  angle  between  the  line  of  projection 
and  the  axis  of  x :  and  let  (^,  y)  be  the  position  of  m  at  the  time 
/:  then  because  the  vertical  line,  in  which  gravity  acts,  makes 

cLxt 
with  the  tangent  to  the  curve  at  the  point  (r,  y)  tan-^^, 

we  have  the  following  equations  of  motion  from  (48)  Art.  256, 

From  (184)  by  definite  integration  we  have, 

ds* 

^  =  u*-Zgy,  (186) 

wluch  result  is  the  same  as  (97)  Art.  283.  Also  firom  (135),  since 

^    =     M ♦ 

dx* 
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{tt2  (sin  a)«- 2^y}*         tt  cos  a  ' 

ff  9  tf  cos  o 

.-.     y  =  artana-s~/^^ — ;.,  (137) 

^  2 1*2  (cos  a)^ 

which  result  is  the  same  as  that  obtained  by  the  method  of 
eoordiuate  resolution  in  Art.  281. 

292.]  In  some  cases  oblique  coordinates  may  be  used  with 
advantage.  Thus  suppose^  as  in  Art.  287^  a  particle  m  to  be 
projected  with  a  given  velocity  u  in  a  given  line  from  a  given 
point,  and  to  be  attracted  by  a  force  the  intensity  of  which  varies 
directly  as  the  distance,  and  which  has  its  source  in  a  given 
point ;  it  is  required  to  determine  the  path  which  it  describes. 

Let  the  given  source  of  the  force  be  the  origin ;  and  let  the 
line  passing  through  it  and  the  point  of  projection  be  the  axis 
of  y :  and  let  the  axis  of  x  be  drawn  parallel  to  the  line  of  pro- 
jection ;  let  the  distance  from  the  origin  to  the  point  of  projec- 
tion be  ^1 :  then  the  equations  of  motion  are 

dt^  =  -^''^      n^^  -^y^ 

and  by  a  process  parallel  to  that  of  Art.  287,  we  shall  have 
fA^       ya  _  1 

which  is  the  equation  to  an  ellipse^  referred  to  oblique  coordi- 
nates, whose  centre  is  at  the  origin,  and  of  which  the  angle  of 
ordination  is  (say)  a>,  where  c*  is  the  angle  between  the  line  of 
projection  and  the  line  joining  the  point  of  projection  and  the 
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centre  of  force.     If  a  and  b  are  the  principal  semi- axes,  then 
by  the  properties  of  such  axes  we  have, 


aO  =  — --  sin  0) ; 


-h*i^-f 


2uii8ina)\^     /u 


)%(-+*x»- 


2ubisina)\^ 


)i 


2tt^8inttN^ 


2ubiBiaf»\^ 


n 


293.]  Two  material  particles  m  and  m'  attract  each  other 
with  a  force  varying  directly  aa  their  masses  and  inversely  as 
the  square  of  the  distance;  it  is  required  to  determine  the  mo- 
tion of  m  relatively  to  m^ 

Let^  in  reference  to  m'  placed  at  the  origin  o  (which  is  move- 
able), X,  y,  z  be  the  coordinates  to  m  at  the  time  /,  and  let  r  be 
the  distance  of  m  from  o ;  then  since  the  impressed  velocity-in- 
crement which  acts  on  m  and  attracts  it  towards  m  along  the 

line  r  is  — 2 ,  therefore  the  components  of  the  impressed  velo- 
city-increments on  ni  at  the  origin  are 

mx         my  mz 


-8   > 


and  the  components  of  the  impressed  velocity-increments  on 


m  are 


mx 


fny 


mz 


(138) 


Therefore  by  reason  of  (58)  in  Art.  259, 
d^x  {m-\-m')x  ^  ^ 
li^'^  ^  "  " 
d^y  ,  {m^m')y  _ 
dt^  +  r»  ""  " 
d^z  (m-fmQr  _ 
dt^  +        r^        -  " 

and  the  equations  of  motion  of  m'  relatively  to  m  wiU  be  similar 
in  form :  and  therefore  m  will  describe  relatively  to  m'  a  curve 
similar  to  that  which  m'  will  describe  relatively  to  m. 

And  to  determine  the  path  of  m  relatively  to  m' :  multiplying 
the  second  of  (188)  by  j?,  and  the  third  by  y^  and  subtracting, 
we  have 
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therefore  integrating^ 

dy        dz 


.    .,    ,  dz        dx       . 

similarly^  ^  ^  ""  ^  ^  ^  ^ 

dx        dy       j^ 


>\  (189) 


where  hi,  As,  As  are  arbitrary  constants :  now  multiplying  these 
severally  by  or,  y, «,  and  adding, 

Aia?+Aay+A8«  =  0;  (140) 

which  is  the  equation  to  a  plane  passing  through  the  origin, 
that  is,  through  m',  and  therefore  the  motion  of  the  particles  is 
wholly  in  one  plane. 

Again  from  (138)  and  (139),  and  writing  fi  for  m+m',  we  have 
-  d^z      ,  d^y  (    dz         dx\iiz      /   dx        dy\uy 

rdx—xdr 
since  ^+y*-|-«^  =  r\  and  xdx-^ydy+zdz  =  rdr; 


dz  dy       A*a?       . 

••    ^'di'^di^T^^' 

similarly,       Aj^  -  Ai  ^  =  ^  +/» 
dy      jL*P_/*^,/ 


(141) 


where /i,ys,^  are  three  undetermined  constants:  now  multi- 
plying these  severally  by  x,  y,  Zy  and  adding,  and  observing 
(189),  we  have . 

f^r+fix+f^y+fsz  «  Ai«+Aa»+A3»;  (142) 

and  if  r  is  replaced  by  {x^+y^+^)^y  and  the  equation  is  cleared 
of  radical  quantities,  it  is  that  to  a  surface  of  the  second  order ; 
and  as  the  intersection  of  it  by  the  plane  (140)  is  a  conic,  it 
follows  that  the  path  of  m  relatively  to  m'  is  a  conic :  and  simi- 
larly m'  describes  a  conic  of  the  same  species  relatively  to  m. 
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In  reference  to  (142)  I  would  observe,  that  if  (x,  y,  z)  is  a 
point  in  the  orbit  of  iii,/ia?+/ty+^«— (V+V+W)  is  pro- 
portional to  the  perpendicular  from  (x,  y,  z)  to  the  pkne 

/ia?+/ay+/8«-(V+V  +  W)  =  0;  (148) 

and  r  is  the  distance  from  the  origin  to  the  same  point :  there- 
fore from  (142)  it  appears  that  the  distance  from  the  origin  to 
any  point  on  the  surface  has  a  constant  ratio  to  the  perpendi- 
cular distance  from  the  point  on  a  fixed  plane:  the  surface 
therefore  is  one  of  revolution  of  a  conic  about  its  axis,  which  is 
perpendicular  to  the  given  plane  (148),  the  origin  being  the 
focus  of  the  conic,  and  the  given  plane  being  generated  by  the 
revolution  of  the  directrix.  Hence  also  the  direction-cosines  of 
tiie  axis  of  the  surface  are  proportional  tofi,f%,fz:  and  since 
by  reason  of  (141), 

hifi+lhA+hsfi  =  0,  (144) 

it  appears  that  the  plane  (140)  passes  through  the  axis :  there- 
fore the  conic  in  which  m  moves  is  a  principal  section  of  the 
surface  (142) ;  and  m'  is  placed  in  the  focus :  m  therefore  de- 
scribes relatively  to  m'  a  conic  with  m'  in  the  focus  :  and  simi- 
larly m'  describes  relatively  to  m  a  conic  about  m  in  its  focus. 

Also  multiplying  the  equations  (138)  severally  by  2<£r,  2dy, 
and  2dz,  and  adding  and  integrating,  we  have 

5^=f +  c;  (145) 

where  c  is  another  undetermined  constant;  but  it  is  to  be 
observed  that  all  the  undetermined  constants  may  be  found  in 
terms  of  the  initial  velocity,  the  direction  angles  of  its  line  of 
motion,  and  the  coordinates  of  the  point  of  projection. 

The  eccentricity  of  the  conic  may  thus  be  found.  Since  the 
ratio  of  the  focal  radius  of  a  conic  to  the  perpendicular  from  a 
point  on  it  to  the  directrix  is  that  of  e  to  1 :  and  since  from 
(143)  the  perpendicular  from  the  point  {x,  y,  z)  on  the  directrix 

•   !:  =  +       r(/i«+^>4-/3»)* 


P  "  -/i^+/ay+/8«-(^i"-f  V+V)' 

^  r(/i'-h/>H/8^)* 
fir 
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If  the  path  of  m  is  au  ellipae,  the  equations  of  the  major  axis  are 

£-=y~  =  —  =  t*"  (147) 

fx  f»  /.  (/,»+/,» +/8»)*' 

and  substitating  for  these  yalnes  in  (142),  and  taking  ri  and  ri 
to  be  the  greatest  and  least  valnes  of  r,  and  substituting 
A*  =  A,« + A,» + A,»,  /•  =  /i*  +/>»  +/»•,  we  have 
A«  A» 

•  •     ''i  +  '^»  =  Za  =  ^j:zfi' 
AV 

and  if  t  is  the  inclination  to  the  plane  otxy  of  the  plane  of  motion, 

then  from  (140),  ^ 

cos  »  = ' r ;  (140) 

(Ai^-hV  +  V)* 
and  if  a  is  the  angle  between  the  axis  of  x  and  the  line  of  inter- 
section of  the  plane  of  m*s  motion  with  the  plane  of  xy^  then 

tann  =  --J^;  (150) 

and  thus  the  plane  of  the  motion  is  completely  determined. 

And  thus  (149)  and  (150)  give  the  position  of  the  plane  in 
which  m  moves :  (147)  give  the  direction-angles  of  the  major 
axis  of  the  ellipse,  and  therefore  assign  the  position  of  the 
eUipse ;  and  (146)  and  (148)  give  the  dimensions  of  the  elliptic 
path. 

This  problem  is  manifestly  the  astronomical  one  of  two 
bodies  m  and  m'  moving  relatively  to  each  other,  and  under  the 
action  of  their  mutual  attractions,  and  on  this  account  I  have 
considered  it  at  greater  length  than  would  otherwise  be  neces- 
sary. The  determination  of  the  other  incidents  of  the  motion 
requires  data  which  it  would  be  out  of  place  here  to  enter 
upon. 

294.]  If  two  particles  m  and  m'  move  subject  to  their  mutual 
attractions,  the  centre  of  gravity  of  them  either  remains  at  rest 
or  moves  in  a  straight  line. 
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Let  the  positions  of  the  particles  m  and  m'  at  the  time  /  be 
respectiyely  (Xj  y,  z),  and  (s\  t/^  z') :  and  let  r  be  the  distance 
between  them,  and  to  fix  our  thoughts,  let  us  suppose  m  farther 
from  the  origin  than  m';  then  the  equations  of  motion  of  the 
two  relatively  to  the  fixed  origin  are, 
d^x     -m'ix-^x')     d^y_^m\y-y')     d^z  _--m\z--7!) 

dt^  '^       r»      '     dt^   ^       r*      '      *«   "       r»      '^    ^ 

Let  (^,  y,  ^)  be  the  position  of  the  centre  of  gravity  of  m  and 
m'  at  the  time  /  :  therefore 

(w-i-m')^  =  mx-\-ni!x'  •\ 

(wi+m')y  =  fny-\^m'y'  U  (154) 

(m+m')^  =  mz-\-mW  J 
and  differentiating  these  twice  we  have,  by  reason  of  (153), 

(m+m')~?  =  (m4-m')g  =  (m  +  w')^  =  0;     (155) 

•  •     *«  "  dt^  -  *>  -  "•  ^^^^^ 

Suppose  a,  j3»  y  to  be  the  components  of  the  velocity  of  the 
centre  of  gravity,  when  ^=  0 ;  and  let  (a,  i,  c)  be  its  position : 
then  integrating  (156), 

dx  ^  ^  _  dz  _ 

*"""*'  dt"^'  di"^'' 

x—a  =  o/,        y— A  =  )3/,        ?— c  =  y/;  (157) 

£i:f  =  Ez*==£z£;  (158) 

a  p  y 

which  are  the  equations  to  the  rectilinear  path  of  the  centre  of 
•    gravity  of  m  and  mf;  if  a  =  0  =  y  =  O,  so  that  the  centre  of 
gravity  is  at  rest  when  /  =  0,  then  for  all  values  of  i  we  have 

^=:a,  y  =  b,  z  =i  c;  (159) 

so  that  the  centre  of  gravity  remains  in  the  same  position ;  of 
this  property  an  example  has  already  occurred  in  Art.  237. 

The  equations  of  motion  of  m  and  ni  relatively  to  their  centre 
of  gravity  may  be  calculated  as  follows. 

Let  (f,  7j,  C)  (f',  r{,  C)  be  the  positions  of  m  and  m'  relatively 
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to  the  centre  of  gravity  as  origin ;  let  r  be  the  distance  between 
m  and  m';  p  and  p'  the  distances  of  m  and  ml  from  their  centre 
of  gravity,  so  that    m  +  m' ^  m^  ^  m 

r  p        P  ' 

Now  the  ^-component  of  the  expressed  velocity-increment  of  m 
is  as  follows :  -•  >  ,i      «.  v  ^ 


wt  +  m'  p' 


similarly    _  =  -__,_;         _=-___, 
By  a  similar  process  we  find. 


The  identity  of  form  of  these  equations  shews  that  the  paths 
which  m  and  m!  describe  about  their  centre  of  gravity  are 
similar ;  and  as  the  form  is  the  same  as  that  of  the  equations 
(138),  it  follows  that  the  paths  are  conies,  of  which  the  foci  are 
in  the  centre  of  gravity  of  the  particles. 

295.]  There  is  another  important  problem  of  the  same  kind^ 
the  differential  equations  of  which  it  is  desirable  to  insert. 

It  is  required  to  calculate  the  motion  of  m  relatively  to  m^ 
when  M  and  m  are  acted  on  by  another  particle  m\  the  law  of 
attraction  of  all  three  b^ging  that  of  gravitation. 

Let  (07,  y,  z)  {x\  y,  /)  be  the  positions  of  w  and  of  w'  relatively 
to  M  at  the  time  t ;  and  let  r  and  /  be  the  distances  of  m  and 
of  ml  from  M  at  the  same  time  :  and  to  fix  our  thoughts  let  us 
suppose  m'  to  be  farther  from  m  than  m :  then  by  virtue  of  the 
principle  of  Article  259,  the  velocity-increment  of  m  due  to  the 
attraction  of  m  and  of  m'  is  to  be  impressed  on  m  in  a  direction 
the  opposite  of  that  along  which  the  attractions  of  m  and  m'  act ; 
therefore,  for  the  07-component  of  the  velocity-increment  of  m, 
we  have 

d^x mx  ^  nix'     ux     m'{x'^x) 

^"     "^     "7^ ""  "^  "^  {(y-,-)«+ (y'„  y)«+ (^-  z)^]i 

(m-\-u)x     mV     m'{x'—  x) • 

r8  r'3       {(x'^x)^^(y'-^y)^^{zf^z)^^' 
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similarly 

d^y (m-hM)y 


443 


(m-|-M)2r 


d^z 

dfi  "  r» 

Let 


/dK 

\dx 


my'  m'iy'^  y) 

wV     w'(/~g) 

^*  "^{(y_a?)«  +  (y'-y)«-h(;^-i^)«}«' 

=  r;  (160) 


m 


{{af-  a?)*  +  (y-  y)»  +  (a-  «)*}  * 
m'{«'—x) 


and  with  rimilar  yalues  for  (^  j  and  (^) • 
So  that  the  equations  become 


(161) 


+ 


dt* 

dt* 
d'z 


(m+M)y 
(m+u)z 


+  O-0 
-0  =  0 


^; 


(162) 


dfi  ^        r* 

B  is  called  t?te  disturbing  Junction,  because  it  alone  involves  m\ 
which  is  the  mass  of  the  body  which  disturbs  the  otherwise 
conic  path  of  m  relatively  to  m. 

The  problem  is  manifestly  that  of  the  moon  moving  about 
the  earth,  the  sun  being  the  disturbing  body :  or  of  a  planet 
moving  about  the  sun^  another  planet  being  the  disturbing 
body. 


Section  5. — 7%^  curvilinear  motion  of  a  particle  in  a 
resisting  medium. 

296.]  When  a  particle  describes  a  curvilinear  path  in  a  re- 
sisting medium,  the  momentum  of  the  molecules  of  the  medium, 
which  they  have  on  account  of  their  displacement  and  on 
account  of  the  particle  passing  amongst  them,  is  withdrawn 
from  the  moving  particle^  as  was  explained  in  Art.  219,  and 
frt)m  it  in  the  line  in  which  it  moves :  the  medium  therefore 
has  no  effect  in  diminishing  the  velocity  of  the  particle  in  the 
line  which  is  normal  to  its  path;  and  the  loss  takes  place 
along  the  tangent  to  the  curvilinear  path :  we  proceed  to  con- 
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sider  the  circumstances  of  a  particle  moving  in  such  a  resutiiig 
medium. 

Let  us  consider  the  moving  particle  to  be  spherical  in  form, 
so  that  an  equal  surface  is  presented  to  the  medium,  whatever 
is  the  line  in  which  the  particle  moves :  fmd  to  take  the  general 
case,  whatever  is  the  law  of  the  resistance  of  the  medium,  let  r 
represent  the  velocity4ncrement  (or  decrement)  which  the  re- 
sisting medium  withdraws  from  the  velocity  of  the  particle  m  in 
the  line  of  its  motion,  that  is,  along  the  tangent  of  its  curvili- 
near path  in  an  unit  of  time  ;  then  if  x^  t,  z.  are  the  three  im- 
pressed velocity-increments,  the  equations  of  motion,  referred 
to  three  rectangular  axes^  of  a  particle  moving  in  space,  are 

IF  •"^"** 


d^z  __  dz 


(163) 


since  ^j  ;^>  ^  ^^  *^®  direction-cosines  of  the  tangent  of  the 

curvilinear  path,  that  is,  of  the  line  of  action  of  a :  now  multi- 
plying these  severally  by  2dx,  2dy^  and  2dz,  and  adding,  we 
have, 

let  v  =  the  velocity,  when  /  =  0 ;  and  using  the  symbols  indi- 
cative of  definite  integration  according  to  the  following  form, 
so  that  the  limits  may  be  those  corresponding  to  /  =  /  and  to 
/  =  0,  we  have 

t?a— va  =  2/  (xdip+Yrfy+8€fe)-2/  Brfy;  (165) 

Jo  Jo 

Also  because 

d^s   _  dxd^x      dy  d^y      dzd^z 
IF  ""  dilF'^dilF'^di'dF' 

d^s  dx        dy        dz 


(166) 


that  is,  the  expressed  velocity-increment  along  the  curve  is  that 
due  to  the  impressed  forces  less  that  due  to  the  resistance. 

Also  if  F  is  the  resultant  of  the  impressed  velocity-incre- 
ments ,  then 
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(dPx        dx^    (d^y        dy\^    (d^z       dz"^ 

_  {d*x)*  +  (d*y)*+{d'z)^     .    dxd^x+dydhf+dzdH       , 
IT*  "'"'**  dadt^  +* 

if  p  u  the  radius  of  absolute  curvature  of  the  path ;  that  is,  the 
resultant  of  the  impressed  velodty-increments  consists  of  two 
components,  the  lines  of  action  of  which  are  at  right  angles  to 
each  other ;  and  of  which  one  acts  along  the  principal  normal 

to  the  curvilinear  path,  (see  Art.  255),  and  is  equal  to  — ,  and 

P 
the  other  acts  along  the  tangent  and  is  the  sum  of  the  tan- 
gential expressed  velocity-increment  and  the  resistance.  This 
resolution  is  therefore  the  tangential  and  the  normal  one,  see 
Art.  254;  and  therefore  if  t  =  the  tangential  impressed  velodty- 
incrementy  and  n  =  the  normal  impressed  velocity-increment, 

d^8 


"=d^  +  ^ 


N   = 


>. 


(168) 


297.]  If  the  motion  is  wholly  in  one  plane  we  may  take  that 
plane  to  be  the  plane  of  xy ;  and  if  we  resolve  along  the 
rectangular  axes  of  x  and  y,  the  equations  of  motion  are. 


d^x  _  dx^ 


a?  =  v-R^ 


>. 


(169) 


dt^  ~  '        ds 
And  if  we  take  the  tangential  and  normal  components,  we  have 

d^8 


dt^ 


=  T  — E 


>; 


or, 


—  =  N 
P 

d^s  dx 
dt^ 

v^  dy        dx 

=:   X— ^  —  Y 

p  ds         ds 


=  ^rfF+^^-* 


(170) 


(171) 
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and        »«— v»  =  2/  (xdr  +  vrfy)  — 2/  e A 

•'o  Jo 

=  2/  (T-R)*. 


[298. 

(172) 
(178) 


And  if  the  motion  is  referred  to  a  system  of  polar  coordinates, 
and  if  v  and  q  are  the  radial  and  transversal  components  of  the 
impressed  vdodty-increments,  then  from  Art.  256,  and  because 

■y-  and  —J—  are  respectively  the  sine  and  cosine  of  the  angle 

between  r  and  the  normal  to  the  curve. 


d*r        d0* 
dt*      ^  dt* 


dr 


*•  «w       d*e^  _    _  rde 

dt  w^^dt*  ~^  *"sr 


>i 


(174) 


and  therefore  also 
d'a 
dt* 


dr        rdd 


ffl  dr        rdO 

p  08  08 


>. 


(175) 


The  first  of  these  last  two  being  multipHed  by  2  d!*  and  inte- 
grated gives  rt 

t>«-v«  =  2/  (prfr-f Qrrf^-E*);  (176) 

Jo 

and  these  general  formuls  are  sufficient  for  the  solution  of  all 
problems  relating  to  motion  in  a  resisting  medium. 

298.]  A  particle  moves  in  a  resisting  medium  imder  the 
action  of  forces  parallel  to  the  axes  of  x  and  y ;  it  is  required 
to  determine  the  law  of  resistance  so  that  a  given  plane  curve 
may  be  described. 

Let  the  impressed  forces  parallel  to  the  axes  of  x  and  y  be 
X  and  y;  and  let  r  be  the  resistance;  then  by  (171), 
^     dx        dy      d^8 


dt^ 
d^ 
dfl  ^ 


xdy—Ydx 

=  "    d,    -' 

1  d    pindy—Ydx) 
'ids'      .    ds  ^ 


_  x<fcc-fYrfy      1  d    pixdy-^rdx) 
""         ds  2*'  ds  ' 


(177) 


into  which  expression  t,  which  has  been  equicrescent,  does 
not  enter;  we  are  therefore  free  to  make  any  other  variable 


Digitized  by  VjOOQ  IC 


298.]  RESISTING  MEDIUM.  447 

eqnicrescent :  and  the  expression  will  hereby  become  somewhat 
less  complicated. 

If^  according  to  the  law  investigated  in  Art.  219^  the  resist- 
ance varies  as  the  density  and  as  the  square  of  the  velocity^  and 
if  the  density  also  varies,  and  the  law  of  its  variation  is  to  be 
discovered  so  that  a  given  curve  may  be  described,  then  if  s 
represents  the  varying  density, 
E  =  s  X  t;*, 

R 

•      ft  — 

^  1  X^+T^  _  1    rf  Pjxd^-Td^       (178) 

p  ndy—Ydx      2  da      ^  da 

Ex.  1.   A  particle  describes  a  parabola  under  the  action  of  a 
constant  force  parallel  to  its  principal  axis:  it  is  required  to 
determine  the  law  of  resistance. 
Let  the  equation  to  the  parabola  be,  y'  =  4a^ ;  so  that 

dy  ^  dx ds         _  ds 

2a  ""  y  "■  (y>+4a2)*  ""  (4aiF+4a«)4* 
2(a?+a)» 

In  this  case  y  =  0,  x  =  a  constant  =  *  (say) ;   therefore  by 

=  0; 
that  is,  in  vacuo  only  does  a  particle  moving  under  the  action 
of  a  constant  force  parallel  to  the  axis  of  x  describe  a  parabola. 
See  Art.  276,  Ex.  8. 

Ex.  2.  A  particle  moves  in  a  circle  under  the  action  of  a  con- 
stant force  in  parallel  lines,  and  the  resistance  of  the  medium 
varies  as  the  density  and  the  square  of  the  velocity :  it  is  re- 
quired to  determine  the  law  of  variation  of  the  density  of  the 
medium. 

Let  the  equation  to  the  circle  be,  x^  +  y^=^a^;  therefore 

(to dy  ^  ds  ^ 

y  "      ^  ~  T* 
and  let  the  line  of  action  of  the  constant  force  be  parallel  to  the 
axis  of  y :  so  that 

X  =  0,      Y  =  a  constant  =  —  *  (say) ; 

therefore  from  (178),         s  = 


2ay' 
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2d9.]  A  particle  moves  in  a  resutiBg  ine£iim  under  the  ac- 
tion of  a  central  force  p  ;  it  is  required  to  find  the  law  of  resiat- 
ance^  so  that  a  given  curve  may  be  described. 

From  (175),  if  q  =  0,  we  have 

d*8  dr  ds^  rde 

d^s  __  _l£       rde 
•  •      rf/>   "        2dB'^^  d8   ' 

dr      Id    Tor  do  ,,^^, 

J    .  rdr        ,  rdO     p 

and  smce  p  =  -j—,  and  -j—  = -, 

'^       dp  ^  ds       r' 

••  '=^/*''''*'  <>"" 

whereby^  if  the  law  of  resistance  and  the  equation  of  the  curve 
are  given,  the  central  force  p  may  be  found. 

Again,  if  the  resistance  varies  as  the  density  and  as  the 
square  of  the  velocity,  and  if  the  density  also  varies,  and  the 
law  of  its  variation  is  to  be  investigated,  so  that  a  given  curve 
may  be  described,  then  if  s  represents  the  density, 


s  = 


and  if  the  density  of  the  medium  is  given,  and  the  central  force 
is  to  be  discovered,  then  from  this.last  equation  we  have, 

where  h*  is  a  constant  introduced  in  integration. 

And  (184)  may  be  put  under  the  following  elegant  form : 

Let 


1 

1       ,    rf«« 

.     . 

-7  =  '('^'^)* 

=  -^(«  +  S)$' 
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=  A»tt»  ( 


«  + 
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(185) 


Ex.  1.  A  particle  moves  in  the  circumference  of  a  circle  under 
the  attraction  of  a  central  force  whose  origin  is  a  point  in  the 
circumference,  and  the  law  of  which  varies  as  the  nth  power  of 
the  distance ;  it  is  required  to  determine  the  law  of  the  density 
and  the  resistance  of  the  medium. 

Let  the  radius  of  the  circle  be  a,  and  let  the  pole  be  at  the 
centre  of  force,  then 

r*  =  2ap,   and  p=— /xr";    also  rdr  =  {r*'-p^)^ds; 

therefore  from  (181), 

— /A(/i  +  5)r~+*  dr 
ds 


R  = 


and  from  (183), 


s  = 


16  aV 

-/A(n  +  5)r"(4fl^— r')^ 
8a 
(n  +  5)(4fl«-rg)^ 
4ar 


(186) 
(187) 


It  appears  therefore  that  if  n  =  —  5,  that  is,  if  the  central  force 
varies  inversely  as  the  fifth  power  of  the  distance,  r  =  0  and 
8  =  0;  that  is,  the  particle  must  move  in  vacuo ;  also  if  r  =  2  a, 
whatever  n  is,  the  resistance  and  the  density  vanish. 

300.3  To  determine  the  motion  of  a  projectile  under  the 
action  of  gravity  in  a  medium  of  which  the  resistance  varies 
directly  as  the  velocity  and  of  which  the  density  is  uniform. 

Let  the  velocity  of  projection  be  u,  and  let  the  point  of  pro- 
jection be  taken  as  the  origin :  let  the  horizontal  plane  through 
it  be  that  of  xy,  and  let  the  axis  of  z  be  measured  in  a  direction 
contrary  to  that  of  the  action  of  gravity :  let  the  resistance  be 

ds 
^-TfjOi  which  the  components  along  the  coordinate  axes  are 


din        dy        dz 
dt'       dt'       dt' 

so  that  the  equations  of  motion  are 

d*x           ,dx 

dt*  ~         dt 

d*y              dy 
dt*  ~         dt 

S 

(188) 

d*z                 ,  dz 

dt*  =  -^     **J 

PRICE,  VOL.  III. 

3M 

Digitized  by  CjOOglC 

450  MOTION  OF  A  PROJECTILE  [3OO. 

from  the  first  and  second  of  which  we  have 
dyiPx—dxd^y  =  0, 
d^x      d^y  ^      dx      ,      dy 

which  is  the  equation  to  a  plane  passing  through  the  axis  oiz, 
in  which  therefore  the  motion  of  the  particle  takes  place. 

Since  then  the  motion  takes  place  in  one  plane,  let  us  assume 
that  to  be  the  plane  of  xy ;  and  let  the  point  of  projection  be 
the  origin,  and  let  the  horizontal  line  through  the  origin  be  the 
axis  of  ^ ;  and  let  the  angle  between  the  line  of  projection  and  the 
axis  of  ^  =  a :  and  let  the  axis  of  y  be  taken  in  a  direction  the 
opposite  of  that  of  gravity :  so  that  the  equations  of  motion  are 

d^x  ^  _i.^       1 
I  .    \\  (190) 

dt^  "    ^  '^dtj 

firom  the  former  of  which  we  have  by  definite  integration 

J-.ficoso=  -*a?;  (191) 

at 

.'•     r~  =  *,  log =  —  */; 

tfcosa— A:<r  ^     tt  cos  a 

...     ^  =  ii^  {!_«-«},  (192) 

the  limits  of  integration  being  the  ralues  corresponding  to  /  =s  / 
and  to  ^  =p :  and  from  the  latter  of  (190)  we  have, 

^  — ttsina  =  —fft—ky, 
^  +  *y  =  ttsino-^/;  (198) 

.-.     y  =  ('^  +  k)    (ttsmo-^0 

.-.     *y+^/=  (ttsina  +  |)(l-c-*0;  (194) 

and  eliminating  t  by  means  of  (192)  and  (194)  we  have, 
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y  =  0?  tan  a  +  ,  ^"^       +  ^  log  (l  -  -^^) ;        (195) 

which  is  the  equation  to  the  path  of  the  projectile. 

801.]  If  we  expand  the  logarithmic  term  in  the  preceding 
expression,  the  equation  becomes 

'^'^^  ■*"*«coso      it*  (ttcosa"*"2u2(coso)«"^8tt8(cosa)»  ■*■'") 

=  4?tano-H-^T^ — ^-o-rr^-Ti-- •  (196) 

2«*(cosa)*      8tt«(coso)'  ^       ' 

of  which  series  all  terms,  except  the  first  two,  contain  k  (the  co- 
efficient of  resistance) ;  and  if  /b  =  0,  the  equation  is  that  to  the 
parabolic  path  which  is  the  trajectory  of  a  projectile  in  vacuo, 
see  Article  281 ;  and  thus  the  terms  on  the  right-hand  side  of 
(196),  after  the  first  two,  express  the  excess  of  the  ordinate  of 
the  parabola  described  in  vacuo  over  the  ordinate  of  the  curve 
whose  equation  is  (196) :  the  trajectory  (196)  therefore  is  of  a 
form  somewhat  parabolic,  but  the  curve  recedes  firom  the  direc- 
trix more  than  a  parabola. 

Also  by  reason  of  (191),  jT  =  0  if  a?  =  — r — ;   for  this 

value  of  X  therefore  the  horizontal  velocity  vanishes,  and  the 
projectjta  moves  in  a  vertical  path ;  and  therefore  a  vertical  line, 

at  a  distance  =  — r —  from  -the  point  of  projection,  is  an 

asymptote  to  the  curve. 

Also  from  (195)  ^  =  0,  that  is,  the  projectile  comes  to  its 
highest  point  when 

0  =  tan  a  +  ^ j- ^ j— ,  (197) 

A:t«cosa      ^(ttCOsa^Ara?) 

....       ,  «' sin  a  COS  a 

that  18,  when  x  = 


g-\-kufSiX!La  ' 
and 


*  g'\-kusiaa' 


Also  from  (197),  ifa?=— oo,-/  =  tano  +  j—^ — ;  that  is, 
^       ^*  '  rfa?  Att  cos  a 

the  curve  being  produced  backwards  through  the  origin  con- 
tinually approaches  to  a  certain  definite  angle  with  the  axis  of  x, 

802.]  But  the  most  important  application  of  this  theory  is 
that  of  gunnery,  in  which  the  motion  takes  place  in  air,  the 

3U% 
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resistance  of  which  (at  least  approximately)  varies  as  the  square 
of  the  velocity ;  and  thus  the  following  problem  offers  itself  : 

A  particle,  or  a  spherical  homogeneous  ball^  acted  on  by  gra- 
vity^ is  projected  with  a  given  velocity  tt  in  a  given  line,  in  a 
medium  of  which  the  resistance  varies  as  the  square  of  the  velo- 
city and  the  density  is  uniform :  it  is  required  to  determine  the 
circumstances  of  motion. 

It  may  be  shewn,  by  a  process  similar  to  that  at  the  com- 
mencement of  Art.  300,  that  the  motion  takes  place  in  one  plane ; 
and  therefore  we  may  assume  that  plane  to  be  the  plane  of  xy. 

Let  u  =  the  velocity  of  projection ;  and  let  a  horizontal  and 
a  vertical  line  through  the  point  of  projection  be  the  axes  re- 
spectively of  X  and  y :  let  the  axis  of  y  be  taken  upwards :  let  a 
be  the  angle  between  the  axis  of  x  and  the  line  of  projection : 

and  let  the  resistance  of  the  medium  be  ^^-rr^  \  then^  as  the  line 
of  action  of  this  is  the  tangent  of  the  curve^  its  components  are 

and  as  k,  see  Art.  319^  varies  directly  as  the  density  of  the  me- 
dium, as  the  surface  which  the  moving  ball  presents  to  the 
medium,  and  inversely  as  the  mass  of  the  ball,  then,  as  the  ball 
is  spherical  and  the  density  is  uniform,  k  is  constant.  Thus  the 
equations  of  motion  are 


d^x  __       j,d8dx 
W  ~  "    dtdt 

dt^  -      ^       dt  dt  J 


(198) 


Integrating  the  first  of  these,  and  taking  the  limits  correspond- 
ing to  /  =  /  and  to  ^  =  0,  we  have 

d^x  dx 

di^  .d8  .         di  . 


dx  dt'  '  '        ^  tt  cos  a 

dt 

.-.     ^  =  ttcosae-*'.  (199) 

Again  from  (198),  and  transforming  the  equations  so  that  / 
is  not  equicrescent,  we  have 

d^ydx—cPxdy 

— r-= —  =    —  Q  dx  : 

dt^  ^      ' 
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therefore  from  (199), 

and  integrating,  and  taking  the  limits  corresponding  to  /  =  / 
and  to  /  =  0^  we  have 

-tanaseca-log(tana  +  8eca)  =  -  j^--^X_(e2**_i).  (202) 
and  for  convenience  let  ns  substitute, 

tan  a  sec  a  +  log  (tan  a  +  sec  a)  +  ^^^  ^^       =  c;      (203) 
so  that  (201)  becomes, 

_  Id  idy\ 

tLx 

=  kdx,    (205) 


"  %{'-%)' Mt^('*P\- 


^dM 
dx    '  dx 

=  kdy'.  (206) 


from  which  equations,  were  it  possible  to  integrate  them,  x  and 

y  might  be  found  in  terms  of  -^ ;  and  if  ~  were  eliminated 

from  the  two  integrals,  the  resulting  equation  in  terms  of  x  and 
y  would  be  that  of  the  required  trajectory. 

But  as  the  equations  are  not  integrable,  we  must  deduce 
from  them  in  their  present  forms  such  results  as  are  possible. 

Equating  the  values  of  e*'  which  are  given  in  equations 
(199)  and  (204),  we  have 

dt  ^ •  (207> 
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whence  might  the  time  be  found  in  terms  of  ^:  also  squaring 
(205)  and  (206),  and  dividing  by  the  square  of  (207),  we  have 


c 


-ti^^^fMt-i'-^n' 


which  equation  gives  the  velocity  in  terms  of  ^. 
808.]  When  ^  =  -  oo , 

so  that  (205)  becomes, 

*^  =  "-^'  ^^^ 

d3^ 
.-.     k{X'-a)  =  -j-^  where  a  is  an  arbitrary  constant : 

therefore  if^  =  — oo,  ;r=:a  =  a  constant ;  that  is,  the  line, 

whose  equation  is  <r  =  a,  is  an  asymptote  to  the  curve.    Also 
under  the  same  supposition  from  (208),  we  have 

(vel.)«  =  |;  (210) 

that  is,  the  velocity  of  the  projectile,  as  it  {iedls  down  the 
descending  branch  of  the  trajectory,  approaches  to  the  constant 

limit  (f)*. 

And    at    the    highest    point   of  the   path,  when   ^  =  0, 

(vel.)»  =  ,^. 

Thus  the  path  of  the  projectile  is  a  curve  of  the  form  deli* 
neated  in  fig.  124,  where  o  a  =  a. 

804.]  The  case  however  frequently  occurs  in  practice  wherein 
the  angle  of  projection  is  very  small ;  and  where  the  ball  rises 

very  little  above  the  horizontal  line;   and  therefore  ^  being 

very  small,  we  may  throughout  the  path  on  the  upper  side  of 

the  axis  of  x  neglect  powers  of  ^  Jiigher  than  the  first.     In 
this  case  then 


Digitized  by  VjOOQ  IC 


304.]  IN  A  RESISTING  MEDIUM.  456 

ds  =  djff;  .".     «  =  0?: 

so  that  (200)  becomes, 

dx  tt*  (cos  of  ' 

••.     ^-tano  =  -olTTT ^  («"'-!)  i 

dx  2*tt*(co8o)* 

^  ^2A:tt*(coao)*      4*«tt*(coso)*^  '^'^       ^ 

and  expanding  in  a  series  the  last  term,  we  have 

y  =  ^tana-^  ^^^    ,,  -  ^   f,  ^    x«  -  "-        (212) 
^  2tt*(coso)*      8tt*(coso)>  ^       ^ 

which  equation,  if  the  terms  involving  k  are  omitted,  is  that  of 
a  parabola,  which  is  the  path  of  the  projectile  in  vacuo.  It 
appears  therefore  that  the  ordinate  of  the  actual  curve  is  that 
of  the  parabola  diminished  by  a  quantity  which  is  the  sum  of 
all  the  terms  of  the  right-hand  member  of  the  last  equation 
except  the  first  two. 

Also  from  (199),     -rr  =  ttcosae-**; 

.-.     *ttcoso/ =  6*'-l;  (218) 

which  gives  the  time  in  terms  of  the  abscissa. 
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CHAPTER  XL 

THE  FREE  MOTION  OF  PARTICLES,  UNDER  THE  ACTION  OF 
CENTRAL  FORCES. 

Section  1. — General  investigations ;   determination  of  laws  of 
force  and  other  circumstances  of  motion  in  given  orbits, 

805.]  A  central  force  is  that  of  which  the  source  of  influence 
is  at  a  certain  point,  towards  which  it  attracts  or  from  which  it 
repels  any  particle  of  matter  within  reach  of  its  action ;  and 
according  as  the  action  of  it  is  attraction  or  repulsion^  so  is  it 
called  an  attractive  or  a  repulsive  force.  The  forces^  whose 
effects  will  be  considered,  are  supposed  to  be  functions  of  the 
distance  between  their  centres  and  the  particle  on  which  they 
act,  and  not  to  be  functions  explicitly  of  either  the  time  or  the 
velocity ;  the  case  in  which  the  line  of  motion  of  the  particle  is 
coincident  with  that  of  the  action  of  the  force  has  been  consi- 
dered in  Chapter  YIII ;  and  it  remains  for  us  now  to  discuss 
the  case  in  which  the  line  of  motion  of  the  particle  is  inclined 
at  any  angle  to  the  line  of  action  of  the  central  force.  The 
principles  and  equations  of  Chapter  IX  are  sufficient  for  the 
inquiry,  and  have  indeed  been  applied  to  the  subject  in  Arts. 
287,  288,  293,  295,  in  the  form  of  rectangular  coordinate  reso- 
lution :  but  as  the  method  of  resolution  into  radial  and  trans- 
versal components  is  more  convenient,  and  as  formulae  different 
to  any  heretofore  employed  are  deducible  from  them;  and 
moreover  as  nature  presents  to  us  more  instances  of  this  than 
of  any  other  kind  of  dynamical  action,  it  is  desirable  to  devote 
a  separate  Chapter  to  the  inquiry :  and  in  the  course  of  it  we 
shall  take  occasion  to  exhibit  the  first  elements  of  celestial 
mechanics  in  the  form  of  the  simple  elliptic  orbit  which  a 
planet  undisturbed  would  describe  about  its  primary. 

306.]  Let  m  be  the  mass  of  the  moving  particle,  and  let 
(0?,  y,  z)  be  its  position  at  the  time  / ;  let  the  centre  of  force, 
which  we  suppose  to  be  fixed,  be  the  origin  of  coordinates :  and 
let  p  represent  the  central  force,  that  is,  the  impressed  velocity- 
increment  in  an  unit  of  time :  let  r  be  the  distance  of  m  from 
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the  centre  of  force  at  the  time  t :  then  we  suppose  p  to  be  a 
function  of  r;  let  p  be  attractive,  so  that  the  equations  of 
motion  in  terms  of  Telocity-increments  are, 

d^x  _  rx 
W  "T 
rf*y  _  _py 
*«  "■        r 

dfl  "       T 

Now  in  the  first  place  I  shaU  shew  that  the  moving  particle 
is  always  in  one  and  the  same  plane,  and  which  passes  through 
the  centre  of  force. 

From  the  second  and  third  of  (1)  we  have, 


(1) 


y 


dlz 
dfi 


ctt> 


integrating 
similarly 


dz        dy       . 
dx        dz       ^ 

**-''*  =  *» 

dy        dx       , 


(2) 


therefore  mnltiplyuig  these  eqnationa  severally  by  »,  y,  z,  and 


adding, 


hix+hty+h»  =  0; 


(8) 


which  is  the  equation  to  a  plane  passing  through  the  origin, 
which  is  the  centre  of  foroe^  and  in  which  therefore  m  always 
is.  The  orbit  therefore  of  m,  as  the  trajectory  is  caUed^  is  a 
plane  curve. 

This  fact  too  is  evident  by  the  principle  of  sufficient  reason : 
because  every  reason  which  can  be  urged  why  m  should  move 
out  of  the  plane,  which  contains  the  centre  and  two  consecutive 
points  of  the  path,  on  one  side  may  be  shewn  to  be  equally 
valid,  why  it  should  leave  the  plane  towards  the  other  side. 

We  may  therefore,  without  loss  of  generality,  suppose  the 
plane  in  which  m  moves  to  be  that  of  xy. 

807.]  Let  p  represent  the  central  force  and  be  attractive;  let 
the  centre  of  force  be  the  origin,  (x,  y)  the  position  of  m  at  the 
time  t;  r  =  the  distance  of  m  from  the  origin :  then  the  equa- 
tions of  motion  in  terms  of  velocity-increments  are, 

PBICS,  VOL.  III.  3  N 
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dt*  ~       r  J 
therefore  mnltiplying  the  former  by  y,  and  the  latter  by  9,  and 
subtracting,  ^,  ^^ 

therefore  adding  and  subtracting  ^  ^,  and  intq;rating,  we 

where  A  is  an  undetermined  constant.  We  proceed  to  ex* 
plain  (6). 

If  j9  is  the  perpendicular  from  the  origin  on  the  tangent,  by 
Vol.  I,  Art.  186,  (44), 

xdy—ydx  i=  pds; 
therefore  from  (6),  ds  _  h 

dt  "  p'  ^  ^ 

that  is,  the  velocity  at  any  point  of  the  orbit  varies  inversely  as 
the  perpendicular  on  the  tangent  at  that  point  fit)m  the  centre 
of  force. 

Also  transforming  (6)  into  its  equivalent  in  tenos  of  pd«c 
coordinates,  we  have 

jr  =  rcos^l  ^      £te  =  rfrcos^— rsin^rf^  )    •     ^ 

y  =  rsin^  y        '*'     dy  =  rfrsinfl+rcos^iW  | '       ^  ' 

.••    xdy^ydx  =  r^dB\  (9) 

therefore  from  (6),  r^dO  =  h  dt.  (10) 

Now  r^dO  is  twice  the  sectorial  area  which  the  radius  vector 
of  f»  describes  in  the  time  dt^  and  as  it  is  proportioaal  to 
dt  by  (10),  we  infer  that  the  sectorial  areas  described  by  the 
radius  vector  of  m  are  proportional  to  the  times  of  describing 
them :  or  in  other  and  equivalent  words.  Equal  sectorial  area* 
are  described  in  equal  times.    Hence  also  it  appeiUrs  that 

h  =  twice  the  sectorial  area  described  in  one  unit  of  time.  (11) 

Let  us  give  a  geometrical  proof  and  interpretation  of  the 
theorems  (7)  and  (10).  Suppose  s  to  be  the  centre  of  ibree, 
fig.  125,  p  to  be  the  position  of  m  at  the  time  /,  and  the  dement 
PQ  to  be  its  path-element  in  the  time  dt ;  and  let  /  be  equiefes^ 
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cent;  and  let  sr^p  be  the  perpendicular  from  s  on  fq  pro- 
duced. Now  let  PQ  be  produced  to  &'  80  that  q&'^ss  pq  ;  then  if 
no  force  acted,  m  would  at  the  end  of  the  second  dt  be  at  vl; 
but  suppose,  when  m  is  at  q,  the  central  force  to  act  impulsiyely 
and  to  draw  m  oyer  a  distance  qt  in  the  time  dt;  then  at  the 
end  of  dty  if  r'r  is  equal  and  parallel  to  qr,  and  the  parallelo- 
gram TB,'  is  completed,  m  is  at  a ;  by  a  similar  process  and  con- 
struction it  may  be  shewn  that  m  is  at  t  at  the  end  of  the  third 
dt,  and  so  on:  now  since  FQ  =  Qa',  therefore  the  triangles  spq, 
sqr'  are  equal,  and  because  srq,  sr'q  are  on  the  same  base 
8Q  and  between  the  same  parallels,  srqsssr'q;  therefore 
8PQ  =  SRQ  :  similarly  it  may  be  shewn  that  srq  =  str  =  sxtt, 
=  ••.;  and  thus  the  sectorial  triangles  which  correspond  to 
equal  dfs  are  equal.  And  the  same  result  is  true  in  the  limit, 
when  the  polygon  which  is  drawn  in  the  figure  becomes  a  con- 
tinuous curve,  and  the  central  force  acts  continuously ;  and  thus 
under  the  action  of  a  central  force  equal  sectorial  areas  are 
described  in  equal  times. 

Also  let  A  =  twice  the  sectorial  area  described  in  an  unit  of 
time:  letPQscb,  8P  =  r,  psq  =  £/^,  UY=p:  then  the  triangle 

r^dO 
described  in  dt  units  of  time  is  psq  ;  and  the  area  of  fsq  =  — ^~~, 

see  Vol. II,  Art.  128;  and  also  is  equal  to  ^  pqxsy^s^^^; 
*^#  _  r»d»      pds  A«.    s^_     * 

and  therefore  as  equal  sectorial  areas  are  described  in  equal 
times,  so  does  the  velocity  vary  inversely  as  the  perpendicular 
from  the  centre  of  force  on  the  tangent. 

Also  since  37*  =  ;79  ^^  appears  that  the  ratio  of  the  increase 

of  ^  to  that  of  /,  varies  inversely  as  the  square  of  the  radius 
vector  at  the  point. 

Also  if  /  is  the  time  during  which  the  particle  passes  from  a 
point  in  its  orbit  corresponding  to  Oi  to  another  point  correspond- 
ing to  0o>  then  since  • 


=  j/Vrftf;  (12) 


t 
whereby  in  a  given  orbit  the  time  may  be  found  in  terms  of  the 

3  N  J» 
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angle  through  which  the  radius  vector  of  the  particle  has  moved. 
The  means  of  determining  A  in  a  given  orbit  and  under  a  given 
absolute  force  will  be  shewn  hereafter. 

Thus  also  if  A  =  the  whole  area  enclosed  by  a  curve  through 
which  m  has  passed,  and  if  t  is  the  whole  time,  or  the  periodic 
time  as  it  is  called,  n  . 

T  =  ^.  (18) 

808.]  Again  multiplying  the  first  of  (4)  by  %dx,  and  the 
second  by  idy,  and  adding,  we  hav^ 

2dxd^x+2dydhf  _      2r(xda;-j-ydy)  , . 

dt^  -  r  '  ^^ 

but  since    4?*+y*  =  r*,  .•.     xdx+ydy  =  rdr; 

...     ?^^!^#^^  =  -  2P*..  (15) 

Let  V  be  the  velocity  at  a  given  point,  at  which  r  =  R(8ay); 
therefore  integrating  (15),  we  have 

|l^,.  =  «2jr%rfr;  (16) 

.-.     (velocity)*  =  v«- 2/^%  rfr.  (17) 

Let  V  be  the  velocity  at  the  point  to  which  r  corresp<mds : 
and  let  m  be  the  mass  of  the  moving  particle :  then 

»-»iiv«  =  -^Zmjjfdr;  (18) 

and  if  p  is  a  function  of  the  distance  of  m  from  the  centre  of 
force,  it  appears  from  this  equation  that  the  increase  of  vis  viva 
of  the  particle  in  passing  from  one  point  to  another  depends  on 
the  coordinates  of  the  two  points,  and  not  on  the  path  which 
the  particle  has  described  in  the  passage :  the  change  in  vis 
viva  therefore  depends  only  on  the  distance  through  which  the 
force  has  acted  in  its  own  line  of  action.  This  is  another 
instance  of  a  general  principle  of  vis  viva  which  we  shall  have 
occasion  to  investigate  hereafter. 

From  (17)  it  appears  that  the  velpdty  is  the  same  at  all 
points  which  are  equally  distant  from  the  centre ;  for  if  r  =  r, 
the  velocity  =  v :  and  thus  if  the  orbit  is  a  reentering  curve, 
the  particle  always  in  its  successive  revolutions  passes  through 
the  same  point  with  the  same  velocity. 


mv 
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Now  eqnatiiig  the  Talnes  of  tiie  Telocity  \^ss  j-j  in  (7)  and 
(16),  we  have  .,  -, 

^  =  v«-2/  Frfr;  (19) 

P'  J». 

therefore  differentiating  we  have, 

-2A»  .  -    . 


(20) 


p'  ' 

.-.    p 

And  if        r  =  -, 
u 

!g7  s=  — »P( 

-pSdP' 
dr 

or; 

du 

and  Vol.  I,  Art  221,  (19), 

i  =  w.. 

de»' 

-2dp 
•••       P'     ■ 

=  2(ft((«  + 

d*u\ 

therefore  (19)  becomes 

F  =  A*«^{5^  +  «J;  (21) 

and  thus  from  either  (20)  or  (21)  may  the  law  of  central  force 
be  determined^  under  the  action  of  which  a  partide  moves  in  a 
given  curve.  And  from  (12)  or  (13)  may  the  time,  which  is 
occupied  by  its  passage  through  a  given  arc,  or  through  the 
whole  curve,  if  the  curve  is  closed,  be  found.  And  from  (7) 
may  the  velocity  at  any  point  in  the  orbit  be  determined. 

Also  because  that  part  of  the  radius  vector  at  any  point  of  a 
curve  referred  to  polar  coordinates  which  is  intercepted  by  the 
circle  of  curvature,  or  the  chord  of  the  circle  of  curvature,  as  it  is 

dr 
caUed,  see  VoL  I,  Art.  262,  is  equal  to2p-j-,  equation  (20)  gives, 

_=(yel.)»=pP^ 

o        chord  of  circle  of  curvature        .^av 
=  2px T ■ >      (22) 

and  comparing  this  with  (38),  Art.  220,  it  appears  that  a  par- 
ticle at  rest  on  the  curve,  and  moving  from  it  towards  the  centre 
of  force  under  the  action  of  the  force  continuing  constant, 
acquires  the  velocity  which  the  particle  has  in  fts  curvilinear 
course,  when  it  has  moved  through  one-fourth  of  the  chord  of 
the  circle  of  curvature. 

I  may  finally  observe  that  the  results  at  which  we  have  ar- 
rived are  dedudble  from  the  equations  (37),  (38),  Art.  256>  where 
the  impressed  vdodty-incremeuts  are  resolved  into  their  radial 
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and  transreoraal  oomponcaits :  for  here  we  have  a  central  force 
only :  therefore  q  =  0,  and  therefore  from  (89)^  Art.  256, 

-T—  =  a  constant  =  h  (say) ; 

•••    d^-;:8  =  -^-  (28) 

A  point  in  an  orbit  at  which  the  cnrve  is  at  right  angles  to 
the  radius  vector  is  called  an  apse;  the  radius  vector  at  an  apse 
is  called  an  apsidal  distance;  and  the  angle  between  two  con- 
secutive apsidal  distances  is  called  an  apsidal  angle  of  the  orbit. 
The  analytical  character  of  an  apse  is  manifestly 

du 

^  =  0,  or^oo. 

809.]  Examples  illustrative  of  the  preceding  equations. 

Ex.  1.  It  is  required  to  find  the  law  of  force,  the  vdocily, 
and  the  periodic  time^  in  an  elliptic  orbit,  when  the  centre  of 
force  is  in  the  focus. 

Let  the  equation  to  the  ellipse^  the  focus  being  the  pole,  be 

r  =  :i^l:::^,;  (24) 

1  +  g  C08  (> 

•'•     *"  o(l-e»)' 
du  _  eaintf  rf*»  _   —  ecostf 

M~       a(l-e»)'  ^  ~  o  (!-««)' 

rf»«  1 


<W>^  a(l-e»)' 

~  o(l-e») 
A»        1 


therefore  the  force  varies  inversely  as  the  square  of  the  distance^ 
and  is  attractive,  as  appears  by  its  sign^  and  by  the  convention 
as  to  signs  which  was  assumed  in  Art.  806.  Let  /i  be  the  abso- 
lute force  of  the  central  force,  then 

^^       ''  ==  a^-e^y  •'•     *  =  {Ma(l-e»)}*;       (26) 
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80  that  A  is  giyen  in  terms  of  the  absolute  force,  (which  is  the 
mass  of  the  attracting  body,  or  the  sum  of  the  masses  of  the 
attracting  and  attracted  bodies,  if  the  motion  is  relative),  and  of 
the  quantities  which  determine  the  magnitude  of  the  orbit. 

Alsosmce  _  =  tta  +  _ 


2a«— 1 


a«(l-e>>' 


(vel.)«  =  5 


y.{2au-\) 


(27) 


a 

If  T  is  the  periodic  time  in  the  elliptic  orbit,  then,  as  the  area 
of  the  ellipse  s  isab  =  ira}  (1  —  e')^,  therefore  by  (18), 
2ira»(l-e«)* 


T  = 


{Ma(l-.e»)}* 


=  ^a»;  (28) 

therefore  the  periodie  time  Taries  as  the  square  root  of  the  cnbe 
(as  the  sesquiplicate  power)  of  the  major  axk.  As  these  results 
will  come  under  consideration  hereafter,  it  is  unnecessary  now 
to  comment  on  them. 

Ex.  2.  To  find  the  law  of  force  and  the  velocity  in  a  parabola, 
the  focus  of  which  is  the  centre  of  force. 
Let  the  equation  to  the  parabola  be 

r^^^^i  (2i9) 

1  +  cos  d '  ^    ' 

so  -that  B  is  measured  firom  the  line  joining  the  focus  and  the 
vertex. 


»•■•©+«) 


~    2a 

therefore  the  central  force  varies  inversely  as  the  square  of  the 
distance,  and  is  attractive.    Let  /a  =  the  absolute  force ; 

.-.    M  =  |^,  A»  =  2flM;  (81) 


Digitized  by  VjOOQ  IC 


464  C8HTBAL  FOBCSS.  [3<^' 

.-.     (velocity)*  =  -^ 

=  ^.  (32) 

Alw  let  /  be  tbe  time  during  vhich  tbe  particle  moves  £rom 
»  point  oorreaponding  to  ^  to  another  point  corresponding  to 
0ni  tbenby(12), 

_  (2  a)*  f'       ^ 
~    (ti)iJH  (l  +  costf)» 

(2m)*->.   ^       2' 

And  this  value  for  /  may  be  expressed  in  terms  of  r^  and  ro, 
the  focal  radii  vectores  corresponding  to  $n  and  to  0o>  and  of 
the  chord  c  (say)  which  joins  their  extremities. 

For  the  sake  of  more  oonvenient  symbob,  let  tan-^  =:  in, 

B 
tan -^  =:  /o;  bo  that  (88)  becomes. 

By  a  substitution  due  to  C.  F.  Grauss^  let 

But  if  c  is  the  chord  joining  the  extremities  of  r^  and  ro, 
£?«  =  rn^ - 2 rnro cos  (0^-00)  + ro^ 

=  (r«  cos  dn—ro  cos  Bo)* + (rn  sin  ^n— r©  sin  ^)*. 
Also        r»  =  a(l  +  0,  ro  =  a(l  +  V), 

and    cos  ^n  =  i — t*  f        sm  ^^  =  i — r-i ; 


Digitized  by  VjOOQ  IC 


309.]  CSNTRAL  FOBCES.  465 

and  similar  values  are  true  for  cos  ^o  and  sin  ^0;  therefore 

=  4  ««(/,-<,)»,»; 
.-.     e  =  2o(<,— ^o)»j; 

similarly  rn-\-u-c  =  2a  ji;  -  "^T^S  ' 

therefore  substituting  in  (34), 

i  =  -^  {(r«+ro+c)»-(r»  +  n,-c)»}.  (85) 

This  Theorem  is  generally  known  by  the  name  of  Lambert's 
Theorem. 

Ex.  3.   If  the  equation  of  a  hyperbola,  of  which  the  focus  is 

the  pole,  is  a(e«-.l) 

r  = 


1  +  c  cos  ^  ' 


^'^^^         ^=wi2ZTT7?'  (vel.)»  = 


810.]  Ex.  4.  A  particle  moves  in  an  ellipse  about  a  centre 
of  force  in  the  centre ;  it  is  required  to  find  the  law  of  force, 
the  velocity  at  any  point  of  the  orbit,  and  the  periodic  time. 

The  equation  to  the  ellipse  is, 

(cos  d)>       (sin  BY 


ft« 


=  tt>;  (86) 


But  from  (36), 

(cos  d)«  =  ,      (sin  ^>  == —  ; 

therefore   substituting  these  values  in  (88),   and   also  from 
(87),  we  shall  find 

PRICE,  VOL.  III.  3  O 
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T  = 


a*b*u 


therefore  tbe  force  yaries  directly  aa  the  distance^  and  is  at- 
tractive :  and  if  /i  =  the  absolute  force,  A^  =  /u  d^bK    Also 

(velocity)'  =  fi(a«  +  **-.r«).  (40) 

And  if  T  r=  the  periodic  time,  by  (14), 


T  = 

n 

(41) 


h 
2ir 


that  is,  the  periodic  time  is  independent  of  the  magnitude  of  the 
ellipse,  and  depends  only  on  the  absolute  central  force. 

And  the  time  in  which  the  particle  passes  through  an  arc 
which  subtends  a  given  angle  at  the  centre  may  thus  be  found. 
Let  the  arc  begin  at  the  extremity  of  the  major  axis ;  then  if 
/  =  the  time  required,  from  (12)  we  have 

de 


^  abf^ 

""  u^Jo  a*  (a 


(8ind)»-hA«(cosd)« 
1  .       , /atan^\  ,.„^ 

and  thus  if  ^  =  ;r,  /  =  — -;  where  /  is  one-fourth  of  the  peri- 
^  2fi* 

odic  time :  and  thus  the  whole  time  is  the  same  as  that  given 

in  (41). 

Ex.  5.  In  the  hyperbola  described  by  a  particle  under  the 
action  of  a  central  force  in  its  centre,  and  of  which  the  equa- 
tion is,  ^^^g  ^ja       ^gjj^  ^y 


^6^  =  ^'' 


that  is,  the  central  force  varies  directly  as  the  distance,  and  is 

repulsive :  also 

(velocity)*  =  /x  (r>  -  a* + **) ;  (44) 

and  the  time  from  the  extremity  of  the  transverse  axis 

1     ,      i  +  atan^  .,^. 


Digitized  by  VjOOQ  IC 


311.]  CENTRAL  FORCES.  467 

31 1.3  Ex.  6.   Let  the  particle  move  in  a  circle;  and 

(1)  Let  tbe  centre  offeree  be  in  the  centre:  let  a  =  the  ra- 
dius :  then  the  equation  to  the  circle  is 

r  =:  a; 

(velocity)*  =  -^  =  v*  (say) ; 

therefore  the  central  force  is  constant,  but  varies  inversely  as 
the  cube  of  the  radius  as  we  pass  from  one  circle  to  another : 
also  the  velocity  is  constant,  and  varies  inversely  as  the  radius : 
and  if  T  =  the  periodic  time, 

T    =    =    r— . 

v  h 

Also  p  =  — ;  now  as  v*  is  the  velocity  and  a  is  the  radius  of 

V* 

the  circle,  — ,  see  Art.  255,  is  the  centrifugal  force:  the  cen- 
tral force  is  therefore  equal  to  the  centrifugal  force  in  the  circle ; 
the  central  force,  that  is,  draws  the  particle  towards  the  centra 
over  a  space  equal  to  that  by  which  the  centrifugal  force  (so  to 
speak)  removes  it  from  the  centre :  and  as  the  velocity  is  con^ 
stanty  no  part  of  the  central  force  acts  either  to  increase  or  to 
diminish  the  velocity  in  the  circular  path. 

(2)  Let  the  centre  of  force  be  on  the  circumference  of  the 
circle :  and  let  the  equation  be 

r=:2acos^^  .-.     2atf  =  sec^^ 

2a^  =  sec^tan^,  ^^W  "^  sec ^ (tan ^)a  + (seed)'; 

=:  Sa^fi,  —  tf : 

'  '     do*  ' 


8aU« 


(46) 


that  is,  the  force  varies  inversely  as  the  fifth  power  of  the  dis- 
tance, and  is  attractive ;  and  if  fi  =  the  absolute  force,  /a  =  8  a*  A' ; 


also  (velocity)*  :=  ^^  . 


30a 
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And  if  T  s  the  periodic  time^ 

T  =  — -— .  (47) 

And  if  /  is  the  time  of  the  motion  of  the  particle  from  the  ex- 
tremity of  the  diameter  to  the  point  corresponding  to  $,  then 

(8)  Let  the  centre  of  force  be  at  any  point  within  or  without 
the  circle :  and  suiq)08e  it  to  be  -at  s,  see  fig.  126 ;  and  let  c  be 
the  centre  of  the  circle,  sc=sc,  cA  =  a,  sp=:r,  sT=:p:  then 
because  sc*  =  sp*  — 2sp.cpco8  8Pc-hcp^ 

.;.     c>  =  r«-2a/i  +  a«;  (48) 

dr  ^  a 

8g»A»r 


therefore  from  (20),     p  =  ^-^-^j— _,  (49) 


812.]  Ex.  7.  It  is  required  to  find  the  law  of  force,  the  Telo- 
city, and  the  periodic  time  in^  (1)  the  Lemniscata  of  Bernoulli : 
(2)  the  Cardioid. 

(1)    r>  =  a«  cos  2^. 

.-.     a*u^  =  sec  20; 

du 
a*fi-i;r  =  sec20tan20 
do 

=  a«ttnan20; 
du 

••     ^^-Jj-i  (50) 

and  therefore  the  force  raries  inversely  as  the  seventh  power 
of  the  distance,  and  is  attractive :  and  if  /i  =s  the  absolute  force, 

•      A*  =  -J— 
•  •  So* 


Thus  (velocity)*  =  ^; 

and  if  /  =  the  time  from  an  apse,  then  from  (12), 
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/8\* 


=  {^^nn20;  (51) 

and  therefore  the  time  to  the  node  =  (-)  -^9  ^^^  the  time  of 

/8\*  ^ 

describing  one  loop  =  l-j  a*  . 

(2)  the  equation  to  the  Cardioid  is 
r  =  a  (1  +  cos  0) 

=  2a(co8|); 

.-.     iau  =  ("eCg)  ; 
-    du      I      tf\»       e 


—  2a«taii^; 

du         ^      $ 
^=«**"2' 


=  «(tan|)  +|(8ec|)' 


de*  -  "  V"~"  2 
=  Saw*— w; 

.-.     '=  -;s-;  (52) 

and  therefore  the  force  is  attractive  and  varies  inversely  as  the 
foarth  power  of  the  distance ;  and  if  fi  is  the  absolute  force, 

'*  =  «"*••  ■     H^-JL 

•  '    '*   ~8a- 

2u 
Therefore  (velocity)*  =  o-^. 

And  if  /  =  the  time  firom  the  apse  to  the  point  corresponding 
to0:=tf,  then  iai  r> 

t  =  ^^-~l  (1  +  C08tf)»d» 
3*  •'o 

liiai  iZ$     ...     Bin2fl)  ,_.. 

and  therefore  if  (9  =  ir^  the  time  firom  the  apse  to  the  pole 

s=  ^  '^    '   V ;  and  therefore  if  t  =  the  periodic  time, 
T  =  (8/ia*)*w. 
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318.]  It  is  required  to  find  the  law  of  force  in^  (1)  the  curve 
whose  equation  is^  r  =  2aco8  nd;  (2)  the  curve  whose  equation 
2a 

18,  r  =  :i -^ . 

*         1  — ccosnd 

(1)  The  equation  of  the  first  curve  in  terms  of  u  is, 
2au  =  secn^; 

.-.     2a^  =  nsecn^tannd; 

2a-j^=i  n*secn^(tann^)*-hn*(secnd)' 

=  2attn«(8a>tt«-l); 

%a^h^7f     (l-n*)A«  ,K., 

•'•    ''  =  — ^:5— +       H       '  (5^) 

and  therefore  the  force  varies  partly  as  the  inverse  fifth  power, 
and  partly  as  the  inverse  cube,  of  the  distance. 

And  if  /  =  the  time  in  which  the  particle  moves  from  the 
point  corresponding  to  ^  =  0,  to  that  corresponding  to  ^  =  ^, 

/  =  -f-/  (cosnd)>£« 
A  Jo 

2a*  /^     sin2nd\ 

=  1^i^■^-2^^ 

As  to  (54)  it  is  to  be  observed  that  the  second  term  of  the 
equivalent  of  p  disappears^  if  n  =  1 ;  and  that  in  this  case  the 
central  force  varies  as  the  inverse  fifth  power  of  the  distance. 
Now  if  n  =  1,  the  equation  to  the  orbit  is  r  =  2a  cos  B ;  that  is, 
is  the  equation  of  a  circle,  of  which  the  pole  is  on  the  circum- 
ference and  the  prime  radius  passes  through  the  centre :  and 
when  ^  =  0,  r  =  2ain  both  the  circle  and  the  given  curve.  A 
process  of  tracing  such  a  curve,  and  of  representing  the  motion 
of  a  particle  on  it,  is  hereby  suggested  to  us.  In  fig.  127 
take  a  line  sx  for  a  prime  radius;  on  it  take  scA.  =  2a;  and 
on  8  A.  as  a  diameter  describe  a  semicircle  sqa:  then  since 
r  =  2a,  when  ^  =  0,  in  the  equation  to  the  orbit,  the  point  a  is 
common  to  the  circle,  and  to  the  orbit :  let  us  suppose  n  to  be 
less  than  unity :  and  let  ap  be  the  curve  of  the  orbit :  on  it 
take  any  point  p  ;  join  sp  :  then  as  psx  =  ^,  sp  =  2a  cos  n.psx ; 
let  the  angle  psA'=n.psx,  and  make  sA'=SA  =  2a;  on  sa' 
as  a  diameter  describe  a  semicircle ;  then  the  semicircle  will 
pass  through  p,  because  by  the  property  of  the  semicircle 
sp  =  BA'co8P8A'=2acosn^,  and  thus  sp  is  the  same  for  both 
the  semicircle  and  the  curve  of  the  orbit.     In  the  same  manner 
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may  every  point  p  be  shewn  to  be  on  a  semicircle,  the  diameter 
of  which  has  a  varying  position^  and  as  vha  =  0,  tba' =nOf 
therefore  asa'=  (l^n)0:  therefore  while  p  has  moved  over  an 
arc  of  the  orbit  subtending  an  angle  0  at  s,  sa'  has  moved 
through  an  angle  (1  — n)0:  and  therefore  the  ratio  of  the  an- 
gular velocity  of  p^  to  that  of  the  revolving  diameter,  is  as 
1  :  l  —  n;  and,  according  to  our  system^  sa'  revolves  in  the 
same  direction  as  p  moves.  If  however  n  is  greater  than  1,  sa' 
revolves  in  a  direction  the  opposite  of  that  in  which  sp  revolves. 
In  either  case  the  moving  particle  m  may  be  represented  as 
moving  in  a  semicircle,  the  diameter  of  which  revolves  about 
the  pole  8  with  an  angular  velocity  bearing  a  constant  ratio  to 
the  angular  velocity  of  m ;  and  the  orbit  of  m  is  for  this  reason 
called  a  revolving  circle. 

(2)  Again  in  the  second  curve  which  is  given, 
2au  =  1  — ecosn^; 

2a  ^75-  =  cn*cosn^; 

-     ^  "    2a    H^+        7^        '  ^^^^ 

therefore  the  central  force  is  compounded  of  two  different  forces, 
of  which  one  varies  inversely  as  the  square  of  the  distance,  and 
the  other  varies  inversely  as  the  cube  of  the  distance. 

Now  the  second  term  of  the  right-hand  member  of  (55)  dis- 
appears if  n  =  1,  and  in  that  case  the  central  force  varies 
inversely  as  the  square  of  the  distance ;  but  if  n  =  1,  the  equa- 
tion to  the  orbit  becomes 

r  =  ,     ^^     ^;  (56) 

1  — ccos^'  "^     ' 

the  equation  to  a  conic,  of  which  the  focus  is  the  pole,  and  the 

prime  radius  is  the  principal  axis :  and  to  fix  our  thoughts  I 

will  suppose  e  less  than  unity,  so  that  the  conic  is  an  ellipse  : 

now  if  ^  =  0,  r  =  r ,  in  both  the  conic  and  the  orbit  curve ; 

1  —  e 

so  that  if  sx,  fig.  128,  is  a  prime  radius,  and  the  line  sa  is  taken 

2a 
on  it  such  that  s a  =  ^ ,  then  a  is  a  point  common  to  the 

conic  and  the  orbit.  And  to  fix  our  thoughts,  let  us  also  sup- 
pose n  to  be  less  than  unity ;  and  let  us  suppose  the  curve  apq 
to  be  that  of  the  orbit,  of  which  f  is  any  point,  and  psx  =  ^: 
take  an  angle  psa'=:  n^,  and  let  sa'=  sa,  and  produce  a's  to  b'. 
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80  that  8b'=  r :  and  on  a'b'  as  a  major  axis  with  a  as  the 

1  +  tf  "^ 

focus,  describe  an  ellipse ;  then  the  radius  vector  of  the  ellipse 
corresponding  to  the  angle  psa' 

""  1  — ccospsa' 

=         2g 

""  1  — ecosnd' 

therefore  the  radius  vector  of  the  eUipse  is  equal  to  that  of  the 
orbit^  and  therefore  the  point  p  which  is  on  the  orbit  is  also  on 
the  ellipse.  In  a  similar  way  it  may  be  shewn  that  every  point 
on  the  orbit  is  on  an  ellipse,  the  major  axis  of  which  has  a 
varying  position:  and  as  psa  =  ^,  P8A'=n^,  therefore  a'sa=: 
(1  — n)0;  that  is,  as  m  has  passed  over  an  arc  subtending  an 
angle  0  at  s,  so  has  the  major  axis  of  the  ellipse  passed  through 
an  angle  (l  —  n)d;  the  angular  velocity  therefore  of  the  former 
is  to  that  of  the  latter  as  1  :  1  —  n :  and  sa'  revolves  in  a  direc- 
tion the  same  as  that  of  m  if  n  is  less  than  1,  but  in  an  opposite 
direction  if  n  is  greater  than  1.  In  either  case  the  moving 
particle  may  be  represented  as  moving  in  an  ellipse,  the  major 
axis  of  which  revolves  about  the  centre  of  force  with  an  angular 
velocity  bearing  a  constant  ratio  to  that  of  the  moving  particle : 
the  orbit  of  m  is  for  this  reason  called  a  revolving  eUipse. 
Also  since  in  the  orbit 

1  —  6  cos  n$  du  _^  ne  sin  n$ 

"=         2i        '  •'•     de''~2a      ' 

now  if  ^  =  0,  the  corresponding  point  in  the  orbit  is  an  apse : 

and  the  line  drawn  from  the  pole  to  an  apse  is  the  apsidal  dis- 
tance: therefore  the  orbit  has  an  apse,  whenever  sin  n  0  =  0: 
that  is,  when 

n  n 

therefore  the  angle  between  two  successive  apsidal  distances 

""  n 

814.]  By  processes  similar  to  those  employed  above  let  it  be 
shewn  that  in  the  orbits  whose  equations  are  the  following,  viz., 

a 
(3)     r  =  ~,  (4)    r  =  asecnd, 

V 
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the  central  force  yaries  inversely  as  the  cube  of  the  distance : 
that  in  the  lituus^  whose  equation  is  a^u^  =  6^  the  force  varies 
partly  directly  as  the  distance,  and  partly  inversely  as  the  cube 
of  the  distance :  and  that  in  the  involute  of  the  circle,  of  which 
the  equation  is,  r*  =  a}  +/>*, 

815.]  As  an  accurate  comprehension  of  the  expressions  for  p 
(the  central  force)  is  of  great  importance  in  the  understanding 
of  the  phsenomena  of  the  action  of  a  central  force,  I  think  it  de- 
sirable to  insert  the  following  proof  which  is  founded  on  first 
principles. 

Let  m  be  the  mass  of  a  particle  moving  in  a  certain  orbit 
under  the  action  of  a  central  force,  the  impressed  velocity- 
increment  of  which  along  the  radius  vector  is  represented  by  p : 
let  p,  fig.  129,  be  the  place  of  m  at  the  time  t,  and  let  TQ=zds 
be  the  length-element  described  by  m  in  the  time  di ;  and  let 
Qs  be  the  length-element  described  in  the  succeeding  di.  Now 
if  no  central  force  acted,  m  would  in  dt  pass  through  qr  in  the 
line  PQ  produced,  instead  of  passing  through  qs  :  but  suppose  a 
force,  whose  source  is  in  o,  to  act  on  m  at  q,  and  to  cause  it 
to  pass  through  qv  in  the  line  qo  in  the  time  dt;  then  at  the 
end  of  the  second  dt^  m  is  at  s,  qs  being  the  diagonal  of  the 
parallelogram  of  which  qv  and  qr  are  two  containing  and 
adjacent  sides ;  it  is  our  purpose  to  estimate  the  effect  of  the 
central  force  as  expressed  in  the  deflexion  of  m  from  its  recti- 
linear path. 

We  may  consider  the  central  force  p  to  be  constant  during 
the  time  dt  of  its  action  on  m,  whereby  it  draws  m  over  the 
space  QV ;  and  therefore  by  (81),  Art.  220, 

2.QV  =  TdtK  (57) 

Let  Qn  be  the  radius  of  curvature  of  the  curve  at  q,  and  let 
QN  be  the  projection  of  qv  on  it:  therefore,  as  it  has  been 
proved  in  Art.  257,  if  p  =  Qn, 

ds^  =  2pXQN. 
Now  QV  =  QNSeCOQH 

2p  p 
=  ^;  (see  Art. 251,  Vol.!) 
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ds^    dp 
therefore  from  (57),     p  =  ^  -^ 

=  ^#.  (58) 

/?■  dr 

because  by  reason  of  (7),  ^j-  =  -3  :  and  this  expression  is  the 

same  as  that  before  deduced  analytically  in  Art.  808.  The 
preceding  process  is  nearly  identical  with  that  employed  by 
Newton  in  Prop.  VI,  Section  2,  Book  I,  of  the  Principia. 


Section  2. — The  determination  of  orbits,  and  of  their  dimemions 
and  position,  when  the  laws  of  central  force  and  other  ctrcum- 
stances  of  motion  are  given, 

816.]  In  the  previous  Section  the  law  of  force  and  other 
circumstances  of  motion  have  been  determined,  when  the  equa- 
tion to  the  orbit  and  the  position  of  the  centre  of  force  have 
been  given :  it  is  our  purpose  now  to  inquire  into  the  converse 
problem ;  and  let  it  be  observed,  that  for  a  complete  determina- 
tion of  the  orbit,  when  the  law  and  centre  of  force  are  given, 
four  constants,  or  what  are,  by  means  of  the  limits  of  the  integral 
or  otherwise,  equivalent  to  four  constants  are  required :  this 
is  evident  from  the  form  of  the  differential  equations  (4),  which 
are  two  simultaneous  differential  equations  of  the  second  order, 
and  the  complete  integral  of  each  of  which  requires  two  con- 
stants: or  again  the  equation  (21)  contains  an  undetermined 
constant  h ;  and  being  of  the  second  order,  two  more  unde- 
termined constants  will  be  introduced  during  the  process  of 
integration:  and  one  other  constant  will  be  required  in  the 
integral  of  (12),  by  means  of  which  the  time  at  which  m  is  at 
any  point  of  the  orbit  may  be  found.  The  conditions  which 
will  for  the  most  part  be  given  in  the  following  examples  are, 
(1)  the  distance  from  the  centre  of  force  of  the  point  where  m 
is  at  a  given  time ;  (2)  the  line  in  which  m  is  moving  at  the 
time,  and  the  inclination  of  that  line  to  the  corresponding 
radius  vector ;  and  (3)  the  velocity  with  which  m  is  moving  at 
the  given  time  :  the  time  at  which  all  these  circumstances  are 
given  is  ^called  the  epoch ;  and  in  terms  of  them,  the  constants, 
or  the  limits  of  the  integrals,  can  always  be  expressed. 
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817.]  A  particle  m  is  projected  with  a  given  yelodty,  in  a 
given  liae,  from  a  given  point,  and  moves  under  the  action  of  a 
central  force,  which  varies  directly  as  the  distance  and  is  attrac- 
tive :  it  is  required  to  determine  the  equation  to  the  orbit,  and 
the  circumstances  of  motion. 

The  plane  in  which  m  moves  is  manifestly  that  passing 
through  the  centre  of  force,  and  the  point  of  projection,  and 
which  contains  the  line  of  projection. 

Let  the  centre  of  force  be  the  origin ;  let  r  =:  the  distance  of 
the  point  of  projection  from  the  centre  of  force ;  v  =  the  velo- 
city of  projection ;  and  let  us  suppose  that  m  is  projected  from 
an  apse,  so  that  the  line  of  v  is  perpendicular  to  b  :  then 
since  generally 

the  velocity  =  - ;  .-.    v  =  - ; 

p  B 

,-.     h  zsz  VE.  (59) 

Let  /  =  0,  when  m  is  projected  with  the  velocity  v :  let  /ui  =  the 
absolute  force  of  the  central  force :  then  since  the  force  varies 
directly  as  the  distance  and  is  attractive, 

P  =  /ir  =  ^.  (60) 

Now  from  (21)  we  have, 

'  =  **«*  {5^+"}' 

therefore  in  this  case    ^^  +  «  =  —-j ;  (61) 

multiplying  by  2dUj  and  integrating,  and  taking  the  limits  cor- 
responding to  /  =  /  and  to  /  =  0,  and  observing  that 

we  have,  ^,  ,  a        ue« 

.-.     (thevel.)»  =  va-hfxR*-4 

=  v»-hM(»*-^*);  (68) 

and  therefore  the  velodly  is  the  greatest  and  least,  according  as 
r  is  the  least  or  the  greatest. 
And  replacing  h  in  (62)  by  its  value  from  (59),  we  have, 

de^^  R«  V«R«««^V*' 

3?  » 
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^"^«  =  2de; 


(V  2vaR«  /      V  2v«R»  /  J 

therefore  integrating,  and  taking  the  limits  corresponding  to 
t  =  t  and  to  /  =  0,  and  assuming  that  the  prime  radios  coincides 
with  R,  we  have 

sm-* 5 —     ^      — ^  —  sm-^  1  =  2^; 

,-.     2v>R>tt»-(v«+fiR«)  =  (v»-/iR«)cos2^;  (64) 

and  changing  to  rectangular  coordinates,  we  have 

2v2R»-(v«+^R*)(a?*  +  y*)  =  (v«-fAK*)(^*-y*); 

•■■   5+^  =  1;  w 

the  equation  to  an  ellipse,  of  which  the  centre  is  the  origin; 

y 

R=:the  semi-axis  parallel  to  the  axis  of  x,  —  =  the  semi-axis 

parallel  to  the  axis  of  y ;  and  which  is  the  orbit  in  which  m 
moves. 

From  (68)  it  appears  that  the  velocity  =  v,  when  r  =  r  ;  and 

=  Rfjt*,  when  r  =  — -:  these  therefore  are  the  velocities  at  the 

^.     . 
extremities  of  the  principal  axes  of  the  ellipse. 

The  point  of  projection  is  the  extremity  of  the  major  or  minor 

axes  of  the  ellipse  according  as  r'  is  greater  or  less  than 

v^ 

— :  or  in  other  words,  as 

v^  is  less  than,  or  greater  than,  /iR^.  (66) 

Now  suppose  m  to  be  placed  at  a  point  at  a  distance  r  from  the 
centre  of  force  and  to  move  in  a  rectilinear  course  towards  it, 
then,  as  appears  from  Art.  232,  the  velocity  of  m  when  it  arrives 
at  the  centre  is  r^a^  ;  and  therefore  as  the  velocity  of  projection 
is  greater  than  or  less  than  this,  so  is  the  point  of  projection 
the  extremity  of  the  minor  or  the  major  axis. 

And  if  the  velocity  of  projection  is  equal  to  that  which  would 
be  acquired  by  m  moving  in  the  rectilinear  path  into  the  centre, 

^^^^  v*  =  txji^,  (67) 

and  the  orbit  is  a  circle. 
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The  periodic  time  is,  by  Art.  310,  equation  (41),  equal  to 

—  y  and  is  independent  of  the  magnitude  of  the  ellipse.     And 

if  /  =  the  time  from  the  point  of  projection  to  the  point  on  the 
orbit  corresponding  to  0,  then  as  in  (42), 

t  =  -^tan-i  (^  tan  ^  )  ;  (68) 

and  thus  the  circumstances  of  the  orbit  are  completely  deter- 
mined. 

I  may  observe  that  if  the  central  force  is  repulsive,  the  sign 
of  fA  will  be  changed  throughout  the  preceding  investigations ; 
and  that  the  orbit  will  be  a  hyperbola  referred  to  the  centre  as 
pole,  of  which  the  equation  will  be 

$-<#  =  !;  W 

and  (velocity  )2  =  v*  -f  /li  (r  * — a*) ;  (70) 

2^*     ^v-E^*tan^ 

318.]  In  Article  233,  (2),  it  is  said  that  according  to  the 
principles  of  the  undulatory  theory  of  light,  the  force  acting  on 
a  displaced  molecule  of  ether,  and  bringing  it  back  to  its 
original  position  of  rest,  varies  directly  as  the  distance  through 
which  the  molecule  has  been  displaced ;  and  it  is  also  said  that 
generally  the  line  of  motion  of  the  particle,  when  it  is  brought 
within  the  action  of  this  force,  is  not  in  the  line  joining  the 
particle  and  its  original  position  of  rest.  Here  then  are  the 
circumstances  required  in  the  preceding  Article;  a  particle 
moves  in  a  given  line,  with  a  given  velocity,  and  is  acted  on  by 
an  attractive  force  varying  directly  as  the  distance :  its  orbit 
therefore  is  an  ellipse ;  and  the  periodic  time  in  the  ellipse  is 
independent  of  the  magnitude  of  it,  and  depends  only  on  the 
absolute  force  in  the  centre ;  therefore  the  ethereal  molecules 
move  in  ellipses  which  are  in  planes  perpendicular  to  the  line 
of  propagation  of  a  ray,  and  if  the  absolute  force  of  the  central 
force  is  the  same  for  all  the  ellipses  the  periodic  time  is  the 
same,  but  if  it  varies,  the  periodic  time  varies  inversely  as  its 
square  root.  Now  in  this  case,  as  in  that  of  rectilinear  motion, 
the  intensity  of  light  is  supposed  to  depend  on  the  magnitude 
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of  the  ellipse,  and  the  colour  of  light  on  the  periodic  time  of 
the  orbit :  hence  it  appears  that  the  variations  of  the  intensity 
and  of  the  coloar  are  independent  of  each  other ;  and  this  fact 
is  in  accordance  with  observation. 

Hence  also  we  have  a  physical  explanation  of  other  kinds  of 
polarised  light :  if  all  the  major  axes  (say)  of  the  ellipses  of 
ethereal  motion  are  parallel  to  each  other,  the  light  is  said  to  be 
elliptically-polarised :  if  the  ellipses  become  circles,  we  have 
circularly-polarised  light :  if  the  azimuth  of  the  major  axes  of 
the  ellipses  rotates  uniformly,  we  have  another  modification  of 
the  ethereal  vibrations.  The  further  investigations  however  of 
such  changes  must  be  sought  for  in  treatises  where  the  pheno- 
mena of  light  are  specially  inquired  into. 

819.]  A  particle  m  is  projected  with  a  given  velocity  from  a 
given  point  and  in  a  given  line ;  and  moves  under  the  action  of 
a  central  attractive  force,  which  varies  inversely  as  the  square 
of  the  distance :  it  is  required  to  determine  the  equation  to  the 
orbit,  and  the  other  circumstances  of  motion. 

The  plane  in  which  m  moves  is  manifestly  that  which  con- 
tains the  point  of  projection,  the  centre  of  force,  and  the  line  in 
which  m  is  projected.  Let  the  centre  of  force  be  the  origin ; 
V  =  the  velocity  of  projection ;  a  =  the  distance  of  the  point  of 
projection  from  the  origin;  a  =  the  angle  between  a  and  the 

line  of  projection ;  then  since  generally  the  velocity  =  - ,  and 

at  the  point  of  projection  p  =  a  sin  a, 

A 

.-.     V  =  — : ; 

asm  a 

,-.     h  =  vasina;  (72) 

and  let  /  =  0,  when  m  is  projected  from  the  given  point. 

Let  fi  =  the  absolute  force  of  the  central  force :  then  since 
the  central  force  f  varies  inversely  as  the  square  of  the  distance, 
and  is  attractive,  „ 

'*  =  •&  =  M««*,  (78) 

so  that  (21)  becomes     -^  -f  w  =  ^ .  (74) 

Multiplying  through  by  2€fte,  integrating,  taking  the  limits  cor- 
responding to  /  =  /  and  to  /  =  0«  and  observing  that 

(velocity)2  =  A»(i«»+^), 
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we  have,  _  +  «.__  =  -^-_;  (75) 

2u 
therefore,      (velocity)*  =  v*  -f  2  /Ltt* 

and  thus  the  vdocity  is  the  greatest  or  least  according  as  r  is  the 
least  or  the  greatest. 

In  (75)  replacing  h  by  its  value  in  (72)  we  have^ 

do*  (e  sin  a)*       (e  v  sin  a)*      e^  ( v  sin  a)* ' 

To  express  this  in  a  simpler  form^  let 


(Evsina)*        '  E'v*(8ina)*      (Evsina)* 

so  that  (77)  becomes 

the  negative  sign  being  taken  in  the  extraction  of  the  square 
root,  because  we  will  assume  that  r  and  0  simultaneously  in- 
crease and  decrease.  Therefore  integrating,  and  leaving,  the 
position  of  the  prime  radius  undetermined,  so  that  it  may  be 
determined  by  means  of  subsequent  considerations;  and  thus 
introducing  an  arbitrary  constant  y,  we  have 

cos-i^^=:  d-y,  (80) 

.-.     u  =  4-f  ccos(^— y);  (81) 

and  restoring  the  equivalents  of  b  and  c, 

u  i  v*a  — 2u  Lt*       )* 

T2-^l    8    a/  •      x2-^7 -' rA  COS(^-y);    (82) 

ja      (E'v*(8ma)2      (Evsina)*j  ^       r/f    \     / 


H  = 


(ev  sin  a)* 

and  this  is  the  equation  to  a  conic^  of  which  the  focus  is  the 
pole.  For  if  e  is  the  eccentricity  of  a  conic^  if  r  is  the  focal 
radius  vector,  and  0  =  the  angle  between  r  and  the  principal 
axis,  and  measured,  say,  from  that  point  of  the  conic  which  is 
nearest  to  the  focus, 

1  1  -f-  e  cos  6  ,_^^ 

-  =  «  =  -^^;  (83) 

and  comparing  this  with  (82),  it  appears  that 
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(1)  .»  =  l^<^^^-^y(^^^^>\         (84) 

(2)  e^y  =  4>.  (g5) 

Now  from  (84)  e  is  less  than,  equal  to^  or  greater  than,  unity 

according  as  v*e  — 2/ui  is  negative,  zero,  or  positive;  the  orbit 

therefore  is  an  ellipse,  a  parabola,  or  a  hyperbola,  with  the 

centre  of  force  at  the  focus,  according  as  v^  is  less  than,  equal 

2u 
to,  or  greater  than,  — ^.    The  interpretation  of  this  discrimi- 

nating  condition  is  as  follows.  Suppose  a  particle  to  move  in  a 
rectilinear  path  from  an  infinite  distance  towards  the  centre  of 
force ;  then  the  equation  of  such  a  motion  is 

where  x  =  the  distance  of  the  particle  from  the  centre  of  force 
at  the  time  t.  Multiplying  both  sides  of  the  equation  by  2  dx, 
and  integrating,  we  have 

and  therefore  the  square  of  the  velocity  at  a  distance  b  from  the 

2u 
centre  =  — .    Thus  if  appears  that  according  as  the  velocity 

with  which  the  particle  is  projected  at  a  distance  b  from  the 
centre  of  force  is  less  than,  equal  to,  or  greater  than,  that  which 
would  be  acquired  by  the  particle  moving  from  an  infinite  dis- 
tance to  that  point  under  the  action  of  the  central  force,  so  will 
the  orbit  be  an  ellipse,  a  parabola,  or  a  hyperbola,  with  the 
centre  of  force  in  the  focus.  The  species  of  conic  therefore 
does  not  depend  on  the  position  of  the  line  in  which  the  par- 
ticle is  projected,  but  on  the  velocity  of  projection  in  reference 
to  the  distance  of  the  point  of  projection  from  the  centre  of 
force.  I  may  also  observe  that,  by  reason  of  (17),  according 
as  the  velocity  of  projection  is  less  than,  equal  to,  or  greater 
than,  that  from  an  infinite  distance  at  the  point  of  projection,  so 
will  it  be  at  all  points  of  the  orbit.  Thus  if  a  particle  moves  in 
a  parabola  with  the  centre  of  force  in  the  focus,  the  velocity  at 
every  point  of  the  orbit  is  equal  to  that  which  would  be  acquired 
by  the  particle  moving  in  a  rectilinear  path  from  an  infinite 
distance  under  the  action  of  the  central  force  to  the  point  on 
the  orbit.  This  result  has  also  been  proved  before  in  equation 
(32),  Article  309. 
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And  with  respect  to  y^  the  undetermined  constant  which  is 
introduced  at  the  integration  of  (79),  from  (85)  it  appears  that 
B^y  is  the  angle  between  the  focal  radius  vector  r  and  that 
part  of  the  principal  axis  which  is  between  the  focus  and  the 
point  of  the  orbit  which  is  nearest  to  the  focus ;  therefore  y  is 
the  angle  between  the  prime  radius  and  that  part  of  the  prin- 
cipal axis ;  and  therefore  if  y  =s  0,  the  principal  axis  is  the  prime 
radius.  For  the  present  I  shall  suppose  this  to  be  the  case; 
and  I  shaU  consider  each  of  the  three  conies  separately. 

320.3  ^^^  ^^  ^  ^^  ^^^^  place  consider  the  ellipse  in  which 
v'  is  less  than  —  ; 
so  that  by  reason  of  (84),  if  e  =  the  eccentricity, 

e»  =  1  -  (^M-v'R)Bv'(sino)'  ^gg 

Now  the  equation  of  an  ellipse,  where  r  =  the  focal  radius 
vector,  Q  is  measured  from  the  shortest  segment  of  the  migor 
axis,  2a  =  the  major  axis,  e  =  the  eccentricity,  is 

a(l-e«) 


r  = 


1  +  ecosd  ' 


comparing  which  with  (82),  we  have  6  as  in  (88),  and 

»  =  ji£k'  <*» 

and  thus  the  major  axis  of  the  ellipse  is  also  independent  of  the 
angle  between  the  line  in  which  the  particle  is  projected  and 
the  line  joining  the  point  of  projection  and  the  centre  of  force. 
Let  )3  =  the  angle  between  the  major  axis  of  the  ellipse  and 

B ;  then  from  (82),  t*  =  - ,  when  ^— y  =  /3,  and  we  have, 

RV*  sin  a  cos  a  .-^, . 

smiS  =  :  ;  (91) 

{/x3- (2fi-v«R)  Rv>(8in a)»}* 

which  equation  determines  the  position  of  the  major  axis  of  the 
ellipse  with  reference  to  the  given  line  a. 

Thus  the  position  and  the  dimensions  of  the  elliptic  orbit  are 
completely  determined,  on  the  supposition  that  the  initial  cir« 
cumstances  are  given.  Fig.  180  explains  the  several  quantities 
which  we  have  introduced.     Let  b  be  the  point  of  projection ; 
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SB  =  b;  by  the  line  along  which  the  particle  is  projected  with 
the  velocity  V ;  sbt^o,  the  angle  of  projection;  bsa=j3;  8F=r; 
F8A=^;  8Y=SBsin  8BT=Rsina;  if  a  =:9(f,  the  particle  is  pro- 
jected firom  an  apse,  that  is^  from  one  or  other  of  the  extremities 
of  the  major  axis  of  the  ellipse. 

It  remains  for  ns  to  investigate  the  time  daring  which  the 
moving  particle  passes  from  one  to  another  point  in  the  orbit ; 
and  let  ns  suppose  /  =  0,  when  m  is  at  that  extremity  of  the 
major  axis  which  is  nearest  to  the  focus.  Now  since  the  quan- 
tities which  determine  the  magnitude  of  the  ellipse  have  been 
expressed  in  terms  of  the  initial  circumstances  of  motion^  we 
may  assume  that  a  and  e  are  known  in  the  equation^ 

l  +  ccosd'  '^     ' 

and  bj  Ex.  1,  Art.  809,  (26), 

A  =  {/ua  (!-«»)}*;  (98) 

therefore  by  (10),    dt  =  ^d0 


r*d6 


{MO(l-c*)}*' 


(94) 


but  from  (92),         de  =       g(l     t*)^^r 

r{a*e*-{r-af]^ 

...     rf,  =  («)* r± ..  (96) 

=  (f)*r«rin-i!:il?-{«»e«-(r-«)«}4T 
V'  L  ae        ^  y        I  s  j^^j_^j 

=  (p*|oco8-i?^-{oV-(a-r)»}*|;  (97) 

which  gives  the  value  of  t  corresponding  to  any  value  of  r.  At 
the  farther  extremity  of  the  major  axis,  r  =  a  (I  +  e),  the  time 
corresponding  to  which  is  the  semi  periodic  time :  therefore 

the  semi  periodic  time  =  — —- ;  (98) 

and  at  the  extremity  of  the  minor  axis,  r=za;  in  which  case 
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and  therefore  the  time  from  the  extremity  of  the  minor  axis  to 
the  farther  extremity  of  the  major  axis  is 


And  thus  o      4 


the  periodic  time  =  — — ;  (99) 

the  same  result  as  (28). 

321.]  The  expression  for  the  time  given  in  (97)  admits  of  the 
following  simplification :  let 

cos-* =  tt, 

ae 

,•.     r  =  a(l  — e  costi);  (1(X)) 

u  being  an  auxiliary  angle^  the  geometrical  meaning  of  which 

we  shall  presently  investigate :  then  substituting  in  (97)^  we  have 

/  =  (-)  {au^ae  sinw} 

=  ^{tt-csintt};  (101) 

and  for  convenience  of  notation^  let 

at       1 

^  =  i;  (102) 

.\    nt  =  u—e  sinu.  (103) 

Hence  when  u  is  increased  by  2?,  that  is^  when  the  particle 

has  passed  through  the  whole  orbit^  /  is  increased  by  — ;  — 
therefore  is  the  periodic  time  of  the  orbit. 

As  r  and  /  are  given  in  terms  of  u,  let  us  investigate  also  the 
relation  between  $  and  u ;  equating  the  values  of  r  given  in 
(92)  and  in  (100),  we  have 

-=-- =  1  —  e  cos  tt ; 

1  +  c  cos  ^ 

(1  —  c)  (1  -h  cos  u) 


1  +  cos  0  = 
1  —  cos  d  = 


1  —  e  COS  tt 
(l  +  e)(l  — COStt) 


1  —  C  COS  u         ' 

1  — cos^  _  1  +  e  1  —  cos  tt 
l  +  cos^  "  1  —  el  +  cotftt' 

3^^ 
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The  value  of  t  in  terms  of  0  is  so  complicated  that  it  is  nnne* 
cessary  to  insert  it.  The  geometrical  meaning  of  these  several 
quantities  is  interpreted  by  the  aid  of  fig.  131.  On  the  major 
axis  aca'  of  the  elliptic  orbit^  describe  a  semicircle :  let  p  be 
the  point  on  the  ellipse  corresponding  to  which  are  8P  =  r, 
P8A=  0 ;  let  the  ordinate  pm  be  drawn,  and  let  it  be  produced 
so  as  to  cut  the  circle  in  q  :  draw  qc  to  c  the  centre  of  the 
circle.     Let  CA=:cQ  =  CA'  =  a:   then  by  a  property  of  the 

««iP»«'  BV  =  a-e.cu} 

.'.     r  =  a— aecosQCM;  (105) 

therefore  comparing  this  with  (100),  qcm  =  «. 

When  a  particle  moves  in  an  elliptic  orbit  under  the  action 
of  a  force  in  the  focus,  it  is  evident  that  as  equal  areas  are 
described  in  equal  times,  the  angles  abutting  at  s  are  not  de- 
scribed uniformly;  and  for  this  reason  angles  measured  from 
SA  are  called  anomalies;  $  is  called  the  ime  anomaly^  u  the 
eccentric  anomaly,  and  nt  the  mean  anomaly. 

From  (99)  it  appears  that  the  periodic  time  of  m  in  the 
elliptic  orbit  is  independent  of  the  eccentricity  of  the  ellipse, 
and  is  therefore  the  same  as  that  in  a  circle  whose  radius  is  a ; 
but  in  this  latter  case  e  =  0,  r  =  a^  9  =  t«  =  n/ ;  thus  equal  angles 
are  described  in  equal  times,  and  the  particle  moves  uniformly  in 
the  circle :  hence  nt  represents  the  arc  of  the  circle  aqa',  which 
would  be  described  uniformly  by  a  particle  in  the  same  time  as 
that  in  which  the  elliptic  arc  is  described,  both  the  particles 
being  together  at  a;  and  therefore  also  at  a\  because  then 
u^v  and  sintt=:0,  and  thus  from  (103)  the  time  from  a  to 

a'=-;  n  is  called  the  mean  motion  of  m:   now  as  these  two 
n 

particles  start  from  a  simultaneously  and  in  the  same  direction, 
one  along  the  circular  and  the  other  along  the  elliptic  orbit,  the 
latter  is  before  its  mean  place  from  a  to  a\  because  sinn  is 
positive  in  the  first  two  quadrants,  and  therefore  u  is  greater 
than  nt ;  and  is  behind  its  mean  place  from  a'  to  a,  because 
sin  u  is  negative  in  the  third  and  fourth  quadrants.  It  is  for 
this  reason  that  nt  is  called  the  mean  anomaly,  and  also 
that  u  which  depends  on  the  eccentricity  is  called  the  eccentric 
anomaly.  Also  as  the  velocity  varies  inversely  as  the  perpen- 
dicular from  the  centre  of  force  on  the  tangent,  the  velocity  at 
A  in  the  elliptic  orbit  is  the  greatest,  and  at  a'  is  the  least :  the 
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particle  therefore  leaves  a  with  a  velocity  greater  than  its  mean 
velocity^  and  therefore  gets  before  its  mean  place^  but  is  at  a' 
at  its  mean  time :  and  as  it  leaves  a'  with  a  velocity  less  than 
its  mean  velocity  it  is  behind  its  mean  place^  until  its  velocity 
increasing  it  arrives  at  a'  at  its  mean  time  and  with  a  velocity 
greater  than  its  mean  velocity. 

One  case  of  elliptic  motion  under  the  action  of  a  force  vary- 
ing inversely  as  the  square  of  the  distance  requires  notice. 
Suppose  e=iO,  that  is,  suppose  the  orbit  to  be  a  circle ;  then 
from  (88)  we  have 

{fi— E v*  (sin  a)*}*  -f  R* v*  (sin  a  cos  a)^  =  0 ; 
which  can  be  satisfied  only  when  a  =  90*^,  and  v*  =  - :  in  which 
case  m  is  projected  at  an  apse ;  and  if  f'=  the  central  force  at 
the  point  of  projection,  p'=-^:  and  therefore 

A 

V* 

but  by  (31),  Art.  255,  —  is  the  centrifugal  force  at  the  point 

of  projection ;  therefore  at  that  point  the  central  force  is  equal 
to  it :  if  therefore  m  is  projected  from  an  apse  with  a  velocity 
such  that  the  centrifugal  force  is  equal  to  the  central  force,  the 
particle  continues  throughout  its  motion  at  the  same  distance 
from  the  centre  of  force^  and  the  orbit  is  a  circle.  We  shall 
hereafter  point  out  the  general  cause  of  this  circumstance. 

322.3  ^^^  ^^  ^^  ^^^  ^^^^  place  consider  the  parabola  in 

which,  see  Art.  319,  o,, 

y^^zt,  (106) 

B 

Now  the  equation  to  the  parabola^  of  which  4  a  is  the  latus 
rectum,  and  the  focus  is  the  pole,  and  the  line  from  the  focus 
to  the  vertex  is  the  prime  radius^  is 

r=r-^^;  (107) 

1  -f  cos  ^ 

and  comparing  this  with  the  form  which  (82)  takes^  when 

v*E  =  2/ui,  we  have, 

.-.     a  =  R(sina)>;  (109) 

and  if  /3  =  the  angle  between  the  vertex  and  3,,  then  u  =  - 
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when  $  =  p;  in  which  case,  from  (108),  fi  =:  180°—  2a.    Thus 
the  position  and  latus  rectum  of  the  parabola  are  completely 
determined.     If  a  =  9(f ,  the  particle  is  projected  from  an  apse, 
and  therefore  from  the  Fertez  of  the  parabola. 
The  time  has  been  found  in  terms  of  0  in  Art.  I 


323.]  And  lastly  let  us  consider  the  hyperbola :  in  which 
V*  is  greater  than  — ; 
and  if  e  is  the  eccentricity  of  the  curve, 

,2^1+  (v'B-2M)BvVsina)«  ^^^^^ 

Now  the  equation  of  the  hyperbola,  if  0  is  measured  from 
the  extremity  of  the  transverse  axis  which  is  nearest  to  the 
focus  where  the  pole  is,  is 

r=    °<^'-^>;  (111) 

1  -f  c  cos  ^  ^       ' 

comparing  which  with  (82),  we  have 

a=    /%    ;  (118) 

V*E  — 2/1 

and  if  p  is  the  angle  between  the  transverse  axis  and  b,  /3  may 
be  determined  by  a  process  similar  to  that  by  which  equation 
(91)  is  found. 

Thus  the  position  and  size  of  the  orbit  is  completely  deter- 
mined. 

And  the  time  may  thus  be  found.  The  equation  to  the 
hyperbola  being  (111),  we  have,  as  in  Art.  309, 

h  =  {/ia(c«-l)}*. 

Therefore  by  (12),  Art.  307,  if  t  is  the  time  from  the  vertex 
of  the  hyperbola, 


{Ma(e>-1)}* 


Jo 

"  \fxf  Jaie^i)  {(r  +  o)»-a*c2}i 

^M     (  ae  ) 

To  simplify  this  expression,  let  c  be  the  Napierian  base,  and  let 
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ae 


-  '-%^"-'-^-'\- 


(115) 


Hence,  in  conclusion,  it  appears  that  if  a  particle  is  projected 
with  a  given  velocity,  and  moves  under  the  action  of  a  central 
force  which  varies  inversely  as  the  square  of  the  distance^  the 
path  which  it  describes  will  be  either  an  ellipse,  a  parabola^  or 
a  hyperbola :  and  that  the  species  of  curve  depends  on  the 
velocity  of  projection.  The  physical  application  of  the  preceding 
results  is  deferred  to  Section  3  of  the  present  Chapter. 

324.]  A  particle  is  moving  under  the  action  of  a  central 
force,  which  varies  inversely  as  the  cube  of  the  distance :  it  is 
required  to  determine  the  nature  of  the  several  orbits  which  it 
can  describe. 

Let  us  suppose  the  force  to  be  attractive,  and  fi  to  be  the 
absolute  central  force :  so  that  for  the  central  force  we  have, 

P  =  ^  ==  ixu\  (116) 

Let  V  =  the  velocity  of  m  at  a  point  whose  distance  from  the 
pole  is  R ;  and  let  a  =  the  angle  between  b  and  the  line  in  which 
m  i8  moving :  so  that    ;i  ^  ^^  ^j^  „ .  (Uyj 

and  thus  h  is  given  in  terms  of  known  quantities.  Substituting 
(116)  in  (21),  we  have 

d^u  u 

And  multiplying  by  2du  and  integrating,  and  taking  the 
limits  corresponding  to  r  =  r  and  to  r  =  b,  we  have 

Now  if  a  particle  moves  in  a  rectilinear  path  from  an  infinite 
distance,  under  the  action  of  a  central  force  which  varies  in- 
versely as  the  cube  of  the  distance,  towards  the  centre  of  force, 
then  if  V  is  the  velocity  at  a  distance  b  from  the  centre, 


V*  = 


M 


B= 


3 


SO  that  v'b'— /Li  is  positive,  zero,  or  negative,  according  as  the 
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velocity  corresponding  to  r  is  greater  than,  equal  to,  or  less 
than,  that  acquired  in  moving  from  an  infinite  distance. 

Now  (118)  admits  of  different  cases,  according  as  the  coeffi- 
cients in  its  right-hand  member  are  positive^  zero,  or  negative  ; 
and  replacing  A'  by  its  value  in  (117),  we  have 

^- A»  ss  ^- v»  B«  (sin  o)>.  (119) 

(1)  Let  /I— A*  be  a  positive  quantity;  and  let 

(a)  and  suppose  v^a'  to  be  greater  than  ix ;  and  let 

A«E«     ""  •  ^' 
so  that  (118)  becomes^ 

_=^2(^3^e*); 

.-.    tt  =  i  =  I  {e"(*-v)-e-»(*-v)}.  (120) 

(^)  suppose  v>E*  =  fi ;  then  jix— A>  =  v*e*(cos  a)*;  and  (118)  be- 
comes, ^^a 

5^2- =  (cot  &)»«»; 

,-.     r  =  a€±*«>**.  (121) 

(y)  let  v^R^  be  less  than  /a  ;  and  let 

A*R* 

so  that  (118)  becomes, 

—  =  n»  (tt^-O  ; 

.-.     M  =  ^  =  I  {c«(«-v)  +  c"n(«-y)}.  (122) 

(2)  Let  fi- A2  =  0 ;  so  that  from  (119),  f*  =  v^  R2(8in  a)« ;  and 

therefore  j^«  /    i.   v« 

v^r'— fi  __  (cota)2 

A2r«      "^  ~1[»~' 
so  that  (118)  becomes,    ^u  _  cota 
do  "  "T"' 


Rtana 
which  is  the  equation  to  the  reciprocal  spiral. 


r=-^-^;  (123) 
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(3)  Let  fi—h^,  that  is,  /m— r*  v*(8ia  a)*,  be  a  negative  quantity ; 
and  let  >  • 

therefore  v^b^— /m  is  a  positive  quantity:  and  let  us  therefore 
suppose  v*E*— IX 

so  that  (118)  becomes, 

1 

.•.     n  =  -  =  ccos»(d— y).  (124) 

r 

If  the  central  force  is  repulsive,  the  sign  of  fx  must  be  changed; 

in  which  case,  if  — ^ —  =  —  n*   and  — .,   ^     =  n* c*,  equa* 
'A*  A^R*  '    ^ 

tion  (118)  becomes,     >  , 

.-.     1*  =  -  =  c  COS  n  (^— y).  (125) 

There  are  therefore  generally  five  different  orbits  in  which  a 
particle  may  move  under  the  action  of  a  central  force  which 
varies  inversely  as  the  cube  of  the  distance,  and  to  which  the 
equations  are,  if  the  prime  radius  is  judiciously  chosen, 

(1)   ^  =  ^;^S^B^       (2)   r=a^,       (3)   r  =  ^;,^^„ 

(4)     r  =  ^,  (5)     r=     ^"^ 


0'  ^  ^  cosnO' 

One  case  of  the  preceding  requires  notice :  in  (2),  wherein 
/I  =  A*;  if  V*  R*  =  fi,  then  cot  a  =  0,  and  the  equation  of  the  orbit 
becomes,        ^^  ^       ^ 

_^0;  ...     1.  =  -  =  -; 

.-.     r=R;  (126) 

which  is  the  equation  of  a  circle,  the  centre  of  which  is  the 
pole.     Since  in  this  case 

2      2  V»  pi 

'^  R         r' 

From  these  results  it  appears  that,  since  cot  a  =  0,  m  is  pro- 
jected in  a  line  perpendicular  to  r  ;  and  at  the  point  of  projec- 

V* 

tion  the  centrifugal  force,  of  which  —  is  the  representative,  is 

R 
PRICE,  VOL.  III.  3  R 


Digitized  by  VjOOQ  IC 


490  CENTRAL  FOBCBS,  IS'^S- 

equal  to  the  central  force,  that  is,  to  -^;  and  as  the  orbit  is  cir- 
cular, this  equality  of  the  central  and  centrifugal  forces  will 
hold  good  at  every  point  of  it. 

325.]  A  particle  is  moving  under  the  action  of  a  central 
force  which  varies  inversely  as  the  fifth  power  of  the  distance, 
and  is  attractive :  it  is  required  to  determine  the  nature  of  the 
orbits. 

Let  B  be  the  distance  from  the  centre  of  the  point  of  projec- 
tion, a  the  angle  between  b  and  the  line  of  projection,  v  =  the 
velocity  of  projection :  then 

h  =  VBsina; 
and  thus  h  is  given  in  terms  of  known  quantities.     And  for  the 
central  force  we  have, 

so  that  (21)  becomes,  ^^^  ^^3 

-     ^  do*  -^    2        '^  **  +^        2r*-  ^^"^^^ 

Now  suppose  v^  —  ^— j  =  0,  in  which  case  the  velocity  of 

projection  is  equal  to  that  acquired  at  a  distance  r  in  moving 
towards  the  centre  of  force  from  an  infinite  distance,  then  (127) 
becomes,  du^  _  [xu^        ^ 

dS^^  2A^'""* 
Let  ^^  =  a*,  and  substituting  «  =  -,  we  have, 

—  dv  T 

=  cW;  .-.     cos"^-  =  0—y] 


.'.     r  =  acos(d-y),  (128) 

the  equation  of  a  circle,  on  the  circumference  of  which  the  pole 
is,  whose  diameter  is  inclined  at  an  angle  y  to  the  prime  radius, 
and  of  which  the  diameter  is  a. 

Again  (127)  may  be  integrated  when  the  right-hand  member 
is  a  complete  square ;  in  which  case,  we  have 

2r*~2h' 
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and  therefore  (127)  becomes, 

if  a*  =  — ;  t«  — a 

which  is  the  equation  to  the  orbit. 

326.]  Let  us  now  consider  certain  general  properties  of  the 
equation  (21)  of  central  orbits.    We  have 

If  at  all  points  of  the  orbit,  p  =  A*  «*,  then  -^  =  0,  and  we 

have  the  orbit  (123)  of  Article  324,  that  is,  the  reciprocal 

spiral.    But  if  there  is  an  apse  at  any  one  point  of  the  orbit, 

du 

—  =  0  at  all  points,  and  the  orbit  is  a  circle :  in  which  case 

A» 

"  =  ?r 

__  (velocity)* 

~         r 

=  the  centrifugal  force,  (131) 

since  r  is  at  every  point  of  the  orbit  perpendicular  to  the  tan- 
gent at  the  point.  Hence,  whatever  is  the  law  of  force,  if  the 
particle  is  moving  at  an  apse,  and  its  velocity  and  distance  from 
the  centre  are  such  that  the  centrifugal  force  is  equal  to  the 
central  force,  the  particle  moves  in  a  circle.  In  this  case  the 
result  is  the  singular  solution  of  the  differential  equation  (130), 
because  it  arises,  not  from  any  particular  values  given  to  the 
arbitrary  constants  of  integration,  but  from  the  variable  p  in 
the  original  equation  being  replaced  by  a  constant  quantity. 
We  have  had  instances  of  these  singular  solutions  in  the  pre- 
ceding Articles. 

827.]  The  equation  of  the  orbit  can  always  be  found  in  terms 
of  r  and  0,  if  the  central  force  p  varies  inversely  as  the  nth 

3»^ 
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power  of  the  distance,  and  if  the  velocity  of  projection  is  equal 
•to  that  acquired  at  the  point  in  moving  from  an  infinite  distance 
towards  the  centre  of  force. 

In  this  case,  p  =  ^  =  /*«"; 

so  that  (130)  becomes, 

g!  +  «  =  iL„.-..  (132) 

Now  to  calculate  the  velocity  acquired  in  moving  from  an 
infinite  distance  to  a  point  at  a  distance  r  from  the  centre  of 
force;  ^3^  ^  dx^  2^ 


dt^  "      x^'  '  '     dfi  "*  (»-l)a?"-i' 

therefore  if  v  is  the  velocity  at  the  distance  r, 

-' =  0^3^51^^  (183) 

and  integrating  (132),  and  taking  the  limits  corresponding  to 
r=:r  and  to  r  =  e,  we  have 

^dS^         f  n— 1  (n  — 1)B"-*         ^ 

therefore  by  reason  of  (138), 

du^  2u 


Let    ,  ^ —  =  a«-«- 


=  dQ', 


n-3 

—  d.w"  a  »— 3 


{a^-^—tt-Cw-s)}*         2 


rf^; 


n-8 

-  u'  a         n— 3  ,. 
•'•     C08-i-^^  =  -^(d-y); 

a  a 

n--3  w-8  ^_8 

.-.     r  a    =  a  2   cos— 5— (^— y);  (136) 

which  is  the  equation  to  the  orbit :  also  (135)  shews  that  the 
velocity  at  every  point  of  the  orbit  is  equal  to  that  which  would 
be  acquired  in  moving  to  that  point  from  an  infinite  distanoe. 
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2a 
n  =  3,     r  =  = ::,  the  equation  of  a  Parabola. 

n  =  3^  then  by  means  of  (135),  r  =  a^  the  Logarithmic  Spiral. 

n  =  4,     r  =  ^  (1  +  cos  0),  the  equation  of  a  Cardioid. 

n  =  5,    r  =  a  cos  ^,  the  equation  of  a  Circle. 

a' 
n  =  6,  r»  =  -TT-  (1  +  cos  3^). 

n  =:  7,  r^  =  a^  cos  2$,  the  equation  of  a  Lemniscata. 
and  BO  for  other  values  of  n. 

328.]  If  the  form  of  v  is 

'  =  $+.5/W  (187) 

where /(d)  represents  any  function  ofO;  then  equation  (ISO)  be- 

which  is  a  linear  differential  equation  of  the  second  order,  and 
of  which,  by  Art.  352,  Vol.  II,  the  integral  is, 

t#  =  -  =  —  -f  sin  n6'//((9)co8  nOdO  —  cos  neif{6)  %mnOde\ 

+  c  sin  (nd-y)j   (140) 

where  c  and  y  are  constants  undetermined,  and  dependent  on 
the  initial  circumstances  of  the  motion. 

Suppose  f{d)  =  1,  so  that  the  central  force,  see  (187),  varies 
partly  inversely  as  the  square,  and  partly  inversely  as  the  cube, 
of  the  distance,  then  (140)  becomes 

1  «*  •      ,     ^  X 

-=  ^  +  csm(»d-y); 

which  represents  a  revolving  conic :  see  Art.  313. 
And  if /(d)  =  1,  and  ^a  =  0,  so  that  n  =  1,  then 

-  =  a*  +  csin(d— y) ; 

T 

which  is  the  equation  of  a  conic. 

And  the  differential  equation  (130)  can  always  be  reduced 
to  simple  quadrature,  if  the  central  force  is  a  homogeneous 
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fanction  of  the  second  order  in  terms  of  x  and  y,  because  in 
that  case  ^.^. 

Also  again  if 

then         _-  +  tt=s^^.^^. 


therefore  multiplying  by  2du,  integrating^  and  introducing  an 
arbitrary  constant, 

the  integral  of  which  is  of  the  form 

tt»  =  -i^  =  a  +  *cos2n(d-y).  (141) 

If  n  =  1,  that  is,  if  fx  =  0,  the  central  force  varies  directly  as 
the  distance^  and  (141)  is  the  equation  of  an  ellipse,  the  centre 
of  which  is  at  the  centre  of  force. 

329.]  Some  few  problems  are  added^  so  that  the  results  of  the 
preceding  Articles  may  be  exhibited  in  forms  somewhat  different 
to  those  which  have  been  already  discussed. 

Ex.  1.  A  particle  m  moves  under  the  action  of  a  central 
force ;  and  its  velocity  varies  inversely  as  the  nth  power  of  the 
distance  from  the  centre  of  force :  it  is  required  to  determine 
the  law  of  force,  and  the  equation  of  the  orbit. 

Let  V  and  v  be  the  velocities  at  the  distances  r  and  b  re- 
spectively ;  and  let  , 

then  by  (16),  Art.  808, 

therefore  differentiating, 

=  —  2p;  .-.      p  = 


which  gives  the  law  of  attracting  force. 
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Also  since 


(velocity)»  =  A»(u»+^), 


...    *.«*.  =  A.(«>+g!)j 
of  which  the  integral  is, 

r—i  =  ^  cos  (n-1)  (d-y).  (142) 

Ex.  2.  A  particle  m  is  moving  in  an  ellipse,  at  the  focus  of 
which  is  the  centre  of  force,  and  as  m  passes  successively 
through  the  apse  which  is  nearer  to  the  centre  of  force,  the 
absolute  force  is  increased  in  the  ratio  of  n  to  1 ;  it  is  required 
to  determine  the  nature  of  the  orbit  after  p  passages  through 
the  apse. 

Since  m  moves  in  an  ellipse,  the  velocity  at  every  point  of 
the  orbit,  and  therefore  at  the  apse,  is  less  than  that  due  to  an 
infinite  distance ;  see  Art.  819.  Now  the  velocity  at  the  apse 
is  always  the  same,  see  Art.  308,  in  the  successive  passages 
through  it,  whatever  is  the  value  of  the  absolute  force :  and 
therefore  if  the  absolute  force  is  increased,  the  velocity  at  it 
becomes  proportionately  less  and  less  than  that  acquired  &om 
an  infinite  distance ;  the  orbit  therefore  is  still  an  ellipse. 

And  as  the  velocity  at  the  nearer  apse  is  unchanged,  by  the 

increase  of  fx,  h  is  the  same  in  the  orbit  after  the  pth  increase 

as  it  was  in  the  original  ellipse.   Let  2  a  and  e  be  the  major  axis 

and  the  eccentricity  of  the  original  ellipse,  2  Op  and  Cp  those  of  the 

final  ellipse :  then  equating  the  values  of  h,  see  (98),  Art.  320, 

fia(l  — e*)  =  nPfxap(l  — ^p*); 

also  as  the  distance  of  the  apse  from  the  focus  is  the  same  in 

both  orbits,  ^  ^^       .       ^  /i     ^  \ 

'  a(l  — «)  =  ap(l  — Cp), 

.-.     1  +  e  =  nP{l-^€p)y 

which  gives  the  eccentricity  of  the  final  ellipse. 

Thus  as  n  is  greater  than  unity,  the  eccentricity  becomes  less 

and  less,  and  =  0,  when 

_  log(l  +  g) 

^  "  logn  ' 
in  which  case  the  orbit  is  a  circle :  and  as  the  revolutions  con- 
tinue, the  orbit  again  becomes  an  ellipse,  but  the  apse  which 
was  the  nearer  becomes  that  farther  from  the  focus :  and  ulti* 
mately,  when  p  =  oo  ,  that  is,  after  an  infinite  number  of  revo- 
lutions, ep=  -r-1 ;  in  which  case  from  (90),  2ap  becomes  equal 
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to  the  distance  between  the  focus  and  the  apse,  and  thus  the 
particle  falls  into  the  centre  of  force. 

Ex.  3.  A  particle  under  the  action  of  a  central  force  which 
varies  partly  inversely  as  the  cube,  and  partly  inversely  as  the 
fifth  power,  of  the  distance^  is  projected  from  a  pven  point  with 
the  velocity  which  would  be  acquired  in  motion  from  an  infinite 
distance,  at  tan'^  2^  with  the  distance,  and  the  forces  are  equal 
at  the  point  of  projection.  It  is  required  to  determine  the  orbit. 

Let  R  be  the  distance  of  the  point  of  projection  from  the 
centre  of  force :  and  let 

and  since  the  forces  are  equal  at  the  point  of  projection, 

4  =  4,  .-.       /=^R^ 

Let  V  =  the  velocity  of  projection :  therefore 

s?^  2a* 

~  2k»' 
.• .     A>  =  v« B»  (sin  tan-»  2*)» 

=  M- 
The  equation  of  motion  is 


2      ' 

if  u  coincides  with  the  prime  radius. 

Ex.  4.  A  particle  is  projected  from  an  apse^  and  moves  under 
the  action  of  an  attractive  central  force  which  varies  inversely 
as  the  seventh  power  of  the  distance ;  it  is  required  to  find  the 
orbit,  the  velocity  of  projection  being  equal  to  S'^v^,  where 
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Ye  is  the  velocity  with  which  a  particle  projected  from  an  apae 
would  describe  a  circle  about  the  centre  of  force  in  its  centre. 

In  this  case,  p  =  -fy  =r  /iaw^; 

therefore  if  v  =  the  velocity  of  projection,  a  =  the  distance  of 
projection,  by  Art.  826, 

The  equation  of  motion  is> 

*'($+")  =  '*"*' 

•  •  \rf««+     /      8b»       8"       8b«' 

<*♦*  4     6  1 

.'.     r*  =  R*  COS  2d, 
if  the  prime  radius  coincides  with  r  :  and  this  is  the  equation 
of  the  lemniscata. 

Ex.  6.  From  an  apse  at  a  distance  a  from  a  given  centre  of 
force,  which  varies  as  any  power  of  the  distance,  a  particle  is 
projected  with  a  velocity  very  nearly  equal  to  that  which  would 
be  required  for  a  circular  orbit ;  it  is  required  to  determine  the 
value  of  the  radius  vector  which  corresponds  to  the  apse  next 
to  the  point  of  projection. 

Let  p  the  force  be  represented  by  u^^(u) ;  so  that  the  equa- 
tion of  motion  becomes, 

Now  if  Ve  is  the  velocity  for  a  circular  orbit  at  the  distance  a, 

Let  the  velocity  of  projection  =  v ;  and  let  v  =s  (1  +  ^  Vc,  where 
e  is  a  small  quantity ; 

•••  '■  =  a±«!*(i).        ».  =  a+.,..*(l). 

Let  (^  be  the  value  of  the  radius  vector  corresponding  to  the 
next  apse ;  then  from  the  equation  of  motion  (143),  by  integra- 
tion we  have, 

PRICE,  VOL.  III.  3  s 
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but  jjj  =  0>  when  «  =  -7- ;  therefore 

a 

and  taking  the  --differential^  we  have 

=2*(i)(l-2e), 
omitting  powers  of  e  higher  than  the  first. 


=  1- 


a  =  a< 


1  + 


(144) 


^a'      a  ^  ^a^  J 
If  the  force  varies  inversely  as  the  square  of  the  distance, 
then  <f>(u):=fA  (say) ;  and 

a'=a(l  +  2c). 
Ex.  6.    A  particle  moves  under  the  action  of  a  central  force 
which  varies  as  any  power  of  the  distance,  and  describes  an 
orbit  which  is  very  nearly  a  circle ;  it  is  required  to  find  the 
angle  between  two  successive  apsidal  distances. 

Let  the  law  of  force  be  represented  by  u^f(u),  so  that 
P  =  tt»/(tt). 
Let  a  be  the  value  of  u  at  the  point  whence  m  is  projected ;  and 
let  the  velocity  of  projection  be  to  that  corresponding  to  a  cir- 
cular orbit  as  1  :  1  +  e ; 

.-.     (l-|-£?)»va  =  uf(u); 
and  let  the  particle  be  projected  from  an  apse,  so  that 


a 
Since  u  is  always  nearly  equal  to  a,  let 


(145) 
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_  rf««  _  dPz 

«-«+*;       •••  w-W' 

.-.    /(tt)=/(a  +  z) 

=  f(a)+r(a)z, 

neglecting  terms  involTing  higher  powers  of  ir:  so  that  the 
equation  of  motion  becomes, 

=  f(a)+f{a)z, 

and  substituting  for  A'  from  (146),  and  neglecting  terms  in- 
volving e*,  e',...  and  ez,...  because  e  and  z  are  infinitesimal,  we 

and  if  1 —^  =  n*  we  have 

/(a) 

g+n«r  =  2efl;  (146) 

the  integral  of  which  is 

z  =  A8in(nd-y)4--^; 
and  therefore  the  angle  between  two  successive  apsidal  distances 

'  ''  (147) 


r      /(a)  i 


If  the  force  varies  inversely  as  the  nth  power  of  the  distance, 
*!»«"  /(«)  =  M»-». 

/'(u)  =  M(n-2)«"-»; 
therefore  the  angle  between  two  snccessive  apsidal  distances 

(8-«)* 
and  therefore  if  n  =  2^  that  is,  if  the  force  varies  inversely  as 
the  square  of  the  distance^  the  angle  between  two  successive 
apses  =  IF, 

If  n  =  — 1^  the  angle  =  ^ ;  which  accords  with  the  results  of 
Art.  817. 

The  preceding  example  is  Prop.  XLV^  Section  IX^  of  the  first 
Book  of  Newton's  Principia. 

3  s  a 
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Section  8. — The  Elements  of  Physical  Astronomy. 

830.]  The  science  of  physical  astronomy  consists  in  the 
application  of  mechanical  principles  and  equations  to  the  mo- 
tion, figure,  and  other  circumstances  of  the  celestial  bodies; 
and,  as  such,  it  has  been  called  Celestial  Mechanics^  or,  as 
Laplace  has  named  it  in  his  great  work,  MScanique  Celeste.  It 
is  the  most  important  application  of  the  two  preceding  Sections ; 
and  I  propose  therefore  to  investigate  the  process  by  which  our 
equations,  deduced  as  they  are  from  the  abstract  principles  of 
dynamics,  may  be  so  applied ;  and  also  to  prove  some  few  ele- 
mentary astronomical  theorems  which  are  immediately  conse- 
quent upon  them.  I  must  observe  that  the  explanations  will 
be  of  motions  as  they  are,  and  not  as  they  appear  to  us  on  the 
surface  of  the  earth :  we  are  upon  one  of  the  planets  which 
circulate  about  the  sun,  as  secondaries  about  their  primaries; 
and  we  are  therefore  subject  to  displacement ;  and  to  displace- 
ments of  two  kinds  :  one  of  which  is  due  to  the  absolute  motion 
of  the  earth  in  space,  by  reason  of  which  its  centre  is  carried 
forward  about  19  miles  every  second  of  time,  and  the  distance 
between  its  places  at  an  interval  of  six  months  is  about  190  mil- 
lions of  miles :  and  the  other  is  owing  to  the  diurnal  rotation 
of  the  earth  about  its  own  axis,  so  that  as  the  diameter  of  the 
earth  is  nearly  8000  miles^  a  person  at  the  equator  suffers  a  dis- 
placement to  this  extent  in  the  course  of  every  12  hours,  and  of 
an  observer  at  a  place  the  latitude  of  which  is  X,  the  displace- 
ment is  8000  miles  x  cos  X :  these  effects  are  called  parallax  .- 
the  former  is  the  annual,  the  latter  the  diumal,  parallax:  so 
that  the  motions  and  displacements  of  the  heavenly  bodies  do 
not  appear  to  us  to  be  what  they  actually  are.  Thus  anothei^ 
planet  appears  to  us  to  have  a  motion  sometimes  in  one  direc- 
tion, sometimes  in  another^  and  at  other  times  appears  to  be 
stationary.  In  the  following  account,  to  anticipate  the  sequel, 
the  sun,  which  is  the  centre  of  our  system,  will  be  supposed  to 
be  at  rest,  and  the  planets  will  be  supposed  to  circulate  around 
it ;  and  the  system  of  reference  is  said  to  be  heliocentric. 

Now  the  equations  and  results  which  have  been  proved  in  the 
preceding  pages  are,  as  I  have  said,  founded  on  principles  of 
the  abstract  science  of  motion :  thus  from  the  relation  of  moving 
matter  to  time  and  space  have  the  cinematical  principles  been 
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deduced :  inertia  has  been  assumed  to  be  a  property  of  matter 
as  the  subject  of  motion,  and  on  it  has  been  founded  the  prin- 
ciple of  equalizing  impressed  and  expressed  momenta.  Instances 
also  have  been  quoted  wherein  cosmical  matter  fulfils  these  con- 
ditions, and,  as  the  laws  of  inductive  philosophy  authorize,  a 
property  which  is  proved  to  be  true  of  some  is  extended  to  all 
cosmical  matter.  Other  members  of  the  solar  system  however 
do  not  admit  of  direct  experiment,  and  therefore  the  proof  is,  in 
a  great  measure,  a  posteriori.  In  the  preceding  pages  these 
properties  have  been  applied  to  various  kinds  of  laws  of  im- 
pressed momenta :  some  have  had  their  source  at  an  infinite 
distance,  so  that  the  lines  of  action  of  the  impressed  momenta 
on  a  particle  in  its  different  positions  are  parallel :  of  some  the 
source  has  been  in  a  point  or  centre  at  a  finite  distance,  which 
can  be  conveniently  taken  as  the  origin  of  reference :  and  thus 
we  have  shewn  that  the  pure  science  is  comprehensive  enough 
for  all  kinds  and  for  all  laws  of  force.  But  as  our  object  now 
is,  the  investigation  of  the  motion  of  a  system  of  bodies  which 
exist  in  cosmos,  the  questions  which  first  meet  us  are.  What  is 
the  nature  of  the  force  which  acts  on  these  bodies?  is  it  a  cen- 
tral force?  or  is  the  centre,  if  there  is  one,  at  a  distance  so 
great  that  the  lines  of  action  of  it  must  be  considered  parallel? 
And  again,  if  the  acting  force  is  a  central  force,  with  its  centre 
at  a  finite  distance,  what  is  the  law  of  force?  is  it  attractive  or 
repulsive?  is  it  periodic ;  that  is,  does  the  law  of  it  change  from 
time  to  time?  and  at  regular  intervals?  and  is  it  a  central  force 
varying  as  some  power  of  the  distance  only  ?  and  what  is  the 
law  according  to  which  it  varies  ?  does  it  vary  inversely  as  the 
square  of  the  distance?  or  according  to  what,  if  any,  power  of 
the  distance?  And  what  is  its  absolute  force?  is  that  constant 
for  each  one  body  in  its  orbit?  is  it  the  same  for  all  bodies  in 
their  orbits  ?  or  is  it  periodical  ?  Surely  to  all  these  questions 
the  reply  must  be  sought  in  observation.  Hypotheses  nonfinga- 
mus.  Although  when  the  nature  and  the  law  of  force,  which 
the  Almighty  Creator  has  impressed  on  cosmical  matter,  is 
known,  we  do  perceive  wisdom  and  fitness  in  it ;  yet  it  is  not 
our  prerogative  to  assert  that  such  or  such  must  be  the  law  :  it 
may  be  that  the  law  of  the  inverse  square  of  the  distance  is 
simple,  because  then  spherical  and  spheroidal  shells  attract  an 
internal  particle  equally  in  all  directions,  see  Arts.  181, 185; 
because  then  a  sphere  composed  of  a  series  of  concentric 
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homogeneous  shells  attracts  an  external  particle  with  an  eflSoct 
the  same  as  if  it  were  condensed  into  a  particle  at  its  centra 
Art.  178 :  because  it  is  the  law  of  attraction  of  matter,  when 
none  of  the  influence  is  lost  in  the  process  of  propagation, 
see  Art.  188 :  because  it  is  that  law  for  which  the  angle  be- 
tween two  successive  apsidal  distances  is  ISOP,  see  Art.  829 : 
yet  no  one  of  these  reasons,  nor  all  collectively,  are  of  cogency 
such  as  to  necessitate  the  existence  of  that  law.  We  are  there- 
fore compelled  to  have  recourse  in  the  first  place  to  observation, 
by  which  we  may  detect  such  facts  as  will  enable  us  to  discover 
the  mechanical  laws  of  which  they  are  the  effects.  The  neces- 
sary observation  was  made  by  John  Kepler  with  marvelloua 
industry  and  ingenuity,  and  the  three  laws  which  he  discovered, 
and  which  have  since  been  known  by  the  name  of  Kepler's  Laws, 
constitute  the  basis  on  which  mechanical  principles  are  applied 
to  the  solution  of  the  problem  of  planetary  and  lunar  motion. 
John  Kepler  was  bom  in  1571 :  Galileo,  to  whom  we  owe  the 
law  of  inertia,  and  therein  the  first  correct  principles  of  mecha- 
nics, was  bom  in  1564:  and  Newton  in  1642.  Thus  when 
Gidileo  had  first  stated  in  a  true  form  the  fundamental  axioms 
of  mechanics,  and  when  John  Kepler  had  enuntiated  those  laws, 
which,  when  translated  into  mathematical  language,  as  we  shall 
just  now  do,  are  pregnant  (approximately)  with  all  the  results 
of  physical  astronomy,  was  bom  that  great  philosopher.  Sir 
Isaac  Newton;  for  whom  it  was  reserved  to  construct  the 
general  science  of  which  Galileo  had  given  the  axioms,  and  to 
apply  it  to  the  explanation  of  the  solar  system,  the  observed 
laws  of  which  had  been  discovered  by  Kepler.  This  is  one,  and 
perhaps  the  most  remarkable,  instance  of  a  great  genius  being 
brought  into  the  world  exactly  at  the  time  when,  so  to  speak, 
the  materials  of  his  work  were  ready.  The  Greek  geometers 
had  sufficiently  examined  the  properties  of  conies  in  addition  to 
the  ordinary  elements  of  geometry :  Galileo  had  laid  the  foun- 
dation of  dynamics ;  Kepler  had  enuntiated  the  planetary  laws : 
it  remained  for  Newton  to  assimilate  these  elements,  and  out 
of  them  to  form  that  structure  of  physical  astronomy  which  the 
Principia  contain:  D'Alembert,  Lagrange,  and  Laplace  subse- 
quently elaborated,  and  well  nigh  completed,  the  work  which 
he  began. 

331.]  Kepler^s  observations  were  at  first  chiefly  confined  to 
the  planet  Mars;  and  after  long  and  assiduous  study  of  its 
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motion  he  enimtiated  the  first  two  of  the  three  following  laws : 
and  subsequently  his  observations  were  extended,  and  he  enun*. 
tiated  the  third  law.  The  first  two  laws  were  extended  by  him 
analogically  to  all  the  planets :  the  third  law  he  discovered  from 
a  comparison  of  the  numbers  which  a  table  of  the  quantities 
corresponding  to  the  several  planets  exhibited.  And  however 
unsatisfactory  his  proofs  ,of  these  laws  may  seem  to  us^  yet 
modem  astronomy  has  completely  verified  them. 
The  three  laws  are — 

I.  The  sectoreal  areas  described  by  the  radius  vector  of  a  planet 
in  its  motion  about  the  sun  are  proportional  to  the  times  ofde* 
scribing  them. 

II.  The  orbits  of  the  planets  are  ellipses,  in  one  of  the  foci  of 
which  is  the  sun. 

III.  7%«  squares  of  the  periodic  times  of  the  planets  are  propor- 
tional to  the  cubes  of  the  semi  axes  major  (or  mean  distances*.) 

Let  us  translate  these  into  their  mathematical  equivalents^  and 
deduce  from  them  such  mechanical  laws  as  they  contain. 

(1)  By  law  I.  equal  areas  are  described  in  equal  times : 
therefore  when  the  areas  and  times  are  infinitesimal,  the  law 
still  is  true ;  in  which  case  we  have 

r^de  =z  hdt\  (149) 

and  changing  to  rectangular  coordinates, 

r«  =  ^*-f  y«,  ^  =  tan-i^; 

.      ^  _  xdy-ydx 

80  that  (149)  becomes,    x  dy—ydx  =:  hdt; 
therefore  differentiating, 


(150) 


*  In  astromony  if  a  quantity  contains  periodic  and  non-periodic  terms,  the 
value  of  it,  when  the  periodic  terms  are  omitted,  is  called  its  mean  value. 
Thus  the  focal  radius  vector  of  an  ellipse  is,  (lOO),  Art.  331,  r  »  a(i  —  e  cos u), 
where  cos  ti  is  a  periodical  quantity :  and  thus  a  is  the  mean  value  of  r :  a  is 
for  this  reason  called  the  mean  distance. 


"dt* 

d*x 

=  0; 

X 

d*y 
dfi 

y 

—  p 

r    ' 
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if  F  =  the  reaoltuit  expressed  veloeitj-incmiiieiit,  snd  tends  to 
diminish  x  and  y ; 

that  is,  the  resolved  expressed  yelocity-increments  along  the 
axes  are  the  resolved  parts  of  a  central  force  p ;  the  force  there- 
fore, under  the  action  of  which  the  planets  more,  is  a  central 
force,  of  which  the  place  of  the  snn  is  the  centre. 

(2)  Since  the  orbit  is  an  ellipse^  having  the  sun's  centre, 
which  is  the  centre  of  force,  in  one  of  the  foci,  let  the  equation 
to  it  be,  a(l-c*) 


r  = 


1  -f  «  cos  ^  ' 
If  therefore  p  =  the  central  force,  by  Art.  308,  equation  <21), 


p  =  A»tt« 


a(l-e») 


and  thus  the  central  force  varies  inversely  as  the  square  of  the 
distance.  And  therefore  from  Kepler's  second  law  we  infer, 
that  the  planets  move  about  the  sun  under  the  action  of  a  force 
in  the  sun^s  centre  which  varies  inversely  as  the  square  of  the 
distance:  this  law  is  called  the  law  of  gravitation,  and  the 
planets  are  said  to  gravitate  towards  the  sun. 

(3)  Let  T  =  the  periodic  time  in  the  planet's  orbit :  then  the 
third  law  asserts  that         •       ^  • 

where  c  is  a  constant.  Now  if  fx  =  the  absolute  central  force, 
from  (152), 


Also  from  (13),  Art.  307, 


4ir»aMl-^) 

T"  =   - 


and  equating  this  to  the  ralue  of  t*  given  by  Kepler's  third 

law,  we  have  4_j 

^  =  ^i  (158) 
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and  since  c  is  constant  for  all  the  planets,  so  is  /di  :  that  is,  the 
same  absolute  force  in  the  centre  acts  on  all  the  planets ;  and 
modified  by  the  distance  of  the  planets  retains  them  all  in  their 
orbits  about  the  sun.  And  here  I  cannot  but  quote  the  elo- 
quent words  of  Sir  John  Herschel :  "  Of  all  the  laws  to  which 
induction  from  pure  observation  has  ever  conducted  man^  this 
third  law  of  Kepler  may  justly  be  regarded  as  the  most  remark- 
able, and  the  most  pregnant  with  important  consequences. 
When  we  contemplate  the  constituents  of  the  planetary  system 
from  the  point  of  view  which  this  relation  affords  us^  it  is  no 
longer  mere  analogy  which  strikes  us,  no  longer  a  general 
resemblance  among  them  as  individuals  independent  of  each 
other^  and  circulating  about  the  sun,  each  according  to  its  own 
peculiar  nature,  and  connected  with  it  by  its  own  peculiar  tie. 
The  resemblance  is  now  perceived  to  be  a  tnxQ  family  likeness; 
they  are  bound  up  in  one  chain ;  interwoven  in  one  web  of  mu- 
tual relation  and  harmonious  agreement ;  subjected  to  one  per- 
vading influence,  which  extends  from  the  centre  to  the  farthest 
limit  of  that  great  system,  of  which  all  of  them,  the  earth  in- 
cluded, must  henceforth  be  regarded  as  members*/' 

Thus  from  these  three  laws  of  planetary  motion  we  infer, 
(1)  the  nature  of  the  force  acting  on  the  secondaries  of  the  solar 
system ;  viz.,  it  is  a  central  force,  of  which  the  source  is  in  the 
sun's  centre :  (2)  the  law  of  the  central  force :  viz.,  it  varies 
inversely  as  the  square  of  the  distance :  (3)  the  fact  that  the 
absolute  central  force  is  the  same  for  all  the  planets :  and  the 
proper  work  of  physical  astronomy  is  to  deduce  from  these 
dynamical  facts  the  results  which  they  contain :  the  nature  of 
the  problem  therefore  is  the  same  as  that  of  those  which  have 
been  investigated  in  the  present  Chapter. 

332.]  The  preceding  laws  however  are  only  approximately 
true;  it  is  assumed  in  them  that  the  sun  is  fixed,  and  the 
motion  of  only  one  body  about  the  sun  is  supposed :  whereas 
the  sun  is  attracted  by,  and  moves  towards,  the  other  bodies  of 
its  system :  and  the  motion  is  relative,  not  absolute :  thus 
as  the  absolute  central  force  in  Art.  293  is  the  sum  of  the 
masses  of  the  attracting  and  the  attracted  bodies,  so  if  a  is  the 
mean  distance  of  a  planet's  orbit,  and  t  is  the  periodic  time,  by 
(28),  Art.  309, 

*  .Outlines  of  Astronomy,  Art.  488,  4th  Edition  London  185 1. 
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T  =  ; -;  (154) 

(M  +  m)* 

and  thus  (the  periodic  time)'  varies  directly  as  the  cube  of  the 
mean  distance^  and  inversely  as  the  sum  of  the  masses  of  the 
sun  and  the  planet.  In  the  solar  system  however  the  numerical 
correction  of  Kepler's  third  law  thus  introduced  is  too  small  to 
be  of  any  importance^  the  mass  of  Jupiter,  the  largest  of  the 
planets,  being  much  less  than  a  thousandth  part  of  that  of  the 
sun.  Again  in  the  first  two  laws  we  have  assumed  one  body  to 
be  moving  about  the  sun,  and  attraction  to  exist  between  these 
two  bodies  only;  whereas  all  the  planets  attract  each  other; 
and  thus  the  elliptic  orbit  of  each  becomes  disturbed.  The 
method  of  investigation  however  in  these  and  similar  problems 
is,  firstly  to  seek  a  solution  in  the  simple,  although  inaccurate^ 
form;  and  subsequently  to  correct  it  by  the  introduction  of 
other  elements  which  enter  into  it.  Thus  the  elliptic  motion 
of  a  planet  is  a  first  approximation  to  the  actual  orbit :  and  sub- 
sequently we  prove  that  the  size  and  position  of  the  ellipse 
undergo  certain  changes,  the  magnitudes  of  which  can  be  ex- 
pressed in  terms  of  the  time. 

Hereafter  it  will  be  shewn  that  when  a  body  of  finite  dimen- 
sions moves  in  space,  and  its  particles  are  under  the  action  of 
many  forces,  so  that  it  has  motions  both  of  translation  and  of 
rotation ;  so  far  as  the  motion  of  translation  is  concerned,  we 
may  consider  all  the  impressed  forces  to  be  applied,  each  in  its 
own  intensity  and  in  its  own  line  of  action  at  the  centre  of 
gravity  of  the  body,  and  the  motion  of  translation  of  the  centre 
will  be  the  same  as  it  is  in  the  actual  motion  of  the  body.  By 
virtue  of  this  theorem  therefore  we  may  consider  the  planets  to 
be  condensed  into  their  centres  of  gravity,  and  thus  to  move  as 
material  particles  about  the  sun. 

333.]  The  motion  of  the  centre  of  gravity  of  a  planet  is,  by 
virtue  of  Art.  306,  in  one  plane,  which  also  contains  the  centre 
of  the  sun.  Thus  if  lines  are  drawn  from  the  centre  of  the  sun 
to  the  centre  of  the  earth  in  all  its  positions,  and  if  these  lines 
are  produced  to  the  heavenly  vault,  it  is  found  that  all  of  them 
are  in  one  and  the  same  plane ;  and  the  plane  in  which  the 
centre  of  the  earth  moves  is  called  the  plane  of  the  ecliptic:  to 
it,  for  the  present,  the  motions  of  the  other  planets  are  referred. 
Also  the  fixed  stars  which  are  in  the  plane  of  the  ecliptic  are 
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called  ecliptic  stars.  Of  the  ellipse  in  which  the  centre  of  the 
earth  moves,  the  mean  distance  is  about  95  millions  of  miles, 
and  the  eccentricity  is  0.0167836* ;  so  that  the  distance  of  the 
centre  of  the  ellipse  from  the  sun  is  about  1604442  miles ;  the 
eccentricity  however  is  of  such  a  small  amount,  that  if  the  orbit  is 
drawn  with  a  major  axis  of  10  feet,  and  a  circle  is  also  drawn  on 
the  major  axis  as  a  diameter,  the  difference  between  the  two  will 
not  be  sensible  at  any  part  of  the  curves.  Suppose  now  in  fig.  132 
the  plane  of  the  paper  to  be  the  plane  of  the  ecliptic ;  and  let  us 
suppose  the  path  which  the  centre  of  the  earth  describes  about 
the  sun  to  be  (approximately)  a  circle,  of  which  the  centre  is  s, 
the  place  of  the  sun.  The  position  of  the  plane  of  the  ecliptic 
having  been  determined  by  observation,  it  is  found  that  the 
earth^s  axis  is  always  inclined  at  the  same  angle  to  that  plane  : 
that  is,  as  the  earth  moves  in  its  path  about  the  sun,  the  axis 
about  which  it  rotates  always  points  (approximately)  to  the 
same  star  in  the  heavens :  and  this  star  receives  the  name  of 
the  polar  star :  the  stars  being  at  a  distance  so  great  that, 
neglecting  small  variations,  the  earth's  axis  during  the  whole  of 
the  earth's  orbit  about  the  sun  being  produced  passes  through 
the  same  star :  hence  we  infer  that  the  earth's  axis  is  parallel 
to  itself  through  the  whole  of  the  orbit :  but  as  the  polar  star 
is  not  in  the  normal  to  the  ecliptic,  it  appears  that  the  axis  of 
the  earth's  rotation  is  not  perpendicular  to  the  ecliptic :  the 
mean  value  of  the  angle  between  it  and  the  normal  to  the 
ecliptic  is  found  to  be  23"^  27'  30"'.  Now  this  fact  gives  rise  to 
the  seasons,  and  to  the  varying  lengths  of  the  day  and  the 
night  on  the  earth :  thus,  in  fig.  132,  let  s  be  the  sun,  and  let 
A,  B,  c,  D  be  four  positions  of  the  earth  in  its  orbit :  pq  being  in 
each  position  the  polar  axis  of  the  earth.  It  is  evident  that  as 
the  polar  axis  always  retains  its  line  parallel  to  itself,  in  two 
positions  of  the  earth's  orbit  it  is  at  right  angles  to  the  line 
drawn  from  the  centre  of  the  sun  to  the  centre  of  the  earth :  let 
these  positions  be  a  and  c ;  and  at  another  position,  say  b,  the 
angle  between  the  polar  axis  towards  the  north,  say  p,  and  the 
sun^s  radius  vector  is  the  least  acute  angle,  being  66°32'3(y'; 
and  at  another  position  d,  the  angle  is  the  greatest  obtuse 
angle,  being  equiJ  to  123^  27'  80f\  It  is  evident  also  that  the 
positions  a  and  c  are  at  the  extremities  of  a  diameter  of  the 
earth's  orbit,  and  that  b  and  d  are  at  the  extremities  of  another 
*  See  the  synoptical  table  in  Heracbd's  Outlines  of  Astronomy. 
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diameter,  which  is  perpendicular  to  the  former.  As  the  sun 
illumines  only  that  part  of  the  earth  which  is  turned  towards  it, 
so  is  one  half  of  the  earth  always  enlightened,  and  the  other  is 
darkened :  now  in  the  position  a^  the  diametral  plane^  which 
divides  the  enlightened  and  the  darkened  parts,  passes  through 
the  two  poles:  and  therefore  as  the  earth  during  24  hours 
revolves  uniformly  on  its  axis^  so  does  every  place  on  its  surface 
describe  half  of  its  path  in  the  light  of  the  sun,  and  half  of  it 
out  of  it :  thus  the  length  of  day  and  night  is  equal  at  every  place 
on  the  surface  of  the  earth ;  and  hence  the  term  eqtdnox  ;  and 
the  earth  in  such  a  position  is  said  to  be  at  the  equinox.  As  c 
is  the  other  place  in  the  orbit  where  the  sun'^s  radius  vector  is 
perpendicular  to  the  earth's  polar  axis^  so  is  c  also  the  other 
equinox  :  the  preceding  circumstances  are^  it  is  to  be  observed, 
the  physical  definition  of  equinox ;  those  positions  of  the  earth  in 
its  orbit,  at  which  the  earth's  polar  axis  is  perpendicular  to  the 
heliocentric  radius  vector  of  the  earth's  centre.  Let  a  be  the 
position  of  the  earth  at  the  vernal  equinox ;  c  its  position  at 
the  autumnal  equinox. 

Thus  B  is  the  position  of  the  earth  in  the  summer,  when 
pos  is  66^32'  30"^  and  which  is  called  the  summer  solstice  :  in 
this  case^  as  the  earth  revolves  about  its  axis,  the  north  pole  f, 
and  all  places  within  the  circle  described  by  b  as  the  earth 
revolves,  are  within  the  enlightened  part  of  the  sphere  during 
the  whole  of  a  revolution ;  so  that  the  north  pole  and  aU  places 
within  the  circle  (the  geographical  arctic  circle)  which  is  distant 
23°  27'  30"  from  the  pole,  have  continual  light  for  24  hours : 
and  the  south  pole  q  and  all  places  within  23''2r  30^'  of  the 
south  pole  (within  the  geographical  antarctic  circle)  are  in  the 
darkened  part  of  the  sphere,  and  so  have  night  during  the  24 
hours :  and  for  all  other  places^  the  day  decreases  as  we  pass 
from  the  arctic  to  the  antarctic  circles,  at  the  equator  the 
length  of  the  day  being  evidently  12  hours.  It  appears  there- 
fore that  the  north  pole  has  during  the  summer  continual  light 
for  six  months,  and  that  the  south  pole  has  continual  darkness. 
In  the  fourth  position,  viz.  d,  of  the  earthy  all  the  above  phseno- 
mena  are  exactly  inverted,  the  north  pole  and  all  places  within 
the  arctic  circle  are  immersed  in  total  darkness  during  the 
whole  diurnal  revolution,  and  all  places  within  the  antarctic 
circle  have  continual  light;  and  we  have  the  pheenomena  of 
the  winter  solstice. 
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834.]  If  the  earth  were  a  perfect  sphere^  the  equinoxes  and 
the  solstices  would  every  year  take  place  at  the  same  points  of 
the  path  of  the  earth :  but  as  the  earth  is  an  oblate  spheroid 
and  revolves  about  its  polar  axis,  and  as  the  axis  is  not  perpen- 
dicular to  the  plane  of  the  ecliptic,  the  sun  unequally  attracts 
the  protuberant  masses  at  the  earth^s  equator,  by  reason  of  the 
difference  of  their  distances  from  the  sun,  and  thus  produces  a 
change  in  the  position  of  the  axis  of  rotation.  The  resultant 
effect  of  this  inequality  of  attraction  is  to  cause  the  equinoxes 
and  solstices  to  take  place  at  points  in  the  orbit  about  50.4"  in 
advance  of  the  point  of  the  previous  year :  let  us  confine  our 
attention  to  the  vernal  equinox^  that  viz.  when  the  earth  has  the 
position  A.  A  similar  effect  is  also  produced  by  the  attraction 
of  the  moon ;  and  another  of  smaller  amount^  and  in  an  oppo- 
site direction,  by  the  planets.  Thus  the  position  a  takes  place 
each  year  50.2"  nearer  to  d  than  it  did  in  the  preceding  year. 
As  the  earth's  axis  has  the  same  mean  inclination  to  the 
normal  of  the  ecliptic,  the  effect  of  this  shifting  of  a,  or  of 
the  precession  of  the  vernal  equinox,  as  it  is  called,  is  a 
change  of  the  polar  star ;  and  so  that  in  the  course  of  as  many 
years  as  360°  contains  50.2",  that  is,  in  the  course  of  25868 
years,  the  pole  of  the  earth  will  describe  a  circle  in  the  heavens 
about  the  pole  of  the  ecliptic,  the  angular  radius  of  which  is 
23^  27'  30" ;  and  thus  the  polar  star  is  continually  changing. 
After  a  lapse  of  12000  years,  says  Sir  John  Herschel,  the  bright 
star  a  Lyrse  will  become  the  polar  star  of  the  earth.  In  addi- 
tion to  this  regular  precession  of  the  equinoxes,  there  are  also 
in  the  mathematical  expression  certain  periodic  terms,  by  reason 
of  which  the  axis  is  sometimes  in  advance  of,  and  sometimes 
behind,  its  mean  place :  and  sometimes  nearer  to,  and  at  other 
times  farther  from,  the  pole  of  the  ecliptic.  These  variations 
are  called  Nutation ;  but  I  am  unable  with  the  present  data  to 
give  a  more  complete  account  of  them. 

Now  a  certain  line  passing  through  s  is  required  from  which 
angles  may  be  measured:  it  might  at  first  sight  be  thought 
that  the  major  axis  of  the  earth's  orbit  would  serve  the  pur- 
pose: but  by  reason  of  the  disturbing  action  of  other  bodies 
which  circulate  about  the  sun,  the  position  of  the  major  axis 
changes  so  much  that  it  is  ill  adapted  to  such  an  use :  and  the 
line  which  is  best  suited  is  that  which  passes  through  one  of 
the  equinoxes  or  one  of  the  solstices :  and  it  is  usual  to  take 
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that  which  passes  through  the  vernal  equinox :  that  is^  the  line 
drawn  from  s  to  the  centre  of  the  earth  at  the  position  a.  The 
fixed  stars  in  the  plane  of  the  ecliptic  have  been  divided  into 
twelve  equal  parts,  each  consisting  of  3(f,  and  which  are  known 
by  the  names  of  '^  the  signs  of  the  Zodiac :"  and  the  constella- 
tion Aries  began  at  the  position  of  the  vernal  equinox  at  the 
time  when  the  names  of  the  zodiacal  constellations  were  given  : 
but  by  reason  of  the  precessional  motion  of  the  equinox,  the 
vernal  equinox  has  now  passed  out  of  the  constellation  Aries 
and  is  nearly  at  the  beginning  of  Pisces;  the  line  however 
drawn  from  the  centre  of  the  sun  to  the  centre  of  the  earth  at 
the  vernal  equinox  still  bears  the  name  of  *^the  line  drawn 
through  the  first  point  of  Aries/^  and  the  earth  at  the  vernal 
equinox  is  said  to  be  in  ''  the  first  point  of  Aries/'  Angles 
measured  on  the  plane  of  the  ecliptic  from  the  line  drawn 
through  the  first  point  of  Aries  are  called  Longitudes,  and 
those  perpendicular  to  the  plane  of  the  ecliptic  are  called  Lati- 
tudes ;  these  terms  being  used  heliocentrically,  and  thus  afford- 
ing  a  complete  system  of  spherical  coordinates.  The  effect  of 
the  precession  of  the  equinox  is  to  increase  the  longitudes  of  all 
the  fixed  stars  annually  by  50.2" ;  and  thus  the  values  of  these 
quantities  given  in  the  astronomical  tables  become  yearly  far- 
ther and  farther  removed  from  the  true  values. 

835.]  Although  the  orbit  of  each  planet  is  in  a  plane  con- 
taining the  sun's  centre,  yet  all  the  orbits  are  not  in  one  and 
the  same  plane :  neither  do  all  the  planes  of  the  planets  in- 
tersect the  ecliptic  in  one  and  the  same  line:  and  therefore 
for  the  determination  of  the  plane  in  which  a  planet  moves  in 
reference  to  the  ecliptic  it  is  necessary  to  know  (1)  the  angle  of 
inclination  of  the  plane  of  the  planet's  orbit  to  the  plane  of  the 
ecliptic :  (2)  the  longitude  of  the  line  of  intersection  of  the  two 
planes ;  this  line  of  intersection  is  called  the  line  of  nodes ;  the 
point  at  which  the  planet  passes  through  the  plane  of  the  eclip- 
tic in  its  passage  from  the  south  to  the  north  of  the  ecliptic 
being  called  the  ascending  node^  and  the  other  being  called  the 
descending  node.  For  the  determination  of  the  position  of  the 
orbit  in  its  own  plane,  it  is  necessary  to  know  the  position  of 
the  major  axis  of  the  ellipse  with  reference  to  the  line  of  nodes : 
the  points  in  the  orbit  which  are  at  the  greatest  and  least  dis- 
tances from  the  sun^  and  which  are  of  course  the  extremities  of 
the  major  axis^  are  called  the  aphelion  and  the  perihelion  of  the 
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planet ;  and  the  position  of  the  major  axis  is  usually  determined 
by  means  of  the  angle  between  the  line  of  nodes  and  the  peri- 
helion distance ;  but  as  the  inclination  of  the  planes  of  aU  the 
larger  planets  to  the  ecliptic  is  very  small,  the  projection  of  thi^ 
angle  on  the  plane  of  the  ecliptic  is  very  nearly  equal  to  the 
angle  itself  in  its  own  plane :  and  as  we  are  obliged  to  have 
recourse  to  approximations  in  all  problems  of  this  kind,  "  the 
longitude  of  perihelion'^  is  commonly  given ;  which  is  the  angle 
between  the  line  of  Aries  and  the  perihelion  distance,  and 
which  is  measured  on  the  plane  of  the  ecliptic  as  far  as  the  line 
of  nodes,  and  on  the  plane  of  the  planet's  orbit  from  that  line 
to  the  perihelion  distance.  Again,  the  magnitude  of  the  orbit 
is  determined  by  means  of  the  semi  major  axis  or  mean  dis- 
tance and  the  eccentricity.  These  five  quantities,  which  are 
called  "  elements''  of  the  orbit,  viz.  the  inclination,  the  longi- 
tude of  the  ascending  node,  the  longitude  of  the  perihelion  dis- 
tance, the  mean  distance,  and  the  eccentricity,  completely  de- 
termine the  plane,  the  position,  and  the  magnitude,  of  the  ellipse 
in  which  a  planet  moves.  For  the  determination  of  its  position 
in  its  orbit  at  a  given  time,  two  more  elements  are  required  : 
(1)  its  position  at  a  certain  given  time :  (2)  the  mean  motion, 
which  assigns  mean  velocity;  or,  and  this  is  equivalent,  the 
periodic  time :  this  last  element,  see  equation  (154),  Art.  332, 
requires  a  knowledge  of  the  mass  of  the  planet.  The  time  at 
which  the  position  of  a  planet  is  given  is  called  the  epoch,  and  is 
in  the  ordinary  tables  of  planetary  elements  taken  to  be  Jan.  1, 
1800.  The  other  element  is  the  mass.  Thus  these  two  together 
with  the  preceding  five  are  sufficient  for  the  complete  determina- 
tion of  a  planet  in  its  orbit :  the  first  five  and  the  seventh  must 
be  found  by  means  of  observation :  the  sixth  is  evidently  arbi- 
trary, and  must  therefore  be  conventionally  assigned. 

336.]  Now  the  problem  of  the  planetary  theory  in  physical 
astronomy  is,  the  determination  of  the  position  of  a  planet  at 
any  time,  when  its  position  at  some  previous  time  is  known  by 
observation  or  otherwise :  and  the  simplest  form  of  the  problem 
is,  when  the  planet  is  assumed  to  be  moving  in  its  own  plane 
about  the  sun,  and  to  be  undisturbed  by  any  other  body :  and 
this  is  the  only  form  that  1  shall  venture  to  enter  upon  in  this 
treatise ;  so  that  the  inclination,  the  longitude  of  the  line  of 
nodes,  and  the  latitude  of  the  planet  wiU  not  enter  into  con- 
sideration ;  we  have  therefore  to  determine  (1)  the  angular  dis- 
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tance  of  the  planet  in  its  own  plane  from  a  certain  fixed  line  in 
that  plane,  which  I  shall  assume  to  be  the  perihelion  distance, 
the  epoch  being  the  time  at  which  the  planet  is  in  its  perihelion ; 
and  (2)  the  planet's  radius  vector,  in  terms  of  the  time  which 
has  elapsed  since  the  epoch.  And  from  Art.  321^  the  equations 
which  connect  these  quantities  are^ 

nt  =  u  —  e  Binu,  (155) 

r  =  a  (1  —  e  cos  «),  (157) 

which  are  three  transcendental  equations ;  in  the  first  u  and  / 
are  connected ;  and  in  the  second  and  third  0  and  r  are  given 
in  terms  of  u ;  our  object  theirefore  is  so  to  express  u  in  terms 
of  t  from  (155)^  that  we  may  be  able  to  express  0  and  r  in  terms 
of  t  also.  The  problem  is  known  by  the  name  of  Kepler's 
Problem. 

We  know  by  observation  that  the  eccentricity  of  the  orbits 
of  all  the  larger  planets  is  very  small;  so  that  the  fimctions 
which  require  expansion  may  be  expressed  in  ascending  powers 
of  e,  and  thereby  terms  involving  powers  of  e  higher  than,  say^ 
the  third  may  be  omitted:  n,  it  will  be  observed,  is  given  in 
equation  (102),  Art.  321 ;  and  as  the  motion  is  relative,  if 
M  =  the  mass  of  the  sun,  m  =  the  mass  of  the  planet,  a  =:  the 

mean  distance.  (m+>»)* 

n  = — .  (158) 

at 

We  must  in  the  first  place  expand  6  in  terms  of  t^.    In  (156)  let 

1  +  e 


=  m» 


€«'^-i-l 


l-e 

and  since  (— l)*tan«r  =  -= , 

therefore  from  (156), 

^•^^1—1  e^^^i  — 1 


^•^-1  +  1  €"^-1  +  1 

(m+l)-(m-l)6«>^-i 
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therefore  taking  the  logarithms  of  both  sides  of  the  equation, 
^a/^=  tt\/^+log(l-Ac-«^-log(l-Xe«^ 

^    ,..^—    A» 
_  2 

=  tt\/— 1  +2A\/  — 1  sint^ 

X»      X^      

+  2-7^- V—1  sin  2ttH-2-5- V--1  sin  3ttH- ... ; 
A  o 

X»  xs 

.-.     Q  =  «-h2{Xsinw-f--^sin2tt  +  -^8in8tt+  ...}.       (160) 

But  X  =  ^ 

^  (l  +  e)»-(l-e)* 
(l  +  e)*  +  (l-c)* 

=  1  +  -^+...;  (161) 

Thus  to  express  Q  and  r  in  terms  of  t  we  must  find  sin  ti, 
sin2f«,  sinStt,...  and  cost<  in  terms  of  t  by  means  of  (155); 
and  for  this  purpose  the  theorem  of  Lagrange,  seie  Vol.  I, 
Art.  82^  is  adapted,  being  indeed  discovered  for  the  solution  of 
this  very  problem. 

887.3  Gi^c^  u^nt-\-em!iUy  it  is  required  to  find  «,  sin«, 
sin  2Uy  sin  3i«, ...  cos  «,  in  terms  of  t  and  e. 

If  y  ==  z^x^{y\  (162) 

then  by  Lagrange's  theorem, 

/(y)=/(«)+/'(^)*(^)f 

and  comparing  (162)  with  U'=.nt-\-efkxiUy  we  have,  by  means 
of  this  series, 

PBicE,  VOL.  III.  3  t; 
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8my=!:  8in«+co8«8m«=--f-j-  {cos  «(«iii  «)•}  =-5  -f  •.. 
8iii2y  =s  sin 22; +3 cos 2;z; sin 0     +^{2cos2«(8inj»)*}Y-o+  ..- 
sin  8y  =  sin  32^+8  cos  8«  sin ;»  y  +  ^{8  cos  8«(8in;5)*}  t-s  +  ••• 

,cosy  ==  cos«-(sin^)*  I  -  ^(sin  «)»^^  -  ^,(8in «)* j5^  + 
Therefore  substituting 

u  s=  n^+sinn^Y+sin2n^.-^  +  (8sin8n/— sinnO-g-  +  ... 

sinu  =  sinn/H-sin2n/^-f  (88in8»/— sinnO^-h  ... 

an  2«  =  8in2n^  +  (sin3n/— sinn/)6  +  ... 
sin8tf  =  8in8n^  + ... 

COSM  =  C08»/  — (1— CO82n0  o +  (8^*8'*^""^^8'*0-o-+  '"} 

therefore  substituting  these  values  in  (157)  and  (160)^  and  also 
replacing  A  by  its  value  from  (161)^  and  omitting  terms  involv- 
ing powers  of  e  higher  than  the  thirds  we  have^ 

$  ss  n/+2esinn/+^8in2n/+^(18sin8n/— 8sinn/)  +  ...;(168) 

r  =  a{l— «cosn/+2(l— cos  2n/)  —  -g- (cos  8n^— cos  nO +  ...},  (164) 

which  give  us  the  true  anomaly^  and  the  radius  vector^  in  terms 
of  the  mean  anomaly  or  the  time^  the  approximations  being  car- 
ried correctly  as  far  as  terms  involving  the  cube  of  the  eccen- 
tricity; and  omitting  periodic  terms^  we  have  for  the  mean 
values  of  $  and  r, 

$  =z  nt,  (the  mean  anomaly),  (165) 

r=a(l-h^).  (166) 

If  the  line  from  which  the  angles  are  measured  is  that  drawn 
through  the  first  point  of  Aries,  so  that  we  have  longitude  in- 
stead of  anomaly;  then,  if  ^  is  the  longitude  of  the  planet  at 
the  time  /  measured  in  the  manner  explained  in  Art.  885,  and 
if  m  is  the  longitude  of  the  perihelion  measured  in  the  same 
manner,  0  in  (168)  must  be  replaced  by  O  —  m;  and  if  the 
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time  begins,  that  is,  if  /  =  0,  when  the  pknet  is  at  a  place  whose 
mean  longitude  is  €,  then  in  (168)  and  (164)  nt  must  be  re- 
placed by  n/+€— w.  It  is  unnecessary  however  to  write  down 
the  preceding  equations  when  these  substitutions  have  been 
made,  as  the  form  of  them  is  of  course  unaltered ;  €  is  called 
the  epoch. 

838.]  The  excess  of  the  true  anomaly  at  any  time  over  the 
mean  anomaly^  that  is,  B^nt^is  called  by  astronomers  the  equa- 
tion of  the  centre;  and  is  positive  or  negative  according  as  the 
planet  is  in  advance  of  or  behind  its  mean  place :  the  equation 
of  the  centre  evidently  is  zero  at  perihelion  and  at  aphelion. 
It  is  necessary  however  to  investigate  the  point  in  the  orbit  at 
which  it  is  a  maximum.     Since  at  this  point 

d{e--nt)  =  0,  (167) 

and  since  by  (10)  Art.  807,  (98)  Art.  820,  and  (102)  Art.  821, 

r>d9  =  hdt 

=  na»(l-e«)**,  (168) 

therefore  from  (167), 

rf(.-nO=:^'<^-^>*-:-^(^^0, 

if        r  =  ii(l-e>)*;  (169) 

that  is,  when  r  is  a  mean  proportional  between  the  two  prin- 
cipal semi-axes.   And  to  determine  the  corresponding  maximum 
value  of  the  equation  of  the  centre,  let  e  represent  it;  then 
s  =r  B'-nti 
=  d^tt+^sinu.  (170) 

But  from  the  equation  to  the  ellipse,  and  from  (169) 

8e      8e» 
cosl^=-.^-^, 

■n      3e      21  e* 

Also  from  (157)  aud  (169), 

e   .  8e« 
*^"  =  i+  82  +•••' 

w      e      87e» 
••     «  =  2-4-  384'  (1^2) 

e» 
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.-.     E  =  2e  +  ^  +  ...,  (178) 

which  is  the  maximum  value  of  the  equation  of  the  centre. 
And  since  from  (172)  it  appears  that  u  is  at  the  corresponding 
point  less  than  90^,  it  follows  that  the  equation  is  a  maximum 
at  a  point  before  the  planet  comes  to  the  extremity  of  the  minor 
axis.  It  may  also  by  a  similar  process  be  shewn  that  in  the 
passage  of  the  planet  from  aphelion  to  perihelion^  the  equation 
of  the  centre  is  a  maximum  at  a  point  between  the  extremity  of 
the  minor  axis  and  the  perihelion. 

Also  since  mean  time  depends  on  the  earth's  mean  position 
in  its  orbit,  that  is,  on  n/,  the  equation  of  the  centre  is  the  dif- 
ference between  true  solar  time  and  mean  solar  time,  in  so  far 
as  the  difference  is  due  to  the  varying  velocity  of  the  earth  in 
its  orbit:  for  this  reason  $—nt  is  also  called  the  elliptic  in- 
equality. 

339.]  It  is  necessary  for  us  still  to  consider  certain  properties 
of  parabolic  orbits^  because  there  is  reason  to  suppose  that  some 
comets  move  either  in  such  orbits,  or  in  ellipses  of  which  the 
eccentricity  is  so  nearly  equal  to  unity  that  the  orbits  appear  to 
us^  so  far  as  our  calculations  go  when  the  comets  are  within 
observation^  to  be  parabolic. 

The  elements  of  a  parabolic  orbit  are.  (see  Art.  335)  only  six 
in  number;  the  inclination  and  the  longitude  of  the  line  of 
nodes  are  required  as  in  the  elliptic  orbit,  whereby  the  position 
of  the  plane  of  the  comet^s  orbit  may  be  determined.  The  lon- 
gitude of  the  perihelion  distance,  the  mean  motion^  and  the 
epoch  are  also  required ;  and  as  the  eccentricity  is  unity^  the 
perihelion  distance  is  sufficient  for  the  determination  of  the 
magnitude  of  the  orbit. 

Let  us  investigate  the  relation  between  the  time  and  the  angle 
measured  from  the  perihelion  distance  which  is  due  to  the  time 
in  an  elliptic  orbit  of  which  the  eccentricity  is  nearly  unity ; 
that  is,  when  the  orbit  is  nearly  parabolic. 

Let  0  =  the  angle  measured  from  the  perihelion  distance^  and 

r  =  the  corresponding  radius  vector,  so  that 

a  (1-62) 

r  ^  — ^^ -- 

l  +  ecosO 

Let  p  =  the  perihelion  distance,  so  that 

p  =  o(l-e); 
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.-.     r  =/?(!  + e)(l  +  e  COS  ^)-i:  (174) 

and  id^  the  time  during  nrhich  6  from  perihelion  is  described^ 
then  from  Art.  309,  (26), 

A»  =  ^a(l  — e«) 

=  tJ^p(l  +  e);  (175) 

n 
_  j>»(l-hg)* rf» 

"*  o-{(«»ir-(-Di)' 

;,»  (1  +  e)* rfd 


»**        |(l-He)(cos|)%(l-.)(sia|)Y 

(176) 


(seCgjtf.tan^ 


2pl         ^^'^/"•""g 


M*(l^^)*|u.(ta.|)Y' 


1  — e 
if  E  =  = ,  and  which  is  therefore  a  small  quantity,  when  e  is 

nearly  equal  to  unity.  Therefore  expanding  (176),  and  omit- 
ting terms  involving  powers  of  e  higher  than  e',  and  integrating 
between  the  limits  0=:d  and  ^  =  0,  we  have, 

/  = -?^— j  tan  ^  +  IZ^  (tan  ^)'- !^^H=^  (tan  ?)" 
^*(l  +  e)*(        2         8     ^2^  5        V^2' 

+  -i-y-i(tan^)--^(tan^)  J.  (177) 
If  the  orbit  becomes  a  parabola,  then  e  s  1,  v  =  0  ;  and  we 

which  result  is  the  same  as  that  before  investigated  in  Art.  309. 
The  preceding  expressions  are  those  commonly  used  for  the 
calculation  of  the  true  anomaly,  and  also  of  the  true  longitude 
in  the  case  of  comets  which  move  in  ellipses  of  eccentricities 
which  are  nearly  equal  to  unity,  or  in  parabolas.  In  the  actual 
use  of  (178),  the  determination  of  $  in  terms  of  /  requires  the 
solution  of  a  cubic  equation  which  has  only  one  real  root.  And 
to  avoid  the  difficulty  of  the  solution,  a  table  is  formed  contain- 
ing the  values  of  t  corresponding  to  the  values  of  0  in  the  para- 
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bola  whose  least  focal  distance  is  unity ;  and  this  bdng  multi- 
plied hypi  gives  the  time  corresponding  to  the  anomaly  $  in 
the  given  parabola. 

As  it  is  very  uncertain  whether  any  celestial  bodies  move  in 
hyperbolic  orbits,  it  is  unnecessary  for  us  to  develope  the  equa- 
tions which  express  the  relation  between  the  time  and  the  lon- 
gitude in  such  orbits. 

840.3  I^  remains  for  us  still  to  indicate  means  by  which  the 
masses  of  the  planets  may  be  determined,  at  least  approxi- 
mately, from  the  laws  of  elliptic  motion. 

If  T  =  the  periodic  time  of  a  planet  about  the  sun,  a  =  the 
mean  distance  of  the  planet^s  orbit,  if  m  and  m  are  the  masses  of 
the  planet  and  of  the  sun  respectively,  then  by  (154),  Art.  882, 

(m+M)* 
Let  t'  be  the  periodic  time  of  another  planet  <^  whidi  the 
mass  is  m'  and  of  whose  orbit  the  mean  distance  is  a';  then 

'  "(m'+M)*' 

But  by  Kepler's  third  law,  the  squares  of  the  periodic  times 
vary  as  the  cubes  of  the  mean  distances ;  and  it  is  found  by 
observation  that  this  law  is  true  with  very  slight  variations ;  it 
follows  therefore  that  the  second  factor  in  the  right-hand  mem- 
ber of  (180)  is  nearly  constant :  and  thus  the  masses  of  the 
planets  must  in  comparison  of  that  of  the  sun  be  so  small,  that 
the  preceding  process  does  not  enable  us  to  determine  the  ratio 
between  them. 

Suppose  however  the  planet  to  have  a  satellite ;  and  m'  to 
be  the  mass  of  the  satellite,  of  being  the  mean  distance  of  its 
orbit  about  its  primary,  and  t'  being  its  periodic  time :  then  if 
m  is  the  mass  of  the  planet, 

therefore  from  (179), 

Mow  if  m  is  so  small  in  comparison  of  m  (the  mass  of  the  sun) 


7a  ■"  W) 
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that  it  may  be  neglected  without  very  great  error ;  and  also  if 
the  mass  ot  the  satellite  be  similarly  small  in  comparison  of  the 
mass  of  the  planet ;  then  (181)  becomes, 

and  thus  t^  t^  a,  a  having  been  determined  by  observation,  the 
ratio  of  m  to  M  is  known.  When  this  method  is  applied  to  the 
determination  of  the  mass  of  Jupiter  by  means  of  its  fourth 
satellite^  it  is  found  that 

™  =  10i^'  <^^> 

and  thus  may  the  masses  of  all  the  planets  which  have  satellites 
be  compared  with  the  mass  of  the  sun. 

The  masses  however  are  only  compared  by  this  process :  no 
one  is  absolutely  determined  :  and  to  accomplish  this  object  it 
is  necessary  to  find  the  mass  of  at  least  one :  and  the  one 
which  naturally  offers  itself  for  the  purpose  is  the  earth :  hence 
arises  the  necessity  of  direct  observation  of  the  figure,  magni- 
tude, and  density  of  the  earth.  Many  processes  have  been 
devised ;  but  the  most  reliable  is  that  of  direct  geodesic  mea- 
surement :  and  arcs  of  meridian  have  been  measured  in  England, 
France^  Russia,  India,  and  the  south  of  Africa  :  and  from  them 
the  form  and  the  magnitude  of  the  earth  have  been  deter- 
mined. The  density  has  been  directly  investigated  by  means 
of  Dr.  Maskelyne^s  observations  with  the  pendulum  near  to  the 
Schehallien  mountain  in  Scotland  *.  And  also  by  experiments 
with  leaden  balls,  which  were  conducted  by  Cavendish,  and 
have  been  subsequently  repeated  with  great  care  by  the  late 
Mr.  Baily,  in  the  time  intervening  between  Oct.  1838  and  May 
1842;  and  from  these  experiments  it  appears  that  the  mean 
density  of  the  earth  is  equal  to  5.66  times  that  of  distilled 
water.  But  this  is  not  the  place  for  entering  into  a  detailed 
explanation  of  such  experiments  and  observations.  The  article 
on  the  Figure  of  the  Earth  in  the  Encyclopedia  Metropolitana, 
by  Mr.  Airy,  the  astronomer  royal,  contains  all  necessary  in- 
formation on  the  former  subject :  and  for  that  on  the  latter  I 
must  refer  the  reader  to  the  Philosophical  Transactions,  and  to 
Vol.  XIV  of  the  Memoirs  of  the  Koyal  Astronomical  Society. 

*  See  Philoeophical  Transactions,  i8ii. 
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Section  4. — The  polar  equation  of  motion  of  a  disturbed  planet. 

341.]  In  Article  295  we  have  calculated  the  equations  of 
motion  of  a  particle  m  relatively  to  m,  when  both  of  the  par- 
ticles are  acted  on  by  another  particle  m',  the  law  of  attraction 
of  all  three  being  that  of  the  mass  directly  and  of  the  square  of 
the  distance  inversely.  As  the  problem  is  evidently  that  of  the 
moon  moving  about  the  earth,  both  being  acted  on  by  the  sun^ 
which  is  a  disturbing  body^  it  deserves  farther  consideration ; 
and  I  therefore  propose  to  indicate  the  process  by  which  equa- 
tions (162),  Art.  295,  are  transformed  into  their  equivalents  in 
terms  of  polar  coordinates. 

Let  us  suppose  the  earth  to  be  the  central  body  m,  relatively 
to  which  the  motion  of  m,  the  moon^  is  calculated :  let  m'  be 
the  mass  of  the  sun  :  let  the  plane  of  the  ecliptic  be  that  of  a^y^ 
so  that  the  sun  is  always  in  that  plane,  and  therefore  its  jsr-ordi- 
nate  is  zero :  let  the  positions  of  m  and  m'  at  the  time  t  respect- 
ively be  (^,  y,  z)  and  (a/,  y') :  let  r  and  r  be  the  radii  vectores 
of  M  and  of  m' :  firstly  let  the  acting  forces  be  resolved  in  and 
perpendicular  to  the  ecliptic,  which  is  the  plane  of  xy ;  and,  to 
fix  the  thoughts,  let  the  supposed  system  be  represented  in 
fig.  133 ;  p  being  the  place  of  the  moon,  and  p'  that  of  the  sun 
at  the  time  t.  Let  the  velocity-increments  acting  on  m  in  the 
line  perpendicular  to  the  plane  of  a?  y  be  called  the  orthogonal 
velocity-increments.  Let  oN  =  p,  the  moon^s  curtate  radius 
vector;  nom  =  (?,  the  moon^s  longitude;  p'om'=^,  the  sun's 
longitude;  also  let  s  =  the  tangent  of  the  angle  pon,  which  is 
the  moon's  latitude ;  let  p  =  the  impressed  velocity-increment 
on  M  in  the  plane  of  the  ecliptic  along  on,  and  acting  to  di- 
minish ON ;  similarly,  let  t  =  that  which  is  in  the  same  plane^ 
and  is  perpendicular  to  on,  and  tends  to  increase  0;  8  =  that 
which  is  orthogonal,  and  tends  to  diminish  the  angle  pon,  and 
thus  to  bring  the  moon  nearer  to  the  plane  of  the  ecliptic. 
Then  using  the  notation  of  Art.  295,  if  /ut  =  m  +  m, 


8  = 


r»  ^  \dzl 


\.  (184) 
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And  since 

a?.=  pco8  0)  y=rr^co8^i 

y  =  p  sin^  )  y'  =  /  sin  ^  ! 

and  since  s  =  tan  pon^  ^o  that 


'h 


we  have 


tPz 

+  8  =  0 


621 

(185) 
(186) 

.087) 


W 

Let  OS  first  consider  the  equations  as  they  rrfer  to  the  pro- 
jection of  the  moon's  path  on  ihe  plwe  of  the  ecliptic;  for 
which  purpose,  from  the  first  two  of  (187),  we  have 


Multiplying  the  last  of  these  eqaations  by  p,  we -have 

^4»e      a   dp  de 


(188) 


2p>Tde^2p>§d(p'§); 


(189) 


therefore  integrating,  and  introducing  an  arbitmry  constant  A^ 

the  meaning' of.  which  will  hare  to  be  determined  here^ft^r,  we 

have,  /    M.»  r 

(p>^)=h'+2jp'Tde,  (190) 


Let  pec-,  therefore 


=  A«n*  +  2«*/^ 


do. 


(191) 


(192) 


^By  0ieam8  of  this  i^uation  we  can  eliminate  t  from  the  first 
^f(188);  and  let  as  a8auoie.49.to  be  eqnicresceQt  in  the  new 
eqiiati<m8.    Since  i 


''  =  ii' 


PBICB,  VOL.  in. 


3» 
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rfp  __         I  du 
'''     dt  "  '^^dt 

^dO  du 

-     ^  dt  do' 

d^p ^d$  d^u  d$  ^du  d  /  ^  d$\ 

•'•    dF  ^  "^  dtdO^dt      dodiy'W 

1  d^u  de^       du  T  ^ 

"■  ~  u^dO^dF      dOu' 
therefore  firom  (188), 

(d^u       \dd*  du  •       r»,  /i«o^ 


\de»  ^  I  dt^  ^     de 

d0» 
dt' 


d$* 
and  sabstitnting  for  -^j-  firom  (191),  we  have 


F        r  du 
d*u  «•  ~  t?  rffl        _  /ift^v 

which  is  the  differential  equation  of  the  moon's  curtate  radia» 
Tector  in  terms  of  the  longitude. 
Again,  taking  the  third  equation  of  (187),  since 

s 

z  =  p*  =  -, 


dz       (    ds        du\   -I 

5r  =  l"5?-'rf^)^ 


^de 
W 

d*s 
dt' 


I    €P»        rf*u\    ,dd'      I    ds        du\  d  I  ,d6\ 

and  substituting  from  (189),  (192)  and  (194),  we  have 

8— p*       T  da 
d^8  "W^^de       ^  ,,^^, 


jTde 


A8  +  2 

which  is  the  differential  equation  to  the  moon's  motion  in 
latitude. 

342.]  In  respect  of  the  three  equations  (191),  (194),  (195)  it 
is  to  be  noticed  that  the  values  of  p,  t,  s,  as  given  in  (184)  and 
taken  from  Article  295,  involve  both  the  mass  and  the  coordi- 
nates of  the  place  of  m\  the  disturbing  body :  with  this  di^ 
ference  however,  that  t  and  s  are  functions  of  these  quantities 
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only,  and  that  p  contains  also  the  quantity  ^,  which  is  the 

radial  impressed  velocity-increment  of  m  on  m ;  and  thus,  if  the 
disturbing  body  is  omitted,  the  first  two  equations  become  iden- 
tical with  (10)  and  (21)  of  the  present  Chapter.  Now  when 
substitutions  are  made  for  f,  t  and  s  in  terms  of  the  polar  co- 
ordinates of  M  and  mf,  the  preceding  equations  are  not  inte- 
grable;  and  we  are  obliged  to  have  recourse  to  a  method  of 
approximation;  and  for  this  end,  the  disturbing  function  b  is 
first  expressed  in  terms  of  the  polar  coordinates  of  m  and  m\ 
and  its  partial  derived-functions  are  expanded  in  ascending 
powers  of  small  quantities,  the  values  of  which  must  be  given 
by  the  observed  data  of  the  problem ;  thus,  for  instance,  the 
mean  distance  of  the  sun  from  the  earth  is  nearly  400  times  as 
great  as  the  mean  distance  of  the  moon ;  if  therefore  the  dis- 
tance of  the  earth  from  the  sun  is  assumed  as  the  standard  of 
comparison,  the  distance  of  the  moon  from  the  earth  will  be 
such  that  higher  powers  of  it  may  be  neglected.  And  after 
these  expansions  have  been  performed,  the  integration-process 
takes  place.  But  it  is  beyond  the  object  of  the  present  work  to 
enter  on  these  investigations. 

Equation  (195)   however,   when  the   disturbing  forces  are 
omitted,  requires  consideration :  for  we  have, 

whence  integrating^      «  =  *8in(^— y),  (196) 

where  k  and  y  are  two  constants  introduced  in  integration. 
Now  s  is  the  tangent  of  the  latitude,  and  6  is  the  longitude 
of  the  moon  measured  from  the  first  point  of  Aries ;  and  thus 
y  is  the  longitude  of  the  ascending  node.  Suppose  then,  in 
fig.  134,  N  M  F  to  be  a  right  angled  spherical  triangle,  f  being 
the  place  of  the  moon,  n  the  ascending  node^  and  nm  the  plane 
of  the  ecliptic,  then  nm  =  B—y,  mf  =  tan-^*;  and  by  Napier's 
rules,  .  . 

'  SmNM  =  tan  MFXCOtFNM, 

or,       sin(d— y)  =  *xcot  pnm;  (197) 

on  comparing  which  with  (196),  tanFNM=:A:,  that  is,  is  con- 
stant; and  therefore  the  moon  moves  in  a  plane  making  a 
constant  angle  with  the  ecliptic ;  or,  in  other  words,  the  moon 
would  move  in  a  plane,  if  it  were  undisturbed. 

3X3 
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84f8.3  In  oonlehi^g  the  subject  of  central  forcea^  and  of  the 
present  Chapter,  I  propose  to  investigate  some  problems  which 
are  connected  with  them :  and  in  the  first  place  one  which  re^ 
fers  to  certain  conditions  under  which  it  has  been  imaqgined  the 
system  of  the  sun^  earth,  and  moon  might  have  beeit  frftnted  / 
and  which  is  such,  so  it  has  been  supposed,  that  more  light 
might  have  been  received  by  the  earth  from  the  moon  durinjg 
the  night  than  in  the  present  configttration.  The  foRowingf 
problem  however  is  that  which  gives  rise  to  the  i^eculaticm : 

Three  particles  or  bodies  A,  m,  mi  attrac^t  each  other  fireetly' 
as  their  masses  and  inversely  as  the  squares  of  tfaetr  distance?^ 
and  move  in  one  plane;  it  is  required  to  determine  the  relations 
between  them^  so  that  the  equations  of  motion  of  the  latter  two 
relatively  to  the  former  one  may  have  the  same  form  as  those 
of  two  particles  mutually  attracting  each  other  a(»M)rding  to  th« 
same  law,  and  may  consequently  admit  of  complete  solution. 

Let  M  be  the  maiss  of  the  particle  relatively  to  which  the  mo- 
tions of  the  other  two  are  to  be  calculated ;  let  the  plane  in 
which  they  move  be  that  of  xy  \  let  the  positions  of  m  and  m' 
at  the  time  /  be  (a?,  y),  (^ ,  y') ;  and  r,  /  their  distances  from  the 
origin,  at  which  m  is ;  and,  to  fix  our  thoughts,  let  us  assume  r 
to  be  greater  than  / ;  let  p  =  the  distance  between  m  and  m' : 
so  that  the  equations  of  relative  motion  of  m  and  m\  see 
Article  295,  are  severally 

Ax'     x^x')  - 


'1^-9^1  =  4' 


(199) 


But  if  the  motion  of  m  were  that  which  it  would  be  under  the 
action  of  a  single  particle  placed  at  the  origin,  its  equations  of 
motion  would  be  of  the  form, 


d^x      kx 

rf/j  +  ^  -  " 


>, 


(200) 
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where  A:  is  a  constanl    Now  on  aMupMriag  tliefle  witb  (19S)»  ¥N: 
have 


^- 

Vaf. 

I-:- 

V-9'_ 

P'     ~ 

where  K  is  another  undetermined  constant;  therefore  eKmi- 
nating  *',  we  have 

(ya?'-^)(i3--l)  =  0.  (201) 

By  a  similar  process^  from  (199)  we  maj  deduee  the  equation^ 

(y^-;ry')(l-i)=0;  (202) 

which  may  be  satisfied  in  either  one  or  the  other  of  two  ways ; 

(1)  ^  =   |r,  (208) 

(2)  r^'/^fK  (204) 

344.]  Let  ti9  consider  the  first  case;  it  is  manifest  from 
(203)  that  the  three  particles  are  always  in  the  same  straight 
Mne ;  and  we  have 

^  ^  y_ ^ 

^'  "  y'  ~  / ' 

and  also  p  =  r  —  / ; 

so  that  the  first  of  (198)  becomes 

_  +  _|„  +  «  +  _  +  ^__^  =  0.  (205) 

Now  if  this  motion  of  m  is  to  be  the  same  as  it  would  be  under 
the  action  of  a  single  central  force  emanating  from  the  origin^ 

the  coefficient  of  --^  in  (205)  must  be  constant,  and  therefore 

—  =  a  constant, 
r 

Let  us  then  assume  the  following :  let 

r=/(l-H^),  (206) 

where  j9  is  an  undetermined  constant ;  therefore 

X  =  ^(1+1^),         y  =  Sf'(l+i^),) 

p  =  ;,/  r  ^^^^ 

and  (205)  becomes^ 

d^x       X  ^  /         1  \  ^ 
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By  a  similar  process  the  first  of  (199)  becomes 

^'  +  ^{(M+«.')(l+i»»  +  m(l-<l±^')J=0;  (209) 

and  from  (207).        ^  =  (1  + ;,)  ^ ;  (210) 

therefore,  equating  the  coefficients  of  — ^ ,  we  have 
M+m+m'(l+/?)«(l  +  -2) 

=  (M-fm')(l-f;>)«  +  m(l+/^)-m^-l|^;   (211) 

which  after  expansion  becomes, 

(M+«»')jp«+(3M  +  2i»');?*+(3M-ft»0i»'-(w'  +  3f»)/>» 

-(2m'  +  3w);i  — (m-fw')  =  0,    (212) 

which  is  an  equation  of  the  fifth  degree,  and  accordingly  has 
one  real  root ;  and  as  the  result  is  +  <3o  when  j?  =  oo ,  and  is 
negative  when  j?  =  0,  the  equation  has  a  real  positive  root.  Now 
the  second  equations  of  (198)  and  (199)  will  lead  to  the  same 
equation.  Thus  the  three  particles  will  be  always  in  a  straight 
line,  and  their  distances  will  be  in  the  constant  ratio  given  in 
(206) :  the  paths  therefore  of  m  and  m'  will  be  conies  similar  to 
each  other,  and  similarly  placed  with  respect  to  the  position  of 
M,  which  is  in  the  focus  of  each.  For  such  a  motion  the  initial 
positions  and  circumstances  must  be  in  accordance  with  the 
preceding  conditions. 

In  ellipses  described  about  a  centre  of  force  in  the  focus  the 
squares  of  the  periodic  times  are  as  the  cubes  of  the  mean  dis- 
tances ;  in  this  case  however  that  law  cannot  hold,  because  the 
orbit  described  by  the  exterior  particle  has  necessarily  a  larger 
mean  distance,  and  yet  the  same  periodic  time. 

Also  for  such  a  motion  to  be  possible  the  circumstances  at 
the  initial  or  other  epoch  must  be  consistent :  that  is,  the  initial 
velocities  of  the  two  masses  must  have  lines  of  action  parallel 
to  each  other,  and  be  directly  as  the  distances  of  the  particles 
from  the  central  particle ;  because  from  (207), 


(213) 


345.]  This  problem  has  acquired  some  consideration  from 
the  use  which  has  been  made  of  it  in  the  argument  concerning 
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final  causes.  For  if  we  suppose  the  three  bodies  m^  wl^  m  to  be 
respectively  the  sun,  the  earth,  and  the  moon,  then,  assuming 
the  mass  of  m,  the  sun,  to  be  unity,  we  have 

^  ^  329630'         ^  "^  329630x68.6'  ^^^^^ 

As  these  numbers  are  very  small,  so  will  a  value  of  j?  deduced 
from  (212)  also  be  very  small :  we  may  therefore,  without  any 
great  error,  substitute  for  (212), 

(SU'\-m')p^-(m-\-m:)  =  0, 


^  /m+m^^ 


3 

=  ^  (nearly);  (215) 

that  is,  the  distances  from  the  sun  of  the  earth  and  the  moon 
would,  in  geocentric  opposition,  under  the  preceding  assump- 
tions, be  as  the  numbers  100  to  101.  And  if  these  bodies  were 
in  such  a  position  and  at  such  relative  distances,  their  magni- 
tudes are  such  that  the  moon  would  never  be  eclipsed,  and 
therefore  she  would  always  be  full  to  the  earth.  It  has  been 
supposed  that  under  such  an  arrangement,  assuming  that  the 
moon  were  made  by  the  Creator  solely  for  the  purpose  of  giving 
light  to  the  earth,  more  light  would  have  been  given  than  under 
the  present  system ;  or,  in  other  words,  it  is  presumed  that  the 
benefit  of  the  moon  to  the  inhabitants  of  the  earth  would  have 
been  greater,  if  she  had  always  been  in  geocentric  opposition  in 
this  assumed  system ;  and  thus  if  turning  as  she  does  the  same 
face  to  the  earth,  the  other  face  had  never  received  the  light  of 
the  sun.  But  would  such  a  system  be  stable?  subject  to  per- 
turbations from  the  planets  &c.  it  would  necessarily  be :  would 
these  perturbations  be  confined  within  certain  small  limits  ?  or 
would  they  go  on  increasing,  and  finally  attain  such  magni- 
tudes that  the  whole  system  would  be  permanently  overthrown? 
This  question  I  proceed  to  examine,  and  for  the  solution  I  am 
indebted  to  M.  Liouville ;  it  is  contained  in  a  paper  appended 
to  the  Connaisance  des  Temps  for  the  year  1845. 

Let  us  suppose  some  slight  derangement  to  take  place ;  and 
to  simplify  the  calculation  I  shall  assume  that  the  bodies  m 
and  m  do  not  leave  the  plane  of  xy ;  so  that  the  equations  of 
motion  are  (198)  and  (199). 
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Letm8'SiippMe4ha(ti»lie  relation  of  jramd  yio  ^«]id ay' is  of 
'41  fonn  mmikr  to-thoBe  of  eqpnitiinu  (207),  ihat  is,  let 

y  =  a+i')^(y'+»i)j' 

where  j>  i»  a  constant  as  heretofore ;  and  (  and  i}  are  the  incre- 
ments of  of  and  y'  due  to  the  action  of  the  disturbing  forces. 

When  /  =  0,  £,  ,,  |,  |  are  not  ,b«>l«tdy  «».  bnt«e.«ny 

small.  Our  object  is  to  detemime  tbe  Tidaes  of  (  and  17  as  / 
increases ;  because  if  they  continue  small,  or  involye  periodical 
quantities  only,  the  assumed  system  is  stable:  but  if  they  in- 
definitely inci*ease,  the  deviations  of  of  and  y  from  the  relations 
^assmned  in  (207)  become  greater  and  greater,  and  the  system 
is  unstable.  We  must  therefore  investigate  the  difiFerential 
equations  on  which  $  and  17  depend,  and  assuming  these  quan- 
tities to  be  small,  we  shall  neglect  squares,  cubes,  and  the 
higher  powers  of  them  and  of  their  products. 

Hict  us  suppose  the  mass  of  the  sun  to  be  the  unit-mass :  so 
that  M  =  1 ;  and  let  us  calculate  the  differential  equations  which 
refer  to  i»Vthe  earth,  viz.  (199).    Now 

^^  (l-hp)(j7'-hf) 

_     .s'  +  i     \,      8(a^i+i^t,)) 
-(l+/>)V»r  r'»        s 

-  (l+p)V»  +  (H-l>)«r'»  V  .1'^         Y 

'Similarly, 

x-nl *;_      1+^  St     8a?'(j!^f  +  y'i))) 

and  substituting  tJiese  in  the  first  of  (199),  we  have,  sinee  m = 1, 

5^  +  li  +  »»  +  (T:ir^«-:^^75 
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(1  +jpr     p^ 

so  that  (217)  becomes^ 

From  the  first  of  (216), 

and  substitnting  in  the  first  of  (198),  we  have 
*«  "^  *»  ■*"  /'  1(1  +!>)»  "''  P*(l+i>)  ) 

+  i(i+;»v»+^v4  r 7i — \-^-  (**^) 

By  reason  of  (211),  when  m  =  1,  and  from  (218), 

1±^.  +  ^?;^^±4  =  1  +  „'+ _^,  _  4  =  „'-  (222) 
so  that  (221)  becomes 
*5- +*5- +  !?»-+ I (i+^)./»+^^f ;7i 5-0;  (228) 

firom  which  subtracting  (219),  we  have, 

d»£       ^    1-mp         m'  +  m(l+p)}  (        8x'(af£  +  y'v)-i 

*5"  +  i(i+/')V»+ — P75 — n^ 5=^ — i~   ^^ 

l-TOi>        OT'+l»(l+j>)  _ 

(T+7?  y — "    '  ^    ' 

and  therefore  we  have 

By  a  similar  process  from  the  second  of  (198)  and  of  (199)  we 

These  equations  in  their  present  forms  are  not  susceptible  of 
integration,  and  we  are  obliged  to  have  recourse  to  a  process 
of  approximation.  For  this  purpose  we  must  first  express  ^  and 
y'  in  terms  of  t  under  the  supposition  that  the  system  is  not 
deranged :  in  this  case  we  have  from  (219),  if  we  put  f  =  ?y  =  0, 


H-^:7f-  =  0 


d/»    ^    /8 


(228) 


and  similarly  -j—-  +      ,^    =  0 

FRICE^  VOL.  III.  3  V 
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▼hence  bj  integntion,  as  in  Article  288,  we  shall  arrive  at  the 

eqiution  of  a  conic,  which  is  the  path  of  m'  when  undisturbed. 

Let  us  however  assume  the  conic  to  be  a  circle  of  which  the 

radius  is  unity,  so  that  /=  1 ;  in  which  case  the  solution  of 

(228)  is,  ,  /  '^  .    X  -, 

"•      '     >  af  —  oos(n7+r)  1 

y'sr  sin(«'<  +  T)  r 

where  r  is  a  constant  dependent  on  the  origin  of  the  time.    In 
(226),  replacing  /  hj  1,  we  have 


(229) 


^+n'{r,-Sy'(x'(  +  y'f,))  =  0 


Let 


(280) 


(281) 


so  that,  as  y,  y'  are  functions  of  t,  the  substitution  is  equivalent 
to  the  replacement  of  the  original  system  of  rectangular  axes 
by  a  new  system  which  moves  simultaneously  with  m  and  m'  in 
their  relative  motion  about  m.     Now  from  (229) 


dx'  ,  . 

dt  dt^^  dt 


>, 


nv 


:jr  =  y  ^S'-^'^  +  n'w 


dt  ~^  dt      "  dS 
and  differentiating  again  and  substituting  firom  (280)  we  have, 


>i 


(282) 


(233) 


dF  +  ^'^di 


(2n»+n'«)tt  =  0 


__2„-  +  («»-„»)r    =0 


(284) 


whicli  are  two  simultaneons  differential  equations  with  constant 
coefficients. 

Let  ns  assume  two  particular  integrals  of  these  equations  to  be 


t*  =  «• 


V  =  AC* 


where  a  and  a  are  two  undetermined  constants.    And  elimi- 
nating A^  we  shall  have, 

a* + a*  (2 n'« -  »«)  -  (n«  -  «'»)  (2n»  +  n'«)  =  0,  (286) 
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an  equation  whence  a'  may  be  determined ;  and  the  two  values 
of  a*  will  have  the  same  or  different  signs  according  as  n^  — n'* 
is  negative  or  positive.  In  the  case  of  the  sun,  the  earth,  and 
the  moon,  py  m,  and  m'  are  small  fractions^  and  approximately 
from  (218)  and  (225)  n'=:l,  n  =  2,  so  that  n^-fi^  is  positive; 
and  therefore  one  value  of  a'  is  positive  and  the  other  is  nega- 
tive. Therefore  the  solutions  of  (234)  will  contain  functions 
of  t  consisting  partly  of  periodical  quantities  involving  circular 
functions,  and  partly  of  exponential  quantities ;  the  former  may 
be  confiDed  within  small  limits ;  the  latter  will  increase  indefi- 
nitely as  t  increases^  and  therefore  the  values  of  u  and  v  will 
not  be  small;  hence  also  the  values  of  ^  and  77  will  not  continue 
small,  and  the  system  will  depart  more  and  more  from  the  state 
which  it  had  when  ^  =  0^  and  thus  will  be  unstable. 

And  if  we  substitute  the  preceding  values  of  n  and  n*  in 
(285),  a?  is  greater  than  2;  and  since  the  time  of  the  earth's 

27r 
revolution  about  the  sun  is,  see  (229),  — 7-  =  2  7,  it  is  plain  that 

e*'  will  increase  with  great  rapidity ;  and  thus  the  system  will 
be  very  quickly  overthrown.  Under  the  supposed  arrangement 
therefore,  the  moon  would  leave  the  earthy  and  the  end  which 
the  suggesters  of  the  hypothesis  now  considered  had  in  view 
would  be  lost.  I  may  also  observe  that  the  system  would  be 
unstable  if  the  moon  were  placed  in  a  position  between  the  sun 
and  the  earthy  in  which  case  the  moon  would  always  be  new 
to  the  earth ;  and  the  system  would  no  more  be  continued  in 
this  state  than  in  the  other. 

346.]  Let  us  next  consider  the  second  case  in  which  the 
equations  of  motion  of  one  disturbed  particle  moving  relatively  to 
another  are  of  the  same  form  as  those  of  a  single  particle  under 
the  action  of  a  central  force ;  that  is^  let  us  suppose  equation 
(204)  to  be  satisfied. 

In  this  case  r  ^r  ^  p, 

and  therefore  the  three  particles  are  during  the  whole  of  the 
motion  at  equal  distances  apart :  they  are  therefore  at  the  three 
angles  of  an  equilateral  triangle ;  and  the  equations  of  motion 
of,  say,  m  become^ 


\,  (336) 


3  Y» 
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and  the  equations  of  motion  of  ni  are  similar.  And  as  these 
equations,  when  integrated,  express  a  eonic^  it  follows  that  the 
paths  of  m  and  ni  are  conies  relatively  to  m,  the  position  of 
which  is  in  the  focus  of  the  paths  of  m  and  ffi ;  the  initial  cir- 
cumstances of  m  and  ni  must  of  course  be  consistent  with  this 
permanent  arrangement ;  and  we  must  always  have, 

dr  _  dr  __  dp 

dt  ^  df  ^  dt' 

347.]  Lagrange  in  the  Mecanique  Analytique,  second  part. 
Sect,  VII,  Chap.  Ill,  Art.  83,  remarks  that  a  conic,  say,  an  el- 
lipse, which  would  be  described  by  a  particle  under  the  action 
of  a  force  varying  inversely  as  the  square  of  the  distance  and 
tending  to  the  focus  of  the  ellipse,  or  under  the  action  of  a  force 
varying  directly  as  the  distance  and  having  its  source  in  the 
centre  of  the  ellipse,  may  also  be  described  under  the  action  of 
three  similar  forces  which  have  their  sources  in  the  two  foci  and 
in  the  centre  of  the  ellipse  respectively ;  and  he  makes  this  re- 
mark, after  he  has  proved  that  such  forces  yield  a  particular 
integral  of  the  differential  equation  which  expresses  the  motion 
of  a  particle  under  the  action  of  two  central  forces,  which  vary 
inversely  as  the  square  of  the  distance,  and  whose  centres  are 
in  two  given  points.  This  fact  however  is  only  a  special  appli- 
cation of  the  following  more  general  law  : 

If  many  particles  mi,  m^, ...  ^n  which  are  respectively  under 
the  action  of  the  force  Pi,  F2, ...  Fn  are  projected  from  a  given 
point  with  the  velocities  respectively  Vi,ya,...Vn  along  the  same 
line  and  in  the  same  direction ;  and  if  each  of  these  particles 
describes  the  same  path;  then  one  particle  m,  projected  with 
the  velocity  v  from  the  same  pointy  along  the  same  line,  and  in 
the  same  direction  as  the  m%  will  describe  the  same  path,  if 
the  initial  vis  viva  of  m  is  equal  to  the  sum  of  the  initial  vires 
viv8e  of  the  m's ;  that  is,  if 

Mv*  =  wiVi»+  m2V2«+  ...  +  mnVf?.  (237) 

Let  (^,  y,  z)  be  the  position  of  m  at  the  time  t  ]  so  that  its  ex- 
pressed momentum-increments  along  the  coordinate  axes  are 
d^x  d^y  d^z 

"^W      ^di^'      "^W' 
and  let  Xi,  Yi,  Zi,  X2^  Vg,  Z2, . . .  x„,  y„,  z^  be  the  components  of  the 
impressed  momentum-increments  of  the  several  forces  Fi,  Fs,  ... 
Fn ;  and  let  n  be  a  certain  normal  force,  the  direction  angles  of 
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the  line  of  action  of  which  are  a,  p,  y,  and  which  is  such  that  m 
under  the  action  of  it  and  the  f^s  describes  the  required  path. 
Then  the  equations  of  motion  of  m  are 


M^Tj    =  Xi  +  X2+...+X«4-NC08a  =  2.X-f  N  COS  a 
M^  =  Yi+Ya-f...+Y„  +  NC08i8  =  2.Y+NCOS/3 

d^z 

M-^  =  Z1  +  Z24-'...  +Z»4-NC08y  =  2.Z  +  NC08y 


}.   (288) 


Multiplying  these  respectively  by  2dx,  2dy,  2dz,  and  supposing 
the  velocities  of  m,  mi,  Wa, . . .  Wn  at  the  time  t  to  be  v,  t?i,  v», . . .  t?n, 
we  have       ^^^^  ^  2dir2.x4-2rfy2.Y  +  2rf-r2.z,  (289) 

because  dx  co&  a+dy  cos  /3 +{fe  cos  y  =  0. 

But  the  equations  of  motion  of  mi,  ma, ...  m^  under  the  action 
of  their  respective  forces  yield  the  following  equations  : 

d.miv^  =  2  {iLidx  -\-Yidy  -\-Zidz)' 
d.m^v^  =  2{x^dx-\-Y^dy  +  z%dz) 


>.  (240) 


d.mnV^  =  2(Xndr  +  Y„rfy  +  Zn&r)^ 
so  that  (289)  becomes 

rf.MV*  =  s.rf.mr*  =  d,^,mv^; 

and  therefore  taking  definite  integrals,  with  limits  corresponding 
to  /  =  /  and  to  /  =  0,  we  have 

Mr*  =  S.mt?*;  (241) 

and  therefore  at  all  points  of  the  path  of  m  its  vis  viva  is  equal 
to  the  sum  of  the  vires  vivse  of  the  m^s  in  their  separate  motions. 
Hence  it  follows  that  the  normal  force  n  assumed  in  equa- 
tions (238)  is  zero^  and  consequently  m,  under  the  action  of  the 
several  impressed  momenta  which  act  on  mi,  m2^...mi,^  will  de- 
scribe the  same  path  as  each  of  the  m^s.  This  general  propo- 
sition is  due  to  M.  Ossian  Bonnet^  and  is  given  in  the  notes 
appended  by  M.  Bertrand  to  the  edition  of  the  '^  M^anique 
^Analytique'^  of  M.  Lagrange^  Vol.  II,  1855. 
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CHAPTER  XII. 

THE  CONSTRAINED  MOTION  OF  PARTICLES,  UNDER  THE 
ACTION  OF  GIVEN  FORCES. 

Section  1. — Tke  motion  of  a  particle  constrained  to  move  on  a 
given  curved  tine. 

848.]  The  subjects  of  motion  thus  far  have  been  particles 
not  constrained  by  any  geometrical  conditions ;  they  have  there- 
fore been  firee  to  take  in  space  such  paths  as  are  due  to  the 
action  of  the  impressed  forces :  it  remains  now  to  investigate 
the  motion  of  particles  which  are  constrained ;  that  is,  which 
are  subject  to  certain  geometrical  relations :  such  is  the  motion 
of  a  particle  in  a  small  tube,  either  smooth  or  rough,  and  the 
bore  of  which  is  supposed  to  be  of  the  same  size  as  the  particle : 
of  a  small  ring  sliding  on  a  curved  wire,  with  or  without  firic- 
tion :  of  a  particle  fastened  to  a  string,  or  moving  on  a  given 
surface.  The  principles  of  the  science  which  were  investigated 
in  Chapter  IX  are  of  breadth  sufficient  for  this  inquiry.  For 
in  addition  to  the  impressed  momentum-increments  on  the 
moving  particle,  there  will  in  general  be  a  normal  pressure  or 
reaction  of  the  curve  or  surface,  arising  from  the  defleidon  of 
the  particle  from  the  path  which  it  would  have  under  the  action 
of  the  impressed  forces  alone :  and  this  pressure  together  with 
the  expressed  momentum-increments  will  be  equal  to  the  im- 
pressed momentum-increments. 

849.]  In  this  section  I  propose  to  consider  the  motion  of  a 
particle  constrained  to  move  on  a  given  curve ;  such  as  that  of 
a  particle  in  a  tube,  or  of  a  small  ring  on  a  wire,  or  of  a  par- 
ticle fastened  to  a  string.  And,  to  take  the  general  case,  I  shall 
suppose  firstly  the  curve  to  be  in  space,  and  the  motion  to  be 
free  from  friction. 

Let  the  equations  to  the  curve  on  which  the  particle,  of  mass 
niy  is  constrained  to  move,  be 

1^1  (^,  y^  2)  =  0,         Fa  (a?,  y,  <?)  =  0;  (1) 
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and  let  {Xy  y,  z)  be  the  place  of  m  at  the  time  / :  let  x,  y,  z  be  the 
coordinate  components  of  the  impressed  velocity-increments; 
let  B  be  the  normal  pressure,  and  let  a,  p,  y  be  the  direction 
angles  of  its  line  of  action;  so  that  the  equations  of  motion  are 


m-nr  =  mx  — Ecoso 


m 


m 


dt* 
d^s 
dfi 


mY  —  ncoBp 


=  mz  —  Bcosy 


>; 


(2) 


and  dividing  by  m,  whereby  the  equations  become  expressed  in 
terms  of  velocity-increments^ 


rf*a?  B 

dt*  m 

d^y  B         _ 

_^  =  v--cos^ 

d^z  B 

rs  Z COS  y 


(3) 


dt*  m 

The  line  of  action  of  b  cannot  be  definitely  determined;  we 
know  no  more  of  it,  at  present,  than  that  it  is  perpendicular  to 
the  tangent  of  the  curvilinear  path  at  the  place  of  the  particle ; 
so  that  we  have 

dxeoBa-^-dycosp  +  dzccmy  =  0:  (4) 

neither  do  we  know  the  direction  in  which  b  acts. 

Now  multiplying  the  equations  of  (3)  severally  by  2dx,  2  dy, 
idz,  and  adding,  we  have 

2dxd*x-\-2dyd^y-\'2dzd^z 


dt^ 


=  2{xdX'^Ydy-\-zdz),        (5) 


Let  the  circumstances  of  motion  be  considered  at  the  times  / 
and  to;  and  let  us  suppose  that  xdx-^-Ydy-^-zdz  is  such  a  func- 
tion of  x^y,z  BB  to  admit  of  integration ;  and  let  v  and  Vo  be  the 
corresponding  velocities ;  then  integrating  (5)  we  have^ 

v^  —  vo^  =  2/  (xdr  +  Yrfy  +  z&r),  (6) 

whereby  the  velocity  is  found  by  simple  integration  at  any 
point  of  the  path. 

Also  since 

d^s  _  rf*a?  dx      d^  dy      rf*£  dz 
dF''di^ds'^Wdi^'di^di' 
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•  •     d/*   "  ds  '  ^^ 

and  is  therefore  independent  of  the  resistance  of  the  curve ;  the 
velocity-increment  therefore  of  the  particle  along  the  curvi- 
linear path  is  the  same  as  if  the  particle  were  moving  fireely 
along  that  path. 

And  since  r*  =  -^5-,  we  have  from  (6), 

dt  = TT-^^ >  (8) 

{»o*  +  2/  (xdir-fYrfy-fzdzr)}* 

whence  the  time  may  be  found  in  terms  of  the  coordinates  of 
the  particle  at  t  and  /o* 

And  the  normal  pressure  on  the  curve  may  thus  be  found : 
multiplying  (3)  severally  by  cos  a,  cos  ^^  cos  y,  we  have 

Now  suppose  the  line  of  action  of  the  normal  pressure  to  be  the 
principal  normal :  then  if  p  =  the  radius  of  absolute  curvature, 
d  dx  ^  d  dy  ^      d  dz 

«««=±''5;a'   «''^=±''rf^i'  '^->^=^f-didi' 

the  double  sign  referring  to  the  value  of  p,  and  which  is  to  be 
positive  or  negative,  according  to  the  direction  in  which  it  is 
measured,  so  that  it  may  finally  bear  a  positive  sign,  because  it 
is  an  absolute  length.  And  replacing  in  (9)  cos  a,  cos  /3,  cos  y  by 
these  values,  we  have 

—  =  X  cos  a  +  Y  cos  j3-hz  cosy 

(rf*^^rfr      d^d^dy      d^  d  rfxr) 
-^(Wdids'^di^dsds'^'dFdsds)' 

,-.     R  =r  m  jxcosa  +  Ycosj9  +  zco8y  + — >.  (10) 

—  is  the  centrifugal  force ;  see  Art.  255 :  thus  if  the  normal 

P 
pressure  on  the  curve  acts  along  the  radius  of  absolute  curva- 
ture, it  is  equal  to  the  algebraical  sum  of  the  resolved  parts  of 
the  impressed  momentum-increments  along  that  radius  of  abso- 
lute curvature  and  of  the  centrifugal  force. 

And  the  normal  pressure  is  along  the  principal  normal  when 
the  curve  is  described  by  the  moving  particle  without  the  action 
of  any  continually  impressed  forces :  for  in  this  case, 
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d^ 
dt* 
d^z 
dt* 


= cos  a 

m 

= cos  8 

m 

R 

= cos  y 

m 


>'y 


dxd^x-\-dyd^y-\-dzd^z            b  ,  .  .    ,  .  .    ,  . 

^^^ — ^ = {^cosa  +  ^y  cos  j9  +  ^r  cosy} 


dt^ 


=  0; 


ds^ 


.  .     -yr^  =  (velocity)*  =  a  constant. 

Therefore  dt  =  kds^  and  therefore  s  and  /  are  simultaneously 
equicrescent :  and  cos  a,  cos  fi,  cos  y  are  severally  proportional  to 

-y-*}  ^r*  >  -3-9- >  and  are  therefore  the  direction  cosines  of  the 
ds^     ds*     ds*' 

principal  normal. 

R  is,  it  will  be  observed,  a  pressure  or  a  momentum ;  and  is 
therefore  compounded  of  two  factors,  of  which  one  is  mass  and 

the  other  is  velocity ;  and  as  a  varies  directly  as  m,  —  is  velo- 
city. Thus  equation  (9)  is  homogeneous,  and  is  formed  in  terms 
of  velocity :  equation  (10),  on  the  other  hand,  is  formed  in  terms 
of  momentum  or  pressure.  It  is  convenient  to  have  a  distinctive 
name  for  the  velocity,  which  is  lost  or  gained  by  reason  of  the 
motion  being  constrained,  and  I  shall  call  it  the  reaction  of  the 
curve :  so  that  reaction  is  the  pressure  on  the  curve  of  an  unit- 
mass  ;  and  the  pressure  of  m  on  the  curve  is  the  product  of  the 
mass  and  the  reaction. 

Equations  (7)  and  (9)  or  (10)  are  the  tangential  and  normal 
components  of  the  velocity-increments,  and  the  result  is  there- 
fore equivalent  to  a  tangential  and  normal  resolution. 

350.]  If  however  the  motion  takes  place  wholly  in  one  plane, 
we  may  take  that  to  be  the  plane  of  .ry,  and  the  general  for- 
mulae become  simplified.  Thus  the  equations  in  terms  of  velo- 
city-increments along  the  coordinate  axes  are, 

rf*j?  _  R  rfy 


m  ds 


d^y  R  dx 

— -  =   Y  H 

rf/2        ""^  m  ds 


(11) 
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and  if  the  yelocity-increments  are  resolved  along  the  tangent 
and  the  normal^ 

d^8  ^  d^x  dx      d^y  dy 

W  "  di^ds'^'di^ds 

and  integrating  with  limits  corresponding  to  t  and  to,  we  have 

i;«-ro*  =  zf  (xdx+Ydy).  (13) 

Also  if  we  multiply  the  two  equations  of  (11)  severally  by  dy 
and  dx  and  subtract,  we  have 

if  p  is  the  radius  of  curvature  of  the  curve  at  the  point  (x,  y) ; 
and  the  correct  signs  must,  where  an  ambiguity  exists,  be  de- 
termined by  the  circumstances  of  the  problem. 

And  if  the  system  of  radial  and  transversal  resolution  is  taken, 
and  if  f  and  q  are  the  radial  and  transversal  impressed  velocity- 
iucrements,  as  in  Art.  256,  then 

rfV         de^  VL  rdS' 


dt^      ^  dt*  '^  ^-  m    d3 
I  d  /  ^d$\  ^  VL  dr 


(15) 


Also  we  have 


la/  ^a0\  _      _  E  or 
rdtV   dtf  ^  ^^'ii^ds 
and  integrating  these  we  have  for  the  velocity, 

v^-vo^  =  2/  {prfr  +  Qrd»}.  (16) 

(     dr        rdO  ,    v^ }  ,-^. 

We  proceed  now  to  give  examples  in  which  these  principles  and 
formulae  are  applied. 

The  most  simple  is  manifestly  the  motion  of  a  heavy  particle 
moving  on  a  smooth  inclined  plane ;  the  motion  of  it  along  the 
plane  has  been  considered  already :  viz.  in  Section  2,  Chapter  X, 
wherein  the  tangential  component  has  entered  into  computa- 
tion :  and  for  the  normal  component  we  have,  if  a  is  the  inclina- 
tion of  the  plane  to  the  horizon, 

R  =  mg  cos  a ; 
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that  is,  the  pressure  on  the  plane  is  the  same  at  all  points  of  it^ 
and  is  independent  of  the  velocity  with  which  the  particle  moves 
down  the  plane. 

351.]  Ex.  1.  From  a  given  point  on  a  parabola  a  particle  is 
projected  with  a  given  velocity  u  along  the  concave  side  of  the 
curve,  and  is  acted  on  by  a  force  in  the  focus  which  is  attractive 
and  varies  inversely  as  the  square  of  the  distance ;  it  is  required 
to  determine  the  circumstances  of  motion. 

Let  the  equation  to  the  parabola  be 

"  1  +  cosd' 
which  in  terms  of  r  and  p  becomes 

p*  =2  ar; 
let  c  be  the  initial  distance  of  m  from  the  focus ;  then  q  =  0,  and 

therefore  from  (16), 

whereby  the  velocity  is  known  at  every  point  of  the  curve.  And 
from  (17),  ^  ^  t?»        M  rd$ 

m  "    p       r*   ds 


2rir         M' 


and  thus  the  pressure  is  known  at  every  point  of  the  curve ; 
and  since  m  is  to  move  on  the  concave  side  of  the  curve,  u' 

must  be  greater  than  -^;  and  if  «*  is  less  than  -~^  m  must 

2a 
move  on  the  convex  side ;  and  if  it*  =  -£-  the  pressure  on  the 

curve  is  zero  at  all  its  points;  and  rightly  so;  because  (-^) 

is,  see  Art.  319,  the  velocity  acquired  at  the  point  of  projection 
by  m  moving  from  infinity  under  the  action  of  the  central  force ; 
and  thus  under  these  circumstances  the  parabola  would  be  the 
unconstrained  orbit. 

Ex.  2.  A  particle  moves  on  the  convex  side  of  a  parabola, 
and  is  tied  by  an  extensible  string  to  a  point  in  the  focus ;  the 
unstretched  length  of  the  string  is  equal  to  the  focal  distance ; 
the  particle  is  placed  at  rest  at  the  extremity  of  the  latus 

3-z  2 
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rectum;  it  is  required  to  determine  the  subsequent  circum- 
stances of  motion.  ^ 

Let  T  =  the  tension  of  the  string,  so  that  t  is  the  central  force 

acting  on  m ;  then^  if  r  is  the  distance  of  m  from  s  at  the  time 

t,  and  if  e  is  the  coefficient  of  elasticity, 

/-I  X  r  — a 

r=a(l-|-€T),  .-.     T  =  ; 

ea 

and  therefore  from  (16), 


dt^  J 2a      de 


dr 


^i^^-yh  <i^> 


and  from  (18),       ds^  =  !l!^  ; 

and  substituting  this  in  (19)  we  have 

{ae)^dr 


dt  =  ^ 


{(r-a)(2a-r)}*' 
2r  — 8a 


.-.     /  =  (ac)*cos"* 

a       ' 

therefore  when  rs=a,  t^^ir  (ae)^,  and  this  is  the  time  which  the 
particle  takes  in  passing  from  the  extremity  of  the  latus  rectum 
to  the  vertex ;  and  the  velocity  is  a  maximum  when  r  =  a,  so 
that  the  particle  passes  on  from  the  vertex  to  the  other  ex- 
tremity of  the  latus  rectum,  at  which  it  comes  to  rest ;  and  this 
oscillatory  motion  continues,  the  period  of  an  oscillation  being 
27r(ac)*. 

Ex.  8.  A  particle  moves  on  the  convex  side  of  an  ellipse 
under  the  action  of  two  forces  parallel  respectively  to  the  axes 
of  ^  and  y,  and  which  vary  respectively  as  the  cubes  of  the  cor- 
responding coordinates  :  the  particle  is  placed  at  rest  at  the  point 
(A,  k) ;  it  is  required  to  determine  the  pressure  on  the  curve. 

Y JL. 


y»       A»       ** 


In  this  case,      x  =  - 

therefore  from  (13), 
da*         . 
dt*  =  ^*  = 

-'J 

^ 

^+ 
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Let  the  equation  to  the  ellipse  be 

Then 

^^*  y*  ^(aV  +  **^*)*  ^^  y^  ^'  **'(aV  +  **^*)*' 
Ex.  4.  A  particle  moTes  on  the  convex  side  of  an  ellipse^  and 
is  under  the  action  of  (1)  two  central  forces  varying  inversely 
as  the  square  of  the  distance,  and  whose  sources  are  at  the  foci, 
and  (2)  a  central  force  varying  as  the  distance  and  whose  source 
is  at  the  centre  of  the  ellipse ;  it  is  required  to  determine  the 
pressure  on  the  curve. 

Let  fii,  /X2,  fi  be  the  absolute  forces  severally  of  the  foci  and 
of  the  centre ;  and  let  the  centre  of  the  ellipse  be  the  origin. 
Let  Vi,  r2,  r  be  the  distances  of  m  at  the  time  t  from  the  two 
foci  and  from  the  centre  respectively,  and  let  r'l,  /j,  /  be  the 
initial  values  of  these,  that  is,  when  /  =  0 ;  and  let  Vo  be  the 
initial  velocity.    Then 

^=  -MO. ^s ^—^ 

ri         rj  Ti         r% 

Also  r«  =  a«4-4*-rir2,  and  p  =  ^!l!^. 

If  V,  vi,  V2  are  the  velocities  with  which  a  particle  m  being 
projected  from  the  given  point  would  fi'eely  describe  the  pre- 
ceding ellipse  under  the  action  of  the  preceding  forces  acting 
singly,  then 

so  that  —  =  v*+Vi*4.Va*  — ro*; 

m 

if  therefore  t?o*  =  v* + Vi* + Vj*, 

then  B  =  0,  and  the  particle  would  describe  the  ellipse  freely. 
This  result  is  a  particular  application  of  the  general  Theorem 
of  Article  347. 
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852.]  Let  us  now  consider  another  form  of  the  same  problem 
which  is  more  simple  than  the  preceding^  and  more  general  in 
application ;  that^  viz.,  of  a  heavy  particle  moving  on  a  given 
plane  carve. 

Let  the  axis  of  x  be  horizontal,  and  the  axis  of  y  vertical ; 
so  that  the  equations  of  motion  are, 

d^x  ^        ^  dy 


d^y  _      ^  R  dx 
dF  "  ^^mds 


^.  (20) 


Multiplying  these  hj  ^dx  and  2dy  respectively,  adding,  and 
integrating,  we  have 

r»-t;o*  =  2^(y-yo);  (31) 

that  is,  the  excess  of  the  square  of  the  velocity  at  the  time  / 
over  that  at  the  beginning  of  the  time  varies  as  the  perpen- 
dicular distance  through  which  the  particle  has  moved,  and  is 
independent  of  the  path  which  it  has  taken.  This  is  a  particular 
case  of  the  general  principle  of  vis  viva  which  we  shall  discuss 
in  the  following  Chapter. 

Again,  multiplying  the  first  of  (20)  by  dy  and  the  second  by 
dx  and  subtracting,  we  have 

VL  _     dx      dyd^x—dxd^y 

But  if  p  is  the  radius  of  curvature  of  the  curve  at  the  point  (x,  y), 
*  =  pd.tan-i(^) 


=    P 


dy' 
{Pxdy  —  d^ydx 


dsl 
.-.     d^xdy  —  dh/dx  =z — ^; 

P 
R  dx       V*  ^^ 

•■•     ±^  =  ff^±-'  (22) 

m  as        p 

the  ambiguity  of  the  signs  depends  on  the  position  and  the 

direction  of  curvature  of  the  curve ;  they  are  therefore  for  each 

particular  problem  to  be  determined  by  its  circumstances. 

Now  ^^  is  the  resolved  part  of  gravity  along  the  nonsal  to 
the  curve,  and  —  is  the  centrifugal  force :  the  reaction  there- 
fore is  equal  to  the  algebraical  sum  of  these  two  quantities. 
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We  shall  sometimes  find  it  convenient  to  employ  the  system 
of  tangential  and  normal  resolution ;  the  choice  however  of  the 
method  must  depend  on  the  particular  application  of  it. 

353.]  The  motion  of  a  heavy  particle  on  a  cycloid. 

Let  the  base  of  the  cycloid  be  horizontal^  and  let  the  curve 
be  in  a  vertical  plane;  and  firstly  let  us  suppose  the  vertex  of 
the  cycloid  to  be  its  lowest  point,  as  in  fig.  135 ;  om  =  ^,  mp  =  y ; 
so  that  the  equation  of  the  curve  is, 

y  —  a  versin-i  -  +  (2  aa? — x^)  *.  (23) 

Let  the  particle  m  move  on  the  concave  side  of  the  curve,  and 
be  at  p  {x^  y)  at  the  time  tj  and  at  rest  at  k  (A,  k)  when  /  =  0. 
Then  the  normal  po  is  the  line  of  action  of  r,  and  the  equations 
of  motion  are  ^t^ 

dF  

^2         .     y-^  (24) 

whence,  as  heretofore,  multipljdng  the  first  by  2^  and  the 
second  by  2dy,  adding  and  integrating,  and  observing  that 
V  =  0  when  .r  =  A,  we  have 

ds^ 

dt^ 

similarly,  multiplying  the  first  of  (24)  by  dy,  and  the  second  by 
dx,  and  subtracting,  we  have 

—  =  ^/-j        .  (26) 

m        ^  ds        p  ^ 

-n         /««v  rfv  das  da 

Prom  (23), 


R 

dy^ 

— 

-^+^ 

ds 

V 

R 

dx 

"~~ 

m 

ds 

^v^  =  2g{h^x);  (25) 


{2a-a?}*       a?*        (2a)*' 
p  =  {8a(2a-a?)}*. 
If  OF  =  ^,  and  m  is  descending  to  the  lowest  point  of  the 
curve,  and  if  /  is  the  time  of  m  descending  from  r  to  o,  then 
from  (25)  we  have,  I      fo     ds 

{2g)^Jh  (A-a?)* 
dx 


=  -  (-)Y - 


(27) 
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the  time  of  descent  of  a  particle  to  the  lowest  point  of  the  curve 
is  thas  independent  of  h,  and  is  therefore  the  same  for  all  par- 
ticles starting  from  different  points  of  the  cycloid. 

And  since  the  velocity  of  m  at  o  is  {2ffh)^,  and  has  therefore 
its  greatest  value,  and  since  by  (25)  t;  =  0  when  ^  =  A,  it  follows 
that  m  having  passed  through  o  ascends  the  other  branch  of  the 
cycloid,  and  reaches  a  point  k'  at  the  distance  A  above  the  hori- 
zontal line  through  o ;  and  the  time  of  the  ascent  is  ir  (-)  :  thus 

the  time  of  a  complete  oscillation  from  k  to  k.'  is  2ir  (-]  ,  and  is 

thus  independent  of  the  point  on  the  curve  at  which  the  motion 
commences. 

This  property  of  a  curve  is  called  Tautochronism,  and  the 
^  cycloid  is  accordingly  called  a  tautochronous  curve. 

The  result  (27)  may  be  arrived  at  so  shortly  by  the  foUowing 
process  that  I  do  not  hesitate  to  insert  it : 

Let  us  resolve  normally  and  tangentially :  then  we  have 
€Ps  _  dp 

From  the  equation  to  the  cycloid,  s^  =  Saa:, 

dx  ^    s 

which  is  a  linear  differential  equation ;  and  of  which  the  general 
integral  is  . 

where  a  and  a  are  undetermined  constants  of  integration :  let 

/  be  the  initial  value  of  s ;  then  since  -rr  =  0,  and  ^  =  /  when 

at 

/=0 ;  therefore  ar=0,  and  a  =  / :  so  that  the  complete  solution  is 

Also  from  (26),  substituting  by  means  of  the  equation  to  the 
cycloid,  ^  ^  g(2a-^h-^2x) 

♦»        {2a{2a-x)}^' 
which  assigns  the  pressure  on  the  curve ;  and  if  A  =  2a,  that  is, 
if  m  begins  to  move  from  the  extremity  of  the  base  of  the  cycloid. 
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and  if  ^  =  0,  that  is,  at  the  lowest  point  of  the  curve, 

that  is,  the  pressure  is  twice  the  weight  of  the  particle. 

If  the  plane  in  which  the  cycloid  is,  and  in  which  m  moves,  is 
inclined  to  the  horizon  at  an  angle  a,  and  is  smooth,  the  pre- 
ceding results  are  applicable,  if  we  replace  ghj  g  sin  a. 

354.]  A  particle  m  may  have  the  cycloidal  motion  of  the 
preceding  Article,  if  we  suppose  it  to  move  in  a  smooth  tube, 
or  an  open  canal,  bent  into  the  form  of  a  cycloid.  We  may  also 
obtain  a  path  of  the  required  kind  by  the  following  arrange- 
ment. Let  the  particle  m  be  fixed  at  the  end  of  a  perfectly 
flexible  and  inextensible  string,  which  we  shall  assume  to  be 
without  weight,  of  length  4  a ;  and  let  the  upper  end  of  this 
string  be  fastened  at  a  point  c,  see  fig.  135,  in  a  vertical  line 
through  o,  where  oc  =  4a;  from  c  to  b  and  from  c  to  b'  let 
two  cycloidal  arcs  be  drawn,  equal  to  ob  or  ob';  then  bob'  is 
the  involute  of  cb  and  cb'  ;  and  therefore  the  end  of  a  string  of 
the  length  4a  fastened  at  c  and  wrapping  round  cb  and  cb'  will 
describe  the  cycloid  bob'. 

Now  when  a  heavy  solid  body  oscillates  about  a  fixed  hori- 
zontal axis  it  is  called  a  pendtUum ;  and  when  a  heavy  particle 
is  attached  to  the  axis  by  means  of  a  string  or  a  rod,  without 
weight  and  inextensible,  this  arrangement  is  called  a  simple 
pendulum  I  and  although  such  a  system  never  can  be  perfectly 
attained,  yet  approximations  may  be  made  to  it  which  are  near 
enough  for  practical  purposes,  and  by  means  of  it  the  incidents 
of  pendulums  may  be  compared. 

Suppose  then  the  particle  m  to  be  fixed  at  one  end  of  a  string, 
whose  length  is  4  a,  the  other  end  being  fastened  at  c,  fig.  135  ; 
and  suppose  the  plane  of  the  curves  to  be  vertical ;  then  if  cb, 
cb'  are  such  surfaces  or  cheeks  that  the  string  may  be  wrapped 
round  them,  m  will  move  in  a  cycloidal  path,  and  we  shall  have 
a  cycloidal  pendulum.  The  time  of  the  oscillations  will  be  the 
same,  whatever  is  the  point  whence  m  begins  to  move ;  and  if  I 
is  the  length  of  the  string, 

the  time  of  an  oscillation  =  tt  ^-j  .  (29) 

Also  the  tension  of  the  string  corresponds  to  the  pressure  on 
the  curve  of  the  preceding  Article,  and  we  have 
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the  tension  of  the  string  =  mg : :  (80) 

and  therefore,  if  j?  =  0, 

the  tension  at  the  lowest  point  =  -^  (2a  +  A). 

355.]  As  another  example  of  cycloidal  motion^  let  us  suppose 
a  cycloid  to  be  placed  in  a  vertical  plane  with  its  base  hori- 
zontal, as  in  fig.  186 ;  and  let  us  suppose  m  to  be  projected  from 
the  highest  point  with  a  given  velocity  along  the  convex  side  of 
the  curve;  it  is  required  to  determine  the  subsequent  motion 
of  m. 

Let  p,  (<r,  y),  be  the  position  of  m  at  the  time  t-,  let  ti  =  (Zgh)^ 
be  the  velocity  of  projection.    The  equations  of  motion  are, 

d^x  _  B  dy 

Ifl  "  ^^  mdi' 

dhf  _   R  dv 

In  "  H^di' 

ds* 

.'.     -^  =  v^  =  2ff(h-^x), 

^   _     dy      v^ 
m  "  ^  ds       p 

_      g     2a—h'-2x 

"  (2a)*    (2a-a?)* 

So  long  as  r  has  a  positive  sign,  m  is  in  contact  with  the 
cycloid ;  but  when  r  =  0,  the  particle  leaves  the  curve ;  and 
being  heavy  and  moving  freely  describes  a  parabolic  path; 
this  takes  place  when  ^ 

in  which  case  v^  =  2^  (a  +  ^ j  ;  and  the  line  of  motion  of  m  at 
that  time  makes  with  a  horizontal  line  an  angle  whose  tangent 
is  (^ -J  ;  and  the  latus  rectum  of  the  subsequent  parabolic 

2a      ' 

356.]  The  motion  of  a  heavy  particle  on  a  circle. 

Let  the  plane  of  the  circle  be  vertical,  and  let  its  radius  be  a ; 
let  it  be  placed^  as  in  fig.  137,  with  the  origin  at  the  lowest  point, 
and  with  its  axis  vertical;  so  that  the  equation  of  the  circle  is 


Digitized  by  VjOOQ  IC 


356.]  MOTION  ON  A  CIBCLB.  547 

dy     _  ^  _   rf«  . 
a— 0?  ""   y   ""    a  ' 

and  the  equations  of  motion  are 

rf*a?  _  R  ^  d^ ^dx 

^  ~  "  ^  "^  wT  rf*  '  dt^  "       m  da' 

Let  the  initial  position  of  m  be  (A,  k),  and  let  the  velocity  of 
m  at  that  point  be  vq  ;  then 

d8^ 

—  =  !;«  =  2^(A-a?)+Vo*.  (31) 

Hence  it  appears  that  the  velocity  is  a  maximum  when  ^  =  0^ 
that  is^  at  the  lowest  point  of  the  curve;  and  the  velocity  s  0, 
when  ^,  a 

subject  to  the  condition  that  A  +  ^—  is  not  greater  than  2  a ; 

and  if  this  is  not  the  case^  then  the  velocity  is  a  minimum  when  x 
has  its  greatest  value^  that  is,  at  the  highest  point  of  the  circle. 

Also  iL^gf^t.  (32) 

m        ^  ds^   p  ^     ^ 

=  ^{a  +  2A-3^+t?o'},  (38) 

which  gives  the  pressure  on  the  curve.  And  if  the  circular 
motion  of  m  is  caused  by  the  fastening  of  m  to  a  string  of 
length  a,  the  other  end  of  which  is  fixed  at  the  centre  of  the 
circle,  then  r  is  the  tension  of  the  string,  and  we  have, 

the  tension  =  -^  {a-h2A-8a?+Vo*}.  (34) 

If  t;o  =  0  and  A  =  2a,  that  is,  if  the  particle  moves  from  rest 

from  A,  the  highest  point  of  the  circle,  then,  at  the  lowest  point, 

when  a?  =  0,  ^      m      k^» 

'  R  =  T  ==  o  mg, 

and  is  therefore  equal  to  five  times  the  weight  of  the  particle. 

Now  to  find  the  time  taken  by  the  particle  in  its  descent  to 

the  lowest  point.    From  (31),  if  op  =  8,  so  that  s  decreases  as  / 

increases,  ^ 

dt  = 


adx 


{2aa?-a?«}i{2^(A-ir)  +  t>o*}" 

4A2 


(35) 
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This  element-function  does  not  generally  admit  of  integration. 
In  the  case  in  which 

that  is,  in  which  the  particle  comes  to  rest  at  the  highest  point 
of  the  circle,  (35)  becomes, 

rf/  =  - —^ ;  (36) 

whence  by  integration,  and  observing  that  /  =  0  when  J7  =r  ^  we 

have 

1  /a\*       {2a)^  +  xi      1  /a\*       (2a)»  +  A» 

'= -2^)  ^°s^^^i?z^  +  2y '°«^i^^4Zr*' 

357.]  Let  us  however  return  to  the  general  expression 
(35)  for  dt ;  and  to  simplify  it,  let  us  suppose  the  initial  velo- 
city to  be  zero,  and  h  to  be  the  vertical  abscissa  to  the  point 
whence  m  begins  to  move ;  then 

rf/  = 1 ^ 1;  (37) 

(2^)*  {h-x)^  (2aa?-a?2)* 

this  expression  does  not  admit  of  integration.  If  however  the 
radius  of  the  circle  is  large,  and  the  greatest  amplitude  to  which 
m  moves  is  small,  we  may  expand  (37)  in  a  series  of  terms  in 

ascending  powers  of  -,  and  thus  approximately  find  the  inte- 
gral ;  and  it  is  necessary  to  have  recourse  to  this  method,  be- 
cause the  problem  is  that  of  a  circular  pendulum ;  and  in  the 
applications  of  it  to  the  purposes  of  time-measuring  it  is  desir- 
able to  know  the  extent  of  error  which  arises,  if  we  assume  one 
term  of  the  series  to  be  the  measure  of  the  time  of  descent  of  m 
from  its  highest  to  its  lowest  point.  Let  t  be  the  time  of  an 
oscillation,  that  is,  from  .r  =  A,  through  a?  =  0,  to  ^  =  A ;  then 

/a\^  fi^      I    X        1.3  /  ^  \» 
=  yi>   r+22a-^2i;fc)+- 

1.3...(2n~l)/a^x"  )        dx 

-  -^       2.4...2n       ^2^^  +  -  \  (A^-^a)*-  (^^> 

This  series  consists  of  terms  each  of  which  is  of  the  form 
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•'o  (^r-a?2)*  ~  "2m"    Jq  (hx--x^)^ 

_  (2m -l)(2w-3)... 5.3.1       r*      dx 
~       2w(2w-2)...6.4.2  Jo  (A^-ar*)* 

_  (2m ~l)(2ffl-8)... 5.8.1 
""       2w(2m-2)... 6.4.2  '^^ 

■■■ '='(p'^-(^)^4-©*(A)^•■• 
which  is  the  complete  expression  for  the  time  of  an  oscillation. 
If  h  is  very  small  in  comparison  of  a,  the  radius  of  the  circle, 

and  if  we  neglect  all  powers  of  s—  $ 


='©*. 


(40) 


which  is  an  expression  of  the  same  form  as  that  for  the  time  of 
an  oscillation  in  the  motion  of  a  heavy  particle  on  a  cycloid ;  see 
Art.  353 ;  observing  however  that  a  here  is  equal  to  4  a  in  that 
case.    And  if  we  include  the  first  two  terms  of  (39),  we  have, 

If  2  a  is  the  angle  at  the  centre  which  measures  the  oscillation, 
h  —  a  (1  — cos  a)  =  2a(sin^), 

so  that  the  difference  between  the  expression  for  t  given  in 
(40)  and  the  whole  expression  varies  as  the  square  of  the  angle 
of  oscillation;  and  that  between  (41)  and  (39)  varies  as  the 
fourth  power  of  the  same  angle. 

858.]  This  motion  of  a  heavy  particle  in  a  circular  arc  is 
approximately  realized  by  attaching  the  particle  to  the  end  of  a 
very  thin  and  light  straight  rod,  which,  turning  about  a  fixed 
point  at  its  other  end,  moves  in  a  vertical  plane.  This  arrange- 
ment in  its  perfect  state,  (which  however  can  never  be  reached,) 
is  called  a  simple  circular  pendulum.  If  /  is  the  length  of  the 
rod,  the  time  of  an  oscillation  is  approximately  given  by  the 
formula,  ,  ^ 

T  =  .(-),  (42) 

when  the  angle  of  osciUation  is  very  small. 

Digitized  by  VjOOQ  IC 


550  THE  CIBCULAB  PENDULUM.  [35  &• 

The  pressure  on  the  curve  becomes  in  this  case  the  tension 
of  the  rod. 

The  formula  (42)  is  applied  to  the  determination  of  gravity 
at  the  different  places  of  the  earth's  surface.  Let  l  be  the 
length  of  a  pendulum  which  vibrates  seconds  at  the  place  to 
which  g  applies ;  then 


1 


= •©'. 


.-.     ^  =  ir«L;  (43) 

from  this  formula  g  has  been  calculated  at  many  places  on  the 
earth.  The  method  of  determining  l  accurately  will  be  ex- 
plained in  a  future  part  of  the  treatise. 

Equation  (42)  is  also  employed  for  the  determination  of  (1)  the 
height  of  a  mountain^  and  (2)  the  depth  of  a  mine. 

(1)  Let  r  be  the  mean-radius  of  the  earth's  surface  considered 
spherical ;  let  h  be  the  altitude  of  the  mountain  above  the  sur- 
face, and  g  and  ^  the  values  of  gravity  on  the  earth'^s  surface 
and  the  top  of  the  mountain  respectively :  then,  by  Art.  179, 

Let  n  =  the  number  of  oscillations  which  the  seconds'  pendu- 
lum at  the  top  of  the  mountain  makes  in  24  hours. 


1  = 
24  X  60  X  60  /  L  \* 

n =='b) 


=— ©'' 


r 
h       24x60x60 


-1, 


r  n 

whereby  h  is  given  in  terms  of  r,  the  radius  of  the  earth.  Let 
us,  for  the  sake  of  an  example,  suppose  the  pendulum  to  "  lose 
10  seconds  in  a  day ;"  that  is,  to  make  10  oscillations  less  than 
it  would  make  on  the  surface  of  the  earth.     Then 

n  =  24x60x60-10, 
and  r  =  4000  miles  (approximately) ; 

.  ^nnn^       24x60x60  .) 

•••     ^  =  ^^124x60x60-10-^^ 

=  ^1(^-2-4^)"  "^1 
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4000 
*  =  24x6x60  ^PP'O^^^'^tely 

=  .4.626  of  a  mile. 

(2)  Let  r  be  the  radius  of  the  earth's  surface^  as  in  the  last 
case :  and  let  h  be  the  depth  of  the  mine :  let  g  and  ff  be  the 
valaes  of  gravity  on  the  earth^s  surface  and  at  the  bottom  of 
the  mine.    Then,  by  Article  181, 

Let  n  =  the  number  of  oscillations  which  the  seconds'  pendu- 
lum at  the  bottom  of  the  mine  makes  in  24  hours ;  therefore 


24x60x60 


'•     r        \        24x60x60p 
whence  h  may  be  found  in  terms  of  r,  the  earth's  radius. 

359.]  If  the  arc  through  which  the  bob  of  a  circular  pendu- 
lum vibrates  is  very  small^  the  time  of  an  oscillation  is  deter- 
mined by  means  of  tangential  resolution  more  easily  than  by 
the  preceding  process. 

Let  2  a  be  the  angle  which  the  arc  of  oscillation  subtends  at 
the  centre  of  the  circle ;  let  $  be  the  angular  distance  of  m  from 
the  lowest  point  at  the  time  / ;  and  let  s  be  the  arc  correspond- 
ing to  6,  so  that,  if  a  is  the  radius  of  the  circle, 

8  =  06;  (44) 

then,  if  we  suppose  s  to  decrease  as  /  increases,  the  equation  of 
motion  along  the  tangent  is, 

—  ^^g^md;  (45) 

and  in  terms  of  $,        -nr  =  —  -  sin  6.  (46) 
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Multiplying  by  2  dS^  integrating,  and  taking  the  limits  such 

do 
that  j7  =  0  when  6=za, 
at 

-1T5-  =  —  (cos  d  —  cos  a).  (47) 

dt^         a 

This  expression  cannot  be  again  integrated  in  the  form  in  which 
it  stands :  cos  B  may  however  be  expressed  in  a  series^  and  the 
integral  may  be  approximately  found.  If  the  oscillations  are 
small,  so  that  B  and  a  are  small,  then  expanding  cos  B  and  cos  a 
in  powers  of  B  and  a  respectively,  and  omitting  terms  containing 
the  fourth  and  higher  powers  of  these  quantities,  we  have 

(o»-fl»)*       ^a' 
and  since  0  =  a  when  t  =  0. 


'  =  & 


,B 
COS"^  -; 


and  when  d=  —  o,       /  =  tt  (-) , 

which  is  the  time  of  an  oscillation. 

Using  the  same  notation,  the  equation  of  the  normal  compo- 
nents is,  when  the  particle  moves  as  the  bob  of  a  pendulum^ 

R  =  the  tension  of  the  rod 
=  m  ^^cos^  H > 

=  mg  {3  cos  ^  —  2  cos  a}. 

If  m  is  projected  from  the  highest  point  of  the  circle  with  a 
velocity  due  to  the  height  h,  and  along  the  concave  side  of  the 
circle ;  then  if  ^  is  the  angle  subtended  at  the  centre  of  the 
circle  by  the  arc  which  m  describes  in  the  time  /, 

(velocity)*  =  2^  {^  + a —  a  cos  d}, 

a  =  mp  \ h2  —  Scos^J. 

Hence  it  appears  that  the  particle  will  leave  the  curve  if  h 
and  B  are  such  that  the  following  condition  is  possible ;  viz. 

2  A-ffl 

cos  d  =  o • 

o     a 

If  R  =  0  when  the  motion  begins,  then  ^  =  n  ;  in  which  case 
at  the  lowest  point  of  the  circle,  r  =  6  m p. 
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860.]  Two  or  three  problems  are  added  in  other  circum- 
stances of  constrained  motion  on  carves  than  those  assumed 
above. 

Ex.  1.  A  parabohi  is  placed  with  its  axis  vertical^  and  its  vertex 
the  highest  point ;  a  heavy  particle  is  projected  from  the  vertex 
along  the  concave  side  of  the  curve  with  a  given  velocity :  it  is 
required  to  determine  the  subsequent  circumstances  of  motion. 

Let  h  be  the  height  to  which  the  velocity  of  projection  is  due : 
and  let  the  equation  of  the  parabola  be 

the  equations  of  motion  are, 


dt*- 

B  d» 
mdi' 

.•.     (Tdodtjr)* 

=  2g{x+h), 

B  =  m\ — 

=  mga^- 

h-a 

Therefore  the  pressure  on  the  curve  =r  0,  if  A  =s  a :  that  is^  if  the 
velocity  of  projection  at  the  vertex  is  equal  to  that  acquired  in 
fiiUing  from  the  directrix ;  and  in  this  case  the  pressure  is  sero 
at  all  points  of  the  curve :  the  parabola  is  therefore  the  trajec- 
tory of  m  moving  finely.  This  is  apparent  from  the  investiga- 
tions  of  Article  282. 

Ex.  2.  A  heavy  particle  descends  down  a  curve  in  a  vertical 
plane :  it  is  required  to  determine  the  equation  of  it,  when  the 
pressure  on  the  curve  is  the  same  at  all  its  points. 

Let  B  be  the  constant  pressure :  h  the  altitude  to  which  the 
velocity  of  m  at  the  origin  is  due ;  a  =  the  angle  which  the  tan- 
gent to  the  curve  at  the  origin  makes  with  the  vertical  line, 
which  I  shall  take  to  be  the  axis  of  w :  then  from  the  equations 
of  motion  we  have, 

If  «  is  equicrescent,  then  from  equation  (18),  Art  286,  Vol.  I, 

1  ^  d»y  ds 
p^  ds*  dx' 

and  substituting  this  in  the  preceding  equations,  we  have 

PRICE,  VOL.  III.  4  B 
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2(A  +  ^)*  <  *      2(A  +  ^)**) 

therefore  integrating,  and  taking  the  assigned  limits, 

»{(^+ar)*-A*}  =  fii^{(A  +  ^)*^-A*sina}; 

.      ^  ^  JL^  A*(wi^8ina-B)  ^  ^^^ 

'  '     ds        mg  mg{h-{-x)^ 

whence,  if  cb  is  replaced  by  its  equivalent  in  terms  of  dy  and 
dxy  the  equation  to  the  required  curve  may  be  found.  It  is 
called  the  curve  of  equal  pressure. 

Ex.  8.  A  heavy  particle  m  moves  from  rest  on  a  curve,  and 
the  pressure  on  the  curve  varies  as  the  nth  power  of  the  vertical 
distance  through  which  the  particle  has  moved ;  it  is  required 
to  determine  the  nature  of  the  curve. 

In  this  case,  v^  ^  ^g^} 

it^n  ^  2^  .  ^y 

^^    ^    p   ^ds' 
if  k  is  conveniently  assumed :  and  by  a  process  similar  to  that 
of  the  last  example,  we  have 

2»-fl  ds 

whence  we  have, 

dy  =  x^U—±l)^^x^ny^ax,  (49) 

which  is  integrable  by  rationalisation,  see  Art.  44,  Vol.  II,  when- 

n-hl         1    . 
ever  -^ —  or  h—  is  an  integer. 

Q 

Let  n  =  1 ;  and  let  t  =  ^  -'  then  (49)  becomes  after  integration, 

(y  ±  a)*  +  ^*  =  a*. 
If  n  =:  —  1,  the  resulting  equation  is  that  of  the  catenary. 

Ex.  4.  To  find  the  equation  of  a  curve,  which  is  such  that  a 
heavy  particle  m  moving  on  it  may  describe  a  given  arc  in  the 
same  time  that  it  would  describe  the  corresponding  chord. 

Let  us  take  polar  coordinates,  and  let  the  origin  be  the  point 
at  which  the  motion  begins :  let  (r,  0)  be  the  place  of  m  at  the 
time  /,  the  prime  radius  vector  being  vertical.  Then  for  the 
motion  on  the  curve  we  have. 
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**  (2g)iJo  (rcos^)* 

and  the  time  in  which  m  would  describe  the  chord 

V  COS  6'  ' 
/•*•  (dr^  +  r^de^)^  _      /    r    \* 
•A)       (rcos^)*      ""      ^cos^/  ' 
and  differentiating, 

(dr^  +  r^de^)^  _  /cos^\*  rfrcos  ^-f  rsin^rf^ 
(r  cos  ^)*      "  W    ^  (coslp  ' 

cos2^  .    _  dr 

which  is  the  equation  to  a  lemniscata^  the  axis  of  which  is  in- 
clined at  an  angle  of  45^  to  the  vertical  line  through  the  origin. 

861.]  I  proceed  now  to  the  investigation  of  curves  which 
possess  certain  general  properties^  and  which  are  suggested  by 
the  preceding  inquiry.  And  first  of  the  general  equation  of 
tautochronous  curves. 

It  appears  from  Article  353  that  the  cycloid^  in  either  a  ver- 
tical or  an  inclined  plane^  with  its  base  horizontal,  is  such  that 
the  time  taken  by  a  heavy  particle  in  moving  down  the  curve 
to  its  lowest  point  is  the  same  whatever  is  the  point  on  the 
curve  from  which  the  particle  begins  to  move.  Our  object  now 
is  to  inquire  whether  any  other  curve  besides  the  cycloid  pos- 
sesses this  property  of  tautochronism  for  heavy  particles  in 
vacuo ;  and  we  shall  also  extend  the  inquiry  to  forces  of  other 
kinds. 

Let  the  impressed  forces  be  resolved  tangentiaUy ;  and  let  t 
be  the  tangential  component  at  the  time  t  of  the  impressed 
velocity-increments,  and  tending  to  diminish  s  bs  t  increases ; 
let  s  be  the  arc  measured  from  a  certain  point  on  the  curve 
chosen  as  the  origin,  and  let  a  be  the  initial  value  of  s :  then 
ds^         r* 

^  =  H  '*'  ^^^^ 

so  that  the  time  of  passage  from  a  to  «  is  given  by  the  following : 

4B  9 
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Now  this  definite  integral  most  be  independent  of  a  when 
«  =  a ;  it  must  therefore  be  of  the  following  form : 

and  taking  the  ^-differential^ 

which  is  the  relation  between  t  and  the  equation  to  the  tanto- 
chronouB  curve.  But  the  equation  to  the  cunre  must  be  inde- 
pendent of  a ;  and  therefore 

most  be  independent  of  a ;  whence  we  infer  that 

i*'(-.)r--is. 

where  il  is  a  constant.     Substituting  this  in  (52)^  we  have 

T  =  **;  (58) 

whence  we  infer  that  the  tangential  force  which  acts  on  the 
particle  must  vary  directly  as  the  length  of  the  path  to  be  de- 
scribed by  the  particle  to  the  origin.  Of  the  action  of  a  force 
varying  according  to  this  law  we  have  already  had  examples  in 
Art.  282,  where  the  particle  m  describes  a  rectilinear  path  to 
the  origin,  in  Art.  289,  and  in  Art.  858. 
From  (58)  and  (50)  we  have 

^  =  *(a«-*»);  (54) 

let  us  suppose  that  the  particle  is  moving  towards  the  origin, 
and  that  r  is  the  time  from  «  =  a  to  «  s  0,  then 
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2**  4t» 

•    ir^ 
80  that  from  (68),  t  =  -r-r  i.  (55) 

862.]  Some  eKamples  of  tautochronism  are  subjoined. 

Ex.  1.  Let  the  impressed  velocity-increment  be  that  of  gra*- 
vity ;  and  let  us  suppose  the  axes  of  coordinates  and  origin  to 
be  taken  so  that  the  axis  of  x  is  vertical^  and  ^  =::  0  when  or = 0 ; 
then  ^ 

therefore  from  (55),       ^  3~  —  l~l  *» 

therefore  integrating,  and  replacing  the  constants  by  another 
constant  8  a,  which  is  chosen  conveniently, 

a?* 
whence  y  =  a  versin-^  -  -|-  (2aa7— a?*)*, 

which  is  the  equation  to  the  cycloid ;  and  which  is  therefore  the 
only  tautochronous  curve  of  a  heavy  particle  in  vacuo. 

Also  since  only  the  length -element  of  the  curve  and  the 
vertical  distance  of  the  initial  above  the  terminal  point  of  the 
particle's  motion  are  involved  in  the  preceding  investigations, 
the  result  will  be  the  same  if  the  vertical  plane,  in  which  the 
cycloid  is^  is  wrapped  round  a  vertical  cylinder. 

Ex.  2.  Let  the  origin  and  axes  be  taken  as  in  Ex.  1,  and  let 
the  force  be  parallel  to  the  axis  of  x,  and  =  iix ; 

dx  V*  •  IT*      , 

•'•  '  =  '**&  =  *;?•'         M**  =  4^«'; 

whence  we  have  ultimately^ 

y  =  P^, 
where  /3  is  an  arbitrary  constant :  this  is  the  equation  of  a 
straight  line. 

dx 
Ex.  8.    Let  T  2=  fix^  ^ ;  and  let  the  origin  and  axes  be  the 

same  as  before; 

M^  ^*     J  «xt       (»  +  !)«•   , 
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.-.    dy  =  (-.l-|-*»j?»-i)**p, 

where  *'  is  substituted  for  other  constants.  Now  if  d?  is  small^ 
y  will  be  imaginary,  unless  »  — 1  is  negative.  Let  n  — 1  =  — m ; 
then  m 

which  is  integrable  by  rationalization,  whenever  either  -^ —  or 

—  is  an  integer.    Thus  let    ~     =  1 ;  or  let  w  =  5,  then 
m  4m  o 

dy  =  a?-*(A:«-a?»)*(to,  .-.     y  =  -(A:a-a?*)», 

which  is  the  equation  to  an  hypocycloid;  see  Art.  179,  Vol.  I. 

Ex.  4.  Suppose  the  force  to  be  an  attracting  central  force 
and  to  vary  inversely  as  the  square  of  the  distance ;  it  is  re- 
quired to  find  the  equation  to  the  tautochronous  curve. 

Let  r  and  p  be  the  radius  vector  and  the  perpendicular  on 
the  tangent  of  the  path  of  m  at  the  time  / :  and  let  the  central 
attracting  force  be 

J    .                            .             rdr 
and  smce  ds  =  , 

therefore  from  (55), 


4r*  (r«_j,*)i' 

•  •     fi^^      P  '  **•  j.a  y^      P  )'  —  4^2  ^8  » 
whence  integrating,  and  introducing  the  arbitrary  constant  c, 

^«^r      P)-2r»\c      ry 

which  is  the  equation  to  the  tautochronous  curve. 

863.]  In  the  simple  problem  of  tautochronism  under  the 
action  of  gravity  in  vacuo,  the  following  process  is  more  easy. 
From  (25)  we  have 
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therefore  expanding  the  denominator, 

{2g)^Jo  ^  2  ^2.4  ^ 

1.8...(2n— 1)    ^.    ,.^i,         T   ^ 

But  this  series  must  after  integration  be  homogeneous  in  terms 
of  X  and  hy  and  of  no  dimensions,  because  under  this  circum- 
stance only  will  A  disappear  in  the  definite  integral.  Therefore 
taking  the  general  term. 


/ 


.•.     x'^ds  =  — s — *a?**~*c&; 

.-.     «=  (2n  +  l)A:j?*; 
which  is  the  equation  to  the  cycloid  with  its  base  horizontal. 
The  cycloid  therefore  is  the  only  tautochronous   curve   for 
gravity  in  vacuo. 

364.]  If  there  is  a  family  of  curves  similar  and  similarly 
placed,  all  of  which  originate  at  a  common  pointy  and  if  heavy 
particles  move  down  these  curves  from  the  common  point,  the 
locus  of  the  points,  at  which  all  of  them  are  at  the  end  of  a 
given  time,  is  called  the  synchronous  curve  of  the  family  of 
curves.  One  and  the  most  simple  case  of  this  class  of  curves 
we  have  had  already  in  Art.  271,  where  the  circle  is  shewn  to 
be  the  synchronous  curve  of  a  series  of  straight  lines  in  either 
a  vertical  or  an  inclined  plane  originating  at  a  given  point. 

If  the  given  point  at  which  the  curves  originate  is  taken  as 

the  origin,  and  the  axis  of  x  is  vertical,  and  that  of  y  horizontal, 

ds 
then  (x^  y)  being  the  place  of  m  at  the  time  t,  and  -zr-  being  its 

velocity,  ^3 

...     /= /*'_*_;  (56) 

Jo  {2gx)^ 

whence  may  the  time  be  found,  when  ds  is  expressed  in  terms 
of  X  by  means  of  the  equation  of  the  curve.  Now  the  equation 
of  any  one  of  the  curves  contains  an  arbitrary  parameter,  by 
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the  variation  of  which  the  seyeral  individuaU  of  the  family  are 
determined ;  and  by  the  elimination  of  this  variable  parameter 
between  the  equation  of  the  carves  and  (56)  will  the  equation 
to  the  synchronous  curve  be  found. 

For  an  example  let  us  take  a  series  of  cydoids^  placed  in  a 
vertical  plane  with  their  vertices  downwards,  a  common  starting 
point,  and  their  bases  along  the  same  horizontal  line :  then  the 
equation  to  them  is,  a  being  variable, 

y  sa  a  versin-^ (2  a  a?— #*)* ;  (57) 

a 

and  if  r  is  the  common  time  down  all  to  the  synchronous  curve. 


'=©* 


versm-^  - ; 


between  which  and  (57),  if  a  is  eliminated,  the  resulting  equa- 
tion in  terms  of  a?  and  y  wiU  represent  the  required  synchronous 
curve. 

865.]  We  proceed  now  to  a  problem  of  a  more  interesting 
character :  viz.,  the  general  problem  of  Brachistochronism :  the 
object  of  which  is  to  determine  the  nature  of  the  path  which  a 
particle  under  the  action  of  certain  given  forces  takes,  when 
the  time  of  that  passage  is  a  minimum :  or  if  the  particle  moves 
in  a  tube,  it  is  required  to  determine  the  form  of  the  tube,  when 
the  time  along  it  is  less  than  that  along  any  other  tube. 

In  this  section  I  shall  suppose  the  motion  to  be  along  a  tube, 
and  not  on  a  surface,  and  if  x,  y,  z  are  the  coordinate-compo- 
nents of  the  impressed  velocity-increments,  I  shall  suppose 
xdaf-\-Ydy+zdz  to  be  an  exact  differential :  so  that  x,  t,  z  are 
fimctions  of  x,  y,  z  only.  The  meaning  of  this  restriction  will 
be  explained  in  the  following  Chapter.  By  equation  (6), 
Art.  349,  if  the  velocity  at  the  initial  point  is  zero, 

v»  =  -^  =  2y  (xdx+Ydy+zdz) ;  (58) 

using  the  notation  of  Vol.  II  to  indicate  the  limits  of  the  defi- 
nite integral. 

The  problem  evidently  requires  the  Calculus  of  Variations ; 
and  since,         ^  j^ 


"Jo    v' 


(59) 
and  t  is  the  function  of  <r,  y,  z  (according  to  the  assumption 
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above  made)  which  is  to  be  a  minimum :  and  v  is  given  by  the 
equation  (58) ;  and  no  other  general  condition  is  given.  Some 
conditions  must  be  given  at  the  limits ;  for  the  curve  may  be 
drawn  either  between  given  points^  or  firom  one  given  curve  to 
another  given  curve. 

Let  (xi,  yi,  »i)  {xo^  yo,  Zo)  be  the  terminal  and  initial  positions 
of  m ;  which,  if  the  points  are  fixed,  do  not  admit  of  variation : 
but  if  they  are  on  given  curves,  the  variations  to  which  they  are 
subject  must  be  consistent  with  the  equations  to  the  curves. 
Taking  the  variation  of  (59),  and  equating  it  to  zero,  because  t 
is  to  be  a  minimum,  we  have 

-^(xto+y»y  +  z8z)|,  (60) 
because  from  (58), 

vbv  =  xhx-^-Yhy-^-ziz',  (61) 

and  integrating  by  parts  the  former  part  of  (60),  we  have 

''=[;(s«-+S'»4''-)]: 

and  each  of  these,  the  integrated  and  the  unintegrated  parts, 
must  separately  be  equal  to  zero.  As  to  the  integrated  parts, 
if  the  limits  are  fixed  points,  they  admit  of  no  variation,  and 
the  expression  vanishes  identically.  If  the  limits  are  on  given 
lines,  the  expression  shews  that  the  brachistochron  cuts  both  of 
them  orthogonally. 

As  to  the  unintegrated  part ;  since  no  relation  is  given  be- 
tween X  y  and  z,  the  coefficients  of  hx^  by,  hz  must  separately 
vanish :  and  therefore 


,  dx  xds       ^ 
vas       t?' 

vds       v^ 

.  dz  zds       ^ 

vds  v^ 
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and  ezpanding  the  first  terms  of  these  eqiutions,  and  multiply- 
ing by  V,  we  have^ 


(64) 


d9 

dy  do      yds       ^ 

.  dz      dz  do      zd»      ^ 
d.-r  —  T -♦-  -^  =5  0 


*ds       ds    V         »* 
Let  p  be  the  radius  of  absolute  curvature  of  the  path  :  then 
by  Art.  826,  Vol.  I, 

ax 
Therefore  multiplying  the  equations  (64)  severally  by  d.-^^ 

»  •  *•• 

cf.^,  d.-^9  adding  and  substituting,  we  have 

ds^      ds  i      .dw         .  dy         ,  dz)       ^  ,-^. 

But  if  \,  /yi,  1;  are  the  direction-angles  of  the  radius  of  absolute 
curvature,  or,  which  is  the  same  thing,  of  the  principal  normal. 
Art.  826,  Vol.  I, 

p  jdw  p  jdy  p  j^^ 

so  that  (66)  becomes 

h  (X  cos  X+Y  cos  fi+2  cost;)  =  0;  (67) 

P 
and  therefore,  in  absolute  magnitude,  the  centrifugal  force  at 
every  point  on  the  brachistochron,  is  equal  to  the  resolved  part 
of  the  impressed  velocity-increment  along  the  radius  of  absolute 
curvature.  This  is  a  general  property  of  brachistochronous 
curves,  and  is  one  by  which  the  path  may  in  many  cases  be 
found  when  the  laws  of  the  acting  forces  are  given. 

If  the  brachistochron  is  a  plane  curve,  the  centrifugal  force 
Ib  equal  to  the  normal  component  of  the  impressed  forces. 

This  general  property  of  the  unconstrained  brachistochron 
was  discovered  by  Euler. 

866.]  We  will  now  consider  some  particular  cases  of  brachia* 
tochronoos  curves. 
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(1)  Suppose  the  Telocity  of  the  particle  to  be  constant ;  so 
that  xsT  =  8  =  0:  then  also  db  =  0^  and  from  (64)  we  have, 

which  are  the  equations  to  a  straight  line. 

(2)  Let  gravity  be  the  only  acting  force ;  and  let  its  line  of 
action  be  parallel  to  the  axis  of  z;  then  xsTssO,  z=:^; 
therefore  also  t?*  =  2^(«— «o)« 

And  following  a  process  parallel  to  that  of  the  last  Artide^ 
equations  (63)  become, 

vds  vds  vds       v^  ' 

and  integrating  the  first  two, 

dx  ^  dy  ^  ^ 

d[r       dy 

and  therefore  the  motion  takes  place  in  a  plane  perpendicular 

to  that  of  xy ;  let  the  plane  be  that  of  ^2;;  so  that  all  the  terms 

iuvolTing  y  disappear,  and  we  have 

J  dx       ^  ,  dz    ^     ds       ^ 

vds  vds     ^  ir 

from  the  first  of  these 

dx  1 

•—=-  =  a  constant  = r  (say), 

vds  {^ffa)i     ^ 

where  a  is  an  arbitrary  constant :  « 

so  that  -r-  =  0,  when  zzs^Zq;  that  is,  the  cunre  is  vertical  at 
as 

the  point  (Xoy  Zo)  of  departure  of  m. 

Aiid  since  ds^  sz  dx^+da^, 

^el»»v®  _  {z-Zo)dz 


{2a(z^Zo)-(z^Zo)^]*' 

x^xo  =  aver8in-i^=^-{2a(#-«6)-(«o-«a)*}*; 
a 

which  is  the  equation  to  a  cycloid,  whose  base  is  horizontal, 
and  starting  point  is  (xo,  Zq).  Let  {xq,  Zq)  be  the  origin ;  then 
the  equation  becomes, 

4c  2 
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X  =  a  versin-i  ?  _  (2az-z^)^ ;  (69) 

a  is  still  undetermined.  It  is  however  to  be  such  that  the 
point  (Wn,  Zn)  may  be  on  the  curve,  so  that  for  its  determinatioii 
we  have,  ^ 

Xn  ==  a  versin-^  —  —  (2aj2fn— ««*)*  • 
a 

(8)  To  find  the  brachistochron  when  the  force  is  a  central 

attracting  force,  and  varies  inversely  as  the  square  of  the 

distance. 


In  this  case  v^  =  2fi  ( ), 


rdr 

and  the  normal  component  of  the  impressed  force  =:-;•-. 
So  that  bj  the  general  property  (67)  we  have 

pi  y 

...    ^2  =  ,2!ozr; 

^  r 

where  c^  is  an  undetermined  constant. 

367.]  Thus  far  the  tubes  or  curves  on  which  the  particle  has 
been  constrained  to  move  have  been  fixed ;  the  tube  however 
may  move  in  the  time  during  which  the  particle  moves  in  it, 
so  that  the  actual  motion  of  the  particle  in  space  will  be  com- 
pounded of  the  motion  of  the  tube^  and  also  of  its  own  motion 
in  the  tube.  I  proceed  to  consider  some  simple  cases  of  motion 
of  this  complex  kind.  And  I  shall  suppose  the  magnitudes  of 
the  particle  and  the  tube  to  be  such  that  the  particle  just  fills 
the  smooth  tube. 

The  principle  of  solution  is  the  same  in  all  cases ;  the  reaction 
of  the  tube  will  be  along  the  normal^  and  the  motion  along  the 
tube  wiU  be  the  e£Pect  of  the  impressed  velocity-increments 
resolved  along  the  tangent  to  the  tube. 

Ex.  1.  A  tube  bent  into  the  form  of  a  plane  curve  is  attached 
to  a  vertical  axis  which  it  meets^  and  about  which  it  revolves 
with  an  uniform  angular  velocity :  it  is  required  to  determine 
the  form  of  the  tube,  when  a  heavy  particle  placed  in  it  remains 
at  rest  in  all  parts  of  the  tube. 
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Let  the  vertical  line  be  the  axis  of  z,  and  let  the  point  where 
the  tube  meets  it  be  the  origin.  Let  {w,  y,  z)  be  the  place  of  m 
at  the  time  t ;  let  o?^  -f  y'  =  ^^  ^  =  the  angle  between  r  and  the 
plane  oixz'y  »  =  the  constant  angular  velocity ;  so  that 

f  =  o,  «  =  •/, 

if  0  and  /  simultaneously  are  equal  to  zero. 

The  impressed  velocity-increments  on  m  are  (1)  gravity^ 
(2)  the  centrifugal  force  due  to  the  rotation  of  the  tube  about 
the  vertical  axis :  resolving  these  along  the  tangent  to  the  tube 
at  the  point  (r,  z)y  we  have 

d^8         ,    dr        dz  ,„^^ 

and  as  the  particle  is  to  be  at  rest,  -^  =  0 ;  therefore 

i^tdr  ^  gdzy  r^=:-^z, 

sincer  =  0  wheni!;  =  0;  and  this  is  the  equation  of  a  parabola, 

of  which  the  latus  rectum  is  -f  . 

d^s  ^ 

Since  also  -^  =  0,  when  the  particle  moves  with  a  constant 

velocity,  the  preceding  solution  is  applicable,  when  the  particle 
moves  along  the  tube  with  a  constant  velocity. 

Also  if  the  velocity  of  the  particle  is  a  function  of  the  path 
which  it  has  passed  over,  equation  (70)  may  be  integrated.  Thua 
suppose  t?' =  **(**— a*),  then 

*2(«*-a*)=»V»-2^;s  +  c; 
where  c  is  undetermined. 

Ex.  2.  To  determine  the  motion  of  a  heavy  particle  placed  in 
a  rectilinear  tube  which  is  attached  to  a  vertical  axis  about 
which  it  revolves  with  a  given  angular  velocity. 

Let  a  be  the  angle  at  which  the  tube  is  inclined  to  the  ver- 
tical axis,  and  let  »  be  the  constant  angular  velocity :  let  the 
vertex  of  the  cone  described  by  the  tube  be  the  origin ;  (x,  y,  z) 
the  place  of  m  at  the  time  t;  let  r  be  the  distance  of  m  from 
the  vertex  of  the  cone :  so  that  the  centrifugal  force  at  the  time 
/  is  a>^r  sin  a ;  then  taking  the  components  of  the  velocity-incre- 
ments along  the  tube,  we  have 

dfl 


=  »'r  (sina)*— ^coso. 
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dr 
Multiplying  these  by  2^,  and  integrating  on  the  supposition 

dr 
that  ^  =s  tt  when  r  s:  0,  we  have 

-^  — tt*  =  »*r*(8ino)*  — S^rcosa; 

whence  the  final  integral  may  easily  be  found. 

If  the  tube  revolves  with  an  uniform  velocity  »  in  a  hori- 
zontal plane,  we  have 

J* 
if  ^1=7  =s  0,  when  r=:a.    Hence  we  have 

Of 

Ex.  8.  To  determine  the  motion  of  a  partide  placed  inside  a 
circular  tube  which  revolves  uniformly  in  a  horizontal  plane 
about  a  vertical  axis. 

Let  us  suppose  the  particle  to  be  initially  at  the  extremity  of 
the  diameter  of  the  circle,  the  other  end  of  which  is  the  fixed 
point  of  the  circle  through  which  the  axis  passes.  Let  m  be  the 
angular  velocity  of  the  circle.  Let,  fig.  188,  oc  =  c a  =  a ;  oa 
being  the  diameter  which  is,  when  ^  =  0,  coincident  with  ox : 
thus  xoA  =  <at  Let  p  be  the  place  of  m  at  the  time  t;  op  =  r, 
poc  =  cpos:^;  therefore  PCAs  2^.  Now  this  is  a  case  of  rela- 
tive motion,  and  thus  we  may,  as  no  other  forces  act,  consider 
the  motion  of  the  ring  with  reference  to  m :  and  the  angular 
velocity  of  the  ring  about  o  being  ai,  the  centrifugal  force 
at  p  along  op  is  »'r;  the  component  of  this  along  the  curve 
=  — •'r  sin  0 ;  therefore,  if  ap  =  *, 

^=-#«rsmtf; 

But  8si2a0,  and  r  =  2acos0, 

.-.    2a3T=-  =  —  2a»>sin0cos0, 
at' 

rf.-^j-  =  —  (o>sin2^d0; 

therefore  integrating,  and  observing  that  tf  s  0,  ^  » «»i  when 
/  =  0,  we  have 

_^^.:^_cos2tf-.^, 
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667 


do 


=  y(l  +  C082^) 

=  »>  (COS  0)^, 
=  mdt, 


log  ■= r— ;:  =  2»/, 


mnO  = 


e-«-e— « 


•»f 


+  e 


-Ml* 


Section  2. — Motion  of  particles  constrained  to  move  on  a  given 
curved  surf  ace. 

868.]  The  particle  which  has  been  the  subject  of  motion  in 
the  preceding  Section  has  been  constrained  to  move  in  a  given 
tnbe :  we  proceed  now  to  inyestigate  the  equations  of  motion 
and  the  results  of  these  equations  when  the  particle  is  con- 
strained to  be  in  contact  with  a  given  surface,  but  is  free  to 
describe  on  the  surface  such  a  path  as  is  compatible  with  the 
forces  to  which  it  is  subject. 

Let  the  equation  to  the  surface  be 

v{a,y,z)z=c;  (71) 

and  let  (af,y,z)  be  the  place  of  m  at  the  time  /.  Let  u,  y,  w  ex- 
press the  several  partial  derived-functions  of  f,  as  in  Article 
846,  Vol.  I;  and  let  q*  =  u*-f  v*+w*,  as  in  the  same  Article; 
let  z,  Y,  z  be  the  components  along  the  coordinate  axes  of  the 
impressed  velocity-increments ;  let  r  =  the  normal  pressure  of 
the  surface  on  m  at  the  time  t :  the  direction-cosines  of  the  line 
of  action  of  b  are 


(72) 


U        V        w 
Q*     Q*     Q 

80  that  the  equations  of  motion  are 

dt* 

d^ 

dt* 

d*z 

dt* 

if  ve  eliminate  b  from  these  equations  taken  two  and  two  toge- 
ther,  three  equations  will  result,  which  t<^ther  with  (71)  will 
determine  »,y,z  in  terms  of  t. 


^  m  Q 

.    *   V 

=  Y  + 

—  m  Q 

.     R    W 
=  z  + 

—  m  Q 


(78) 
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Let  us,  as  heretofore,  suppose  in  all  cases  that  xdla? + rdy  ^EeLsr 
is  an  exact  differential ;  and  let  us  multiply  equations  (78)  seve- 
rally hj  2cLt,  2  dy,  2  ds^  and  add :  then,  remembering  that 
udip-hvrfy+wd8r  =  0,  we  have 

J^,  ^ =  2{xip-fYrfy+«rfr}; 

and  integrating  between  limits  corresponding  to  /  =  /  and  to 
/  =  to,  we  have 

r«-t?o*  =  2/  {xdip+Yrfy +  «(&},  (74) 

if  Vo  is  the  velocity  of  m  when  /  =  ^o- 

From  this  equation  the  time  taken  by  m  in  passing  from  one 
to  another  point  on  the  surface  may  be  found,  as  in  equation 
(8),  Art.  349. 

U     V     w 

Again^  multiplying  equatidns  (78)  severally  by  -,-,—,  and 
adding,  we  have 

vd^a^+vd^y+yvd^z  ^  xu+yv+zw       b^ 

^*5  •"  Q  -  m '  ^^^^ 

whereby  the  pressure  on  the  surface  is  known. 

If  the  path  which  the  particle  is  taking  at  (x,  y,  z)  is  a  prin- 
cipal normal  section  of  the  surface  at  that  point ;  and  if  p  is  the 
length  of  the  corresponding  principal  radius  of  curvature,  then 
by  (12),  Article  347,  Vol.  I, 

Qds^ 
^  ^  urf^^+vrfVTwrf^i  •  ^'^^^ 

80  that  (75)  becomes 

(XU  +  YV+ZW    .     V*)  ,„^^ 

+  K  =  m| ±-J,  (77) 

that  is,  the  pressure  on  the  curve  is  the  algebraic  sum  of  the 
normal  components  at  that  point  of  the  impressed  momentum- 
increments  and  of  the  centrifugal  force. 

If  the  particle  moves  on  the  surface,  and  is  under  the  action 
of  no  impressed  momentum-increments^  so  that  x  =  y  =  z  =  0, 
then  equations  (73)  give, 

d^x  d^y         d^z 

dt^         W         *^^^JL,  (78) 


u  V  w  —  mQ ' 

but  the  velocity  of  m  is  constant ;  and  therefore  the  numerators 

d^x    d^v    d^z 
of  (78)  are  proportional  to  -^-j-,  -^y  --^;  and  therefore  we 

have,  if  ^  is  not  equicrescent^ 
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i,^      d.^      i.^j. 

_JL  =  _£L  =  -^,  (79) 

U  V  w 

which  are  the  equations  to  a  geodesic  line  on  the  surface ;  see 
Art.  226,  Vol.  II ;  the  path  therefore  of  m  is  a  geodesic  line. 


).]  In  this  and  the  following  Articles  I  propose  to  apply 
the  preceding  principles  to  the  motion  of  a  heavy  particle  on  a 
sphere ;  and,  to  fix  our  thoughts,  I  shall  suppose  the  particle  to 
move  on  the  inside  of  the  sphere,  and  I  shall  take,  as  in  fig.  189, 
the  horizontal  plane  through  the  centre  of  the  sphere  to  be 
the  plane  of  xyy  and  the  axis  of  2r  to  be  vertical  downwards 
through  the  centre.    Then  if  a  is  the  radius  of  the  sphere, 

a.8  +  y2  4.2r»  =  a«;  (80) 

so  that  the  equations  of  motion  become. 

Multiplying  these  respectively  by  2dXy  2dy,  2dz^  adding  and 
integrating,        ^^ 

rf/2  =«''  =  Vo^  +  2g(z-Zo) 

=  c  +  2gz  (say),  (82) 

where  c=sVo*'-2gzo}  Vo  and  Zq  being  the  values  of  v  and  of  2r, 
when  /  =  0. 

Also  from  the  first  two  of  (81), 

d*y        d^x      ^ 

.-.     xdy-ydx  =i  kdty  (83) 

where  A;  is  an  arbitrary  constant.  Let  the  angle  nom  =  ^,  oN=p, 
so  that  j7  =  pcos^,  y  =  psin^;  therefore,  as  in  Art. 307, 

p»A^  =  **;  (84) 

and  therefore  p  describes  equal  sectorial  areas  in  equal  times. 

To  find  an  expression  for  the  time  in  terms  of  z ;  from  the 
equation  to  the  sphere  we  have 

xdx  +  ydy  =  —zdz; 
also  xdy^ydx  =  kdt\ 

.'.     (x*-\-y^)dx  =  —xzdz—kydt, 
(x^-{-y^)dy  =  ^yzdz  +  kxdt; 
.'.     (rfa?»+rfy*)(a^+y")  =  z^dz^  +  lfldfl; 
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^c^2gz^ Ji 


...     rf/  =  ^^? ;  (85) 

whence  might  the  time  be  found  in  terms  of  Zy  if  the  expreadon 

were  integrable. 

Also  since  p*  =  a*— xr*,  from  (84)  we  have, 

kadz  «^, 

d4>  = ;  (86) 

(fl«-^«)  {(fl*-^»)  (c  +  2ffz)-k^}^ 

which  expression  does  not  admit  of  integration  in  a  finite  form. 
(85)  will  give  the  time  taken  by  the  particle  in  passing  frona 
z=zzoto  z=zz;  and  (86)  will  give  the  curve  described  by  m  on 
the  spherical  surface,  which  will  be  a  kind  of  spherical  spiraL 

If  we  equate  to  zero  -rr,  we  shall  have  the  values  of  z,  which 

render  z  a  maximum  or  a  minimum  if  there  is  a  change  of 
sign,  and  to  which  in  all  cases  corresponds  a  horisontal  motion 
of  m.  And  since  (a^—z^)  (c-\-2gz)—l^  =  0  is  a  cubic  equation, 
it  has  always  one  real  root ;  and  as  a  factor  of  the  first  degree 
wiU  correspond  to  this,  so  will  the  curve  always  be  such  that  z 
will  have  a  maximum  or  minimum  value. 

Equations  (85)  and  (86)  may  also  be  reduced  to  elliptic  func* 
tions,  and  their  properties  may  be  studied  in  that  relation; 
but  it  is  beside  our  purpose  to  proceed  further  with  the  inquiry 
in  that  direction. 

The  constant  c  is  known  in  terms  of  the  initial  velocity  and 
of  the  r-ordinate  of  the  initial  position  of  m.  As  to  A:;  let  po,  Vq 
be  the  initial  values  of  p,  t? ;  and  suppose  the  line  of  Vq  to  make 
an  angle  a  with  the  parallel  of  latitude  at  the  initial  point;  then 
the  component  of  the  velocity  along  that  parallel  of  latitude  is 
Vq  cos  a ;  and  po  is  the  radius  of  that  parallel  of  latitude ;  there- 
fore po  Vq  cos  a  is  twice  the  sectorial  area  described  in  one  unit 
of  time  by  po  on  the  horizontal  plane :  and  from  (84)  this  quan- 
tity is  equal  to  ky  therefore 

A;  =  Po  f  0  cos  a. 
As  to  the  normal  pressure  on  the  surface ;  multiplying  equa- 
tions (81)  severally  by  9,  y,  z^  and  adding,  we  have 
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X d^x -{-y dhf  -{- z d^z  _^  Ra 

and  from  the  equation  to  the  sphere, 

xdx+ydy  +  zdz  =  0, 
.-.     xd*x  +  yd^y-{-zdH  =  —{dx^  +  dy^-\-dz*) 

=  -ds^ 

.-.     j,  =  !^(v^^gz).  (87) 

—  is  the  centrifugal  force  of  the  path  described  by  m,  and  as  - 

is  the  cosine  of  the  angle  between  the  radius  of  the  sphere  and 

the  line  of  Hction  of  g,  —^  is  the  normal  component  of  the 

weight  of  m ;  so  that  the  pressure  on  the  surface  is  equal  to 
the  centrifugal  force,  and  to  the  normal  component  of  the 
weight  of  m. 

370.]  The  motion  on  a  sphere  can  of  course  be  effected  by 
means  of  a  heavy  bob  or  mass  m  attached  by  a  string  or  thin 
rod  of  a  given  length  a  to  a  point  about  which  it  can  turn  in  all 
directions;  and  thus  the  preceding  investigations  become  of 
importance^  because  they  are  those  of  the  motion  of  a  spherical 
pendulum :  and  although  the  expressions  do  not  generally  admit 
of  integration^  yet  when  the  distances  of  m  from  the  vertical  line 
do  not  exceed  a  small  quantity,  we  can  expand  in  ascending 
powers  of  that  small  quantity,  and  obtain  results  which  are 
approximately  exact. 

Let  cop  =  ^,  and  let  a  be  the  initial  value  of  ^ ;  a  and  6  being 
always  so  small  that  we  shaU  omit  all  powers  of  them  above  the 
second;  and  let  us  suppose  the  initial  velocity  Vq  to  be  in  a 
horizontal  line,  so  that  k=zpoVo;  therefore 

z  •=  a  cos  0  ^0  =  a  cos  a 

aff^  aa> 

c  =  vo^  —  2ga+gaa\ 
so  that  (85)  and  (86)  become,  after  simplification  by  putting 

4  D  2 
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—  aBdO  ^^^ 

d<h  = :  (90) 

from  these  it  appears  that  $  must  always  be  intermediate  to  a 
and  /3 ;  and  therefore  if  /3  =  a^  ^  is  always  equal  to  a ;  the  pen- 
dulum^ that  is,  describes  a  circular  cone,  of  which  a  is  the  semi- 
vertical  angle,  and  the  bob  moves  in  a  circle;  and  dividing 
(89)  by  (90),  we  have  in  this  case, 

and  if  ^  =  0  when  /  =  0,  the  time  of  a  revolution  is 


* = &-. 


s.g.  (91) 

which  is  twice  the  time,  see  (40),  Art.  357,  of  an  oscillation, 
when  the  pendulum  vibrates  in  one  vertical  plane.  If  therefore 
two  pendulums  of  the  same  length  a  start  simultaneously  from 
the  same  line  oa,  which  is  inclined  to  the  vertical  at  the  angle  a, 
the  one  from  rest,  the  other  with  a  velocity  equal  to  a  (^  a)  ^  in 
a  line  perpendicular  to  the  vertical  plane  containing  oa,  both 
will  return  again  simultaneously  to  the  same  line  oa,  but  the 
former  will  have  already  reached  it  once  in  the  mean  time. 
Let  however  a  and  fi  be  unequal :  then  from  (89)  we  have 

-ed0 

^''|(^)"-(»'-^)T' 

vhence  integrating,  and  observing  that  6  =  a  when  /  =  0, 

=  «» I  cos  ^  (f  )'}*+  'S*  1  "'^ '  (if\  *•  <94) 

From  (93)  it  i^pears  that  0*  is  periodic,  and  that  its  greatest 

and  least  values  are  a'  and  p* ;  the  time  elapsing  between  0z=a 

and  d  =  B  i»  ,  ,  > 

^  w  /ay 


^ff' 
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For  the  azimuthal  motion  of  the  vertical  plane  which  contains 
the  pendnlam  we  haye,  firom  (89)  and  (90), 

_  /^\*^ afidt 


integrating  which^  and  supposing  that  <^  =  0  when  /  =  0,  we  have 

atan^  =  )3tan/(^)  ;  (95) 

0  therefore  does  not  vary  directly  as  the  time,  as  is  the  case 
when  /3  =  a ;  but  the  plane  revolves  through  90^,  during  a  time 

which  is  equal  to  ,x 

^  w  /ay 


From  (95)  we  have 


2V 


a»{co./(?)*r 
(CO.  ^)>  =  — \         °     — ,  (96) 

«.|cos.(f)*|V^'{sin.©Y 

(sin  *)»  =  —. '  °/ -rr-,  •  (97) 

a.|co».(f)*jV^«l-.(f)T 

Also  if  X  and  y  refer  to  the  place  of  m  at  the  time  t,  we  have 
af»  =  (a«-»»)  (cos  ^)»  =  a»tf«(cos  ^)«  "I  .  g 

y»  =  («»-«»)  (sin  ^)«  =  aM»(8in  <(.)»/' 
therefore  firom  (96)  (97)  and  (98), 

which  is  the  equation  of  an  ellipse^  of  which  the  semi-axes  are 
a  a  and  aft.  Hence  we  infer  that  the  projection  on  a  horizontal 
plane  of  the  path  described  by  the  bob  of  the  pendulum  is  an 
ellipse,  whose  centre  is  in  a  vertical  line  drawn  through  the 
centre  of  suspension,  and  one  of  whose  principal  axes  lies  in  the 
vertical  plane  perpendicular  to  the  line  along  which  m  is  at  first 
projected.  Now  an  ellipse  may  be  described  by  a  particle  moving 
under  the  attraction  of  a  central  force  situated  in  the  centre  of 
the  ellipse  and  which  varies  directly  as  the  distance ;  we  may 
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therefore  suppose  the  bob  of  the  pendalum  to  moye  under  the 
action  of  such  a  central  foree.  Let  fi  be  the  absolute  central 
force ;  then  by  Art.  810, 

2v 


the  periodic  time  =  — ; 
but  from  above,  the  periodic  time  =  2^  (-)  , 


^ff' 


..f. 


so  that  if  F  is  the  central  force,  r  =  -  p. 

And  this  is  the  resolved  part  of  the  tension  of  the  rod  along 
the  direction  of  p ;  as  may  thus  be  shewn  :  if  a  =  the  tension, 
then  the  resolved  part  of  r  along  p 

=  — sm^ 
m 

=         ^    sin  $,  by  reason  of  (87), 

and  omitting  cubes  of  small  quantities,  if  p  =  this  resolved  part, 

but  from  (98),  a?*+y»  =  p>  =  a«^», 

•••     ^  =  f^> 
that  is,  varies  directly  as  p. 

In  the  M^canique  Analytique,  second  part,  Sect.yiII,  Oh.  II, 
§  I,  the  approximations  are  carried  on  so  as  to  involve  powers  of 
a  and  fi  higher  than  those  which  we  have  taken  account  of;  and 
M.  Bravais,  after  correcting  some  errors  of  M.  Lagrange,  shews 
that  the  angle  between  two  successive  points  corresponding  to 
e  =  afmitoe  =  piB      ^,       g^^v 

2V^"*"~8"/' 
instead  of  being  ^,  as  it  is  in  the  preceding  investigations. 

871.]  As  another  example  let  us  consider  the  motion  of  a 
material  particle  on  a  smrface  of  revolution,  and  acted  on  by 
forces  in  a  plane  passing  through  the  axis.  Let  the  axis  of 
revolution  of  the  surface  be  the  coordinate  axis  of  z;  and  let 
jT* + y*  =  /)> ;  so  that  the  equation  to  the  surface  is 
p>  =  j?«+y*=/(2J); 
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.-.     F(^,y,;K)  =  ar«+y»-/(«)  =  0;  (100) 

Since  the  impresaed  forces  act  in  a  meridian  plane  only,  let 
them  be  resolved  parallel  to  the  axis  of  z,  and  perpendicular  to 
that  axis ;  of  which  let  the  components  be  severaUy  z  and  t  ; 
then  of  p^s  line  of  action  the  x-  and  y-direction-cosines  are 

-,  -;  and  let  b,  the  pressure  on  the  surfiice,  be  resolved  in  a 


p  p 

nmilar 

way: 

80  that  its 

components 

are 

dz  X 

^dzy 

dp 

'^diy 

»^p' 

"i' 

where  d$^  =  dp^  -f  dz^ ;  and  the  equations  of  motion  are, 
d^x  __     X       ^  dzx  ^  I        R^  dz\  X 
dt*  "^     p       m  ds  p  "^  ^       In  dg'  p 

§  =  p?  +  ±§?  =  (,+±g)y  }..      (101) 

or*  p       m  ds  p        ^        m  ds^  p 

d*z  _  B,  dp 

W  "  ^'^mds 
From  the  first  two  we  have 

.-.     xdy—ydx  =  hdt;  (102) 

so  that  the  projections  on  a  plane  perpendicular  to  the  axis  of 
revolution  of  the  sectorial  areas  described  by  p  vary  as  the 
times  in  which  they  are  described. 
Again, 
2dxd^x  +  2dydh/+2dzdh       ^    xdx+ydy     ^     . 
dt^  p 

=:  2Tdp+2zdz; 

...     ^  =  t;»  =  c-2/'{prfp  +  zife};  (108) 

where  c  is  a  constant  depending  on  the  initial  velocity  and  the 
initial  coordinates  of  m.  Without  carrying  these  general  in« 
vestigations  farther,  I  shall  apply  them  to  a  few  examples. 

872.]  To  determine  the  circumstances  under  which  a  heavy 
particle  will  describe  a  parallel  of  latitude  when  the  axis  of 
revolution  of  the  surface  is  vertical,  and  the  velocity  of  prqjec* 
tion  is  a  function  of  the  coordinates  of  the  point  of  projection. 
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In  this  case  p  =  0,  z=  —ff;  the  particle  is  projected  in  a 
horizontal  plane,  and  along  the  tangent  to  the  parallel  of  lati- 
tude.   Then  the  equations  become 

*^"'m"*p*  dt^  "  m  d8  p' 

d^z  __  B,  dp^ 

where  Vq  and  s^  are  the  initial  yalues  of  v  and  z ;  but  z  =  zo,  be- 
cause the  particle  describes  a  parallel  of  latitude ;  therefore  the 
velocity  is  constant. 

Let  us  consider  the  equation  to  the  meridian  curve  as  it  is  in 
the  plane  oixz:  and  let  the  initial  velocity  at  the  point  {x^z) 
be  {^gf(3e,z)}^\  then  resolving  along  the  meridian  curve  the 
centrifugal  force  and  gravity,  we  have 

^gf{Xy  z)  dx  ^     dz 
X        ds'^  ^H' 
-,      ,       X  dz  ,,^^v 

(1)  Let  the  velocity  be  constant ;  and  let  f{x,  z)  =  a, 

2dx       dz  ,  ^ 

X  a 

(2)  Let/(a?,^)  =  ^; 

2xdx        ,  , 

.'.     =  efo,  x^  =  az. 

a 

873.3  ^^  complete  the  subject  of  brachistochronous  curves, 
we  must  consider  the  properties  of  those  paths  which  a  particle 
moving  on  a  curved  surface  under  the  action  of  given  forces 
takes,  when  the  time  of  passing  Trom  one  point  to  another,  or 
from  one  curve  to  another,  is  a  minimum. 

Now  on  referring  to  Article  865,  the  investigation  is  the 
same  as  far  as  equation  (62) ;  and  as  to  the  integrated  part,  if 
the  initial  and  terminal  points  are  given,  it  vanishes  identically ; 
if  the  curves  on  which  they  are  to  be  on  the  surface  are  given, 
the  equation  shews  that  the  brachistochron  cuts  both  curves  at 
right  angles  :  this  result  is  evident  from  general  reasoning. 

As  to  the  unintegrated  part  of  (62),  hx^  by,  bz  are  no  longer 

independent  of  each  other;  but  if  the  equation  to  the  surface  is 

T(x,y,z)  =  0,  (105) 
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and  if  v,  v,  w  are  the  partial  derived-functions  of  it,  we  have 

vbx-\-Yhy-\-wbz  =  0;  (106) 

and  as  this  relation  exists  at  all  points  of  the  brachistochron, 
we  have  from  the  comparison  of  it  with  the  unintegrated  part 
of  (62), 

,   cLv       xds        ,    dy       Yds        ^   dz       zds 
vds       v^    _      yds       v^   _      yds       v^  n07^ 

u  "■  V  ""  w  ' 

which  are  the  general  equations  to  the  brachistochron ;  because 
the  integrals  of  these  equations  will  give  two  surfaces,  the  in- 
tersection of  which  is  the  brachistochronous  curve. 

If  no  forces  act,  x  =  y  =  z  =  0,  and  the  velocity  is  constant : 
so  that  (107)  become, 


(108) 

U  V  w 

which  are  the  equations  to  a  geodesic  line ;  in  this  case  there- 
fore the  geodesic  joining  the  two  given  points,  or  that  which  is 
orthogonal  to  the  two  given  curves,  is  the  brachistochron. 

In  these  investigations  I  shall  suppose  Tda:-^Ydy-{-zdz  tohe 
an  exact  differential ;  then  since,  see  Art.  365, 

d.v*  =  2{xrte+Yrfy-fzcfo};  (109) 

.-.     dv  =:  -  daf  +  - dy-\--dz;  (110) 

•••  -  =  "0.  ''='(|)."  '='0-  ('»> 

Now  t?  is  a  function  of  x,y,z\  therefore  v  =  c  is  the  equation 
of  a  surface;  and  since,  when  v  =  0,  xdx-^Ydy-\-zdz  =  0,  I 
shall,  as  in  Art.  190,  call  v  =  c  the  equilibrium-surface :  it  is 
evidently  such  that  at  all  points  of  the  brachistochronous  path, 
the  resultant  line  of  action  of  the  impressed  forces  is  normal  to 
the  equilibrium-surface. 

374.]  It  is  also  convenient  to  consider  the  brachistochronous 
lines  with  reference  to  lines  of  another  property  wliich  can  be 
drawn  on  a  surface.  Suppose  the  particle  m,  which  is  the  sub- 
ject of  motion,  to  be  at  rest  at  a  given  point  on  a  surface,  and 
to  be  under  the  action  of  given  impressed  forces ;  then,  if  the 
particle  is  constrained  to  move  on  the  surface,  the  first  element 
of  its  path  will  be  that  length-element  on  the  surface  which 

PRICE,  VOL.  III.  4  E 
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makes  the  least  angle  with  the  line  of  action  of  the  resultant  of 
the  impressed  forces ;  and  at  the  end  of  this  first  length-dement 
another  element  will  have  the  same  property ;  and  so  on :  thus 
for  the  system  of  forces  there  will  he  a  series  of  such  elements 
on  the  surface^  and  we  shall  have  a  curve^  which  I  propose  to 
call  a  line  of  easy  motion  on  the  surface.     Such  a  line  will  at  all 
its  points  be  normal  to  the  curve  of  intersection  of  the  equili- 
brium-surface  and  of  the  given   surface.     Its   equations   are 
found  in  th»  following  manner : 
dtp    dv    dz 
^^^  TH'Tl'  H^^  ^^®  direction-cosines  of  the  length-element 

of  the  line  of  easy  motion ;  then  if  r*  =  x*-j-  Y*-f  z*,  -,  - ,  -  are 

ERR 

the  direction-cosines  of  the  line  of  action  of  a;  and  if  ^  is  the 
angle  which  is  to  be  a  minimum, 

^       1  (    €fe        dy        dz) 

also  /dipv8     /<fyv«     ,as\* 

ds         ds         ds 
therefore  difierentiating  these^  and  equating  to  zero  tf .cos  Oy  we 

have 

^       dx  .  dx      dy  ,  dy      dz  .  dz 

^  J  dx        .  dy         ^  dz 

multiplying  the  second  and  third  by  indeterminate  multipliers  A 
and  fjLj  and  adding^  we  have 

In  accordance  with  the  method  of  Art.  142,  Vol.  I,  let 
dx 

dv     . 
T^+^^  +  MV  =  0    y,  (112) 

dz 
A" 
then  multiplying  these  severallj  by  dr,  rfy,  dg,  and  adding,  we 
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A  =  - 


hare^  by  reason  of  (110), 

vdV'{-\d8  =  0; 
vdv 

80  that  (112)  become, 

vdv  dx  ^ 

vdv  dy  ^ 


vdvdz  ^ 


>; 


(113) 


therefore  replacing  x,  t,  z  by  their  Talnes  from  (111),  we  have, 

0*-|*  (|)*-l*  ©*-s* 


(dv\ 


;  (114) 


(££)  (^)  (^) 

Vdir/  Vrfy/  \dzf 

from  which,  by  integration,  two  functions  of  Xy  y,  z  may  (theo- 
retically) be  found  :  the  line  of  intersection  of  the  surfaces  re- 
presented by  which  are  the  lines  of  easy  motion. 

The  paths  taken  by  water  in  its  descent  towards  the  lowest 
level  which  it  can  reach,  by  avalanches  in  their  descents,  by 
balls  in  their  descent  through  bent  tubes,  are  all  cases  of  lines 
of  easy  motion. 

When  gravity  is  the  only  force  which  acts  on  m,  the  line  of 
easy  motion  is  called  the  line  of  greatest  slope.  In  this  case  let 
the  axis  of  z  be  vertical,  so  that 

(dv\       ^  (dv\       ^  tdv\ 


«  =  «©  =  0.        T  =  .(S=0.        .  =  ,©  = 


^dx 
whereby  (114)  become, 

dx  d\ 


dx*+dy* 

1^' 


ffi 


(115) 


which  are  the  equations  to  the  line  of  greatest  slope. 
Thus  on  the  ellipsoid  whose  equation  is 

we  have,  from  the  first  two  of  (115), 
a*  dx        b^dy 
X     "■      y    ' 
4  s  ^ 
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which  is  the  equation  to  a  cylinder  perpendicular  to  the  plane 
of  a?y ;  the  line  of  intersection  of  which  with  the  ellipsoid  is  the 
line  of  greatest  slope.  In  the  sphere,  a  =  b,  and  the  meridian 
line  is  the  line  of  greatest  slope. 

Also  in  sorfaces  of  revolution,  whose  equations  are  com- 
prised in  the  form,  a  .    «       /•/  \ 

and  where  the  axis  of  revolution  is  vertical,  we  have 

and  thus  the  first  two  of  (115)  become, 

dx  ^  dy  ^       ^   _    y  . 

X   ^    y  '  '  '     ^0  "  yo' 

which  is  the  equation  to  a  meridian  plane  :  the  meridian  there- 
fore which  passes  through  a  given  point  on  a  surface  of  revolu- 
tion is  the  line  of  greatest  slope  at  that  point. 

375.]  The  general  equations  of  the  brachistochron  (107)  may 
be  expressed  in  the  following  form  by  means  of  (lll)j 


d  1       ^   dz       ^    d  1 
vds  dz  V 


(116) 


(%)"-> 


(117) 


now  these  equations  are  satisfied,  if  we  have  simultaneously^ 

(118) 


/OFX  /flfp\  /rtF\ 

W  \dy^  \dzf 
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and 

0^->  (>-%"  (£)^-g^' 

idY\  ldY\  idY\ 

\dxi  ^5y/  ^Tz^ 

but  these  are  severally  the  equations  to  the  geodesic,  and  to  the 
line  of  easy  motion ;  therefore  a  curve  which  is  at  the  same 
time  a  geodesic  and  a  line  of  easy  motion  is  also  a  brachisto- 
chron.  Hence  also  we  conclude  that  of  curves  which  have  the 
properties  of  being  geodesic^  lines  of  easy  motion,  and  brachis- 
tochronous,  any  line  which  possesses  two  of  these  properties 
possesses  also  the  third. 

The  brachistochron  at  the  point  whence  m  starts,  and  gene- 
rally at  all  points  where  the  velocity  of  m  is  zero^  touches  the 
Hue  of  easy  motion. 

For  if  we  take  equations  (117),  if  t;  =  0,  we  have  only  the 
second  members  of  each,  so  that  at  the  points  where  v  =  0,  the 
brachistochron  is  identical  with  the  line  of  easy  motion. 

376.]  I  proceed,  lastly,  to  consider  the  case  where  gravity  is 
the  only  acting  force,  and  particularly  when  m  moves  on  a  sur- 
face of  revolution,  the  axis  of  which  is  vertical. 

In  this  case  x  =  y  =  0,  z  =  ^; 

.-.     v*  =  2^(«-2;o); 
so  that  the  first  two  of  (107)  become, 

^dx'  ^dyi 

(1)  Let  the  surface  be  the  vertical  plane  oixz:  so  that 
idv\       ,  idY 


d»{z- 
dx 


=  a  constant, 


ds{z—Zo)^ 

vhich  is  the  differential  equation  to  a  cycloid  whose  base  is 
horizontal ;  see  Article  366. 

(2)  Let  the  surface  be  the  inclined  plane,  whose  equation  is 

y  -  ?. 
b-  c' 
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W-"'        \dyf-b'        W~       c' 
0), 

=  c  (a  constant), 


so  that  from  the  first  of  (120)^ 

rff  (a;— «6)* 
which  will  be  the  equation  to  a  cycloid  on  the  inclined  plane. 

(3)  Let  the  surface  be  one  of  revolution,  of  which  let  tbe 
equation  be  ^^.^^/(,), 

SO  that  from  (120), 

yd. -  —  xd. ^ — -  =  0; 

whence  integrating, 

ydx^xdy  =  crf»(«— «b)*,  (121) 

where  c  is  an  arbitrary  constant.     Let  x^'\-y^  =  r*,  x  =  r  cos  0, 
^  =  r  sin  ^ ;  then  (121)  becomes 

r^dB  =  cds(z—zo)^. 
If  V  is  the  velocity  of  m  at  the  time  t, 

ds* 

v^  =  2ff(Z'-'Zo)  =  ^;  .-.     r*d$  =  Av^dt; 

so  that  the  sectorial  area  described  by  r  in  a  horizontal  plane 
varies  as  the  square  of  the  velocity  of  the  particle. 
If  the  equation  to  the  generating  curve  of  the  solid  is 

then  dr  =if'(z)dz', 

.-.     &»  =  dz^  +  dr^-^r^dO* 

=  dz^l-^{f{z)y}-^{f(z)Ydfi; 

so  that         .^.  =  £^{^;-^(/;(-W  (12,) 

f(z)  i    {v(z)y-c^{Z''Zo)    ) 

whence  the  equation  to  the  brachistochron  may  be  found  in 
terms  of  $  and  z. 


Section  8. — Constrained  motion  of  material  particles  in 
resisting  media. 

377.]  In  the  present  Section  we  shall  find  it  convenient  to 
employ  the  method  of  tangential  resolution ;  and  as  the  prin- 
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ciples  which  have  been  inyestigated  in  the  preceding  pages  are 
sufficient  for  the  solution  of  the  problem  of  a  particle  moving  in 
a  resisting  medium,  it  is  necessary  for  us  only  to  give  examples. 
The  most  simple  case  is  that  of  a  heavy  material  particle 
moving  down  a  smooth  inclined  plane.  Let  a  be  the  angle  of 
inclination  of  the  plane  to  the  horizon ;  and  let  s  be  measured 
along  the  plane  and  be  the  distance  of  m  from  the  origin  at  the 
time  t ;  then,  if  the  resistance  varies  as  the  velocity,  the  equation 
of  motion  is  ^3^  ^ 

^=^cosa-A:^, 

which  is  of  the  same  form  as  (122)  in  Art.  243 ;  and  the  results 
therein  deduced  are  also  applicable  to  this  case. 

If  the  resistance  varies  as  the  square  of  the  velocity,  the 
equation  of  motion  is 

which  is  of  the  same  form  as  (113)  in  Art.  242;  and  therefore 
similar  results  may  be  deduced. 

We  proceed  next  to  the  consideration  of  curvilinear  motion, 
and  in  the  first  place  that  along  the  cycloid. 

Ex.  1.  A  heavy  particle  moves  oq  a  cycloid  in  a  vertical  plane 
with  its  base  horizontal  and  vertex  downwards,  and  in  a  medium 
of  which  the  resistance  varies  as  the  velocity ;  it  is  required  to 
determine  the  circumstances  of  motion. 

Let  the  origin  be  taken  at  the  lowest  point  of  the  cycloid ; 
let  the  axis  of  x  be  vertical ;  let  a  be  the  radius  of  the  gene- 
rating circle ;  8  =  the  arc  of  the  cycloid  measured  from  its 
lowest  point ;  a  =  the  initial  value  of  « ;  2  k  =:  the  resistance 
of  the  medium  for  an  unit-mass.  Therefore  the  equation  of 
motion  along  the  curve  is,  as  in  Art.  353, 

dt^  -       4a*     "^    dt' 

which  is  a  linear  differential  equation  of  the  second  order  with 
constant  coefficients ;  and  of  which  the  general  integral  is,  see 
Article  360,  Vol.  II, 

8  =  c-*'{cxe<*'-;u)*'  +  C2c"(*'-^)*'},  (124) 

where  C\  and  c%  are  undetermined  constants. 
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Here  we  have  two  eases ;  viz.  according  as  the  radical  in  the 
exponent  is  imaginary  or  possible. 

(1)  Let  the  radical  be  imaginary,  that  is,  let  A:*  —  J^  =  —  A*, 

=  c-*'  (ai  cos  hi -\-(h  sin  ht), 

where  Oi  and  a%  are  nndetermined  constants :  to  determine  them 

ds 
we  have  the  following  data :  when  /  =  0,  «  =  a,  ^  =  0;  therefore 

a  =  fli  T  .-.     oi  =  a, 

ka 


.■ 


.-.     8  -  e'^^^{h COB ht-^k sin ht}.  (125) 

Let  T  =  the  time  from  the  point  where  «  =  a  to  the  lowest 
point;  therefore  , 

tan  At  =  -t;  (126) 

which  is  independent  of  a,  and  is  therefore  the  same  whatever 
is  the  point  on  the  cycloid  whence  m  begins  to  descend.  The 
cycloid  therefore  is  tautochronous  in  a  medium  wherein  the  re- 
sistance varies  as  the  velocity^  as  well  as  in  vacuo. 

On  comparing  the  results  of  this  problem  with  observed  facts, 
they  are  found  so  nearly  to  coincide,  that  the  resistance  of  the 
air  seems  to  vary  nearly  as  the  velocity,  when  the  arc  through 
which  m  moves  is  small,  and  when  consequently  the  velocity  is 
small :  in  this  case  also  k  is  small,  and  if  a  is  not  very  large,  h, 

which  is  equal  to  \x~)  t  ^^  ^^^  small; 

.-.    AT  =  tan-i(-|) 
ir      .        ,  * 

=  I  +  ^  (approximately) ; 

on  comparing  which  with  (27),  Art.  353,  it  appears  that  the 
time  of  descent  to  the  lowest  point  is  greater  than  it  is  in  vacuo, 
by  a  quantity  which  varies  as  the  coefficient  of  resistance. 
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Again,  firom  (125)  we  have, 

-J-  z=z ^ — '  c-*'  sin  ht ;  (128) 

at  n 

therefore  -r-  =  0,  when  ^  =  0,  /  =  y^  =  ... ;  and  the  time  of  a 
at  n 

complete  oscillation  is  ^.     And  substituting  these  values  of  t 
successively  in  (125),  the  amplitudes  of  vibration  successively 

become,  «*  _1* 

a,  oc~*',         ae     a',   ; 

so  that  the  amplitudes  decrease  in  geometrical  progression. 
(2)  Let  jt*  -  /-  =  A»;  and  (124)  becomes, 

8  =  c-*'{cic*'-|-c,c-*'};  (129) 

da 
and  since  when  /  =  0,  «  =  a,  and  --=-  =  0,  we  have 

s  =  A{(*^jt)e-(*-*)'-(/t-A)c-CA+*)<}.  (130) 

in  which  expression  «  =  0,  only  when  t  =  oo;  that  is,  the  particle 
never  reaches  the  lowest  point  of  the  cycloid. 

And  differentiating  twice  (180),  it  will  be  found  that  -^^  =  0, 

ds 
that  is,  that  ^  is  a  maximum,  when 

,       1|     *+A 

(8)  If  **  =  — ,  that  is,  if  two  roots  of  the  auxiliary  equation 
of  (128)  are  equal  to  each  other,  then  the  integral  of  (128)  is, 

8  =  ac-*'(l  +  */);  (181) 

which  formula  shews  that  «  =  0,  only  when  ^  =  00. 

378.]  Let  us  in  the  next  place  consider  the  motion  of  a  cir- 
cular pendulum  in  a  resisting  medium,  when  the  resistance  varies 
as  the  velocity,  and  when  the  amplitudes  of  vibration  are  small. 

Let  a  be  the  radius  of  the  circle,  and  thus  the  length  of  the 
pendulum ;  $  =  the  angle  between  the  pendulum  and  the  ver- 
tical line  at  the  time  t;  a  =  the  greatest  value  of  d ;  then  the 
equation  of  motion  is, 

PRICE,  VOL.  III.  4  F 
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and  as  0  is  always  small^  sin  0  may  be  replaced  by  By  so  that  ire 

which  is  of  the  same  form  as  (123).  Now  k  is  in  this  case  aznall, 

so  that  k^  is  less  than  - ;  therefore  let 
a 

a 
so  that  the  integral  is  the  same  as  (125),  and  we  have 

^  =  I  <?-*'  {h  cos  ^^  +  it  sin  ht},  (I»4) 

and        -jj  = ^^—^ — -e-^^smht',  (1*5) 

at  n 

whereby  the  position  and  the  velocity  of  the  pendulum  at  any- 
time are  known. 

-J-  =  0,  whenever  /=-=-;  so  that  the  time  of  an  osdUation 
at  n 


i='iif('-^y'- 


and  is  independent  of  a.    Thus^  see  Art.  357,  (40),  the  time  of 
an  oscillation  in  vacuo  is  to  that  in  the  resisting  medium  as 

(k^a\~^ 
1 j     .    The  amplitudes  of  the  oscillation,  as  it  has 

been  shewn  in  the  last  Article,  diminish  successively  in  geo- 
metrical progression. 

On  these  results  M.  Poisson  remarks  (in  Art.  187  of  his  Traite 
de  Mecanique,  Vol.  I,  2nd  edition),  that  experiments  in  air  shew 
how  the  amplitudes  of  the  vibrations  (approximately)  decrease 
in  a  geometrical  progression.  In  an  experiment  made  by  Borda, 
where  a  was  one-third  of  a  degree,  the  amplitudes  were  evidently 
reduced  in  geometrical  progression,  and  the  greatest  amplitude 
was  reduced  by  about  two-thirds  after  1800  oscillations. 

379.]  Let  us  assume  that  the  resistance  of  the  air  varies  as 
the  square  of  the  velocity ;  so  that  if  k  is  the  coefficient  of  re- 
sistance for  an  unit-mass,  the  equation  of  motion  is, 

d^e         ,  (de\^     9   •    ^       n 
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which  u  a  linear  differential  equation  of  the  first  order^  see 
Art.  27S,  Vol.  II ;  and  of  which  the  general  integral  is, 

/^f-  r^^akB.^ff  coB$+2akBine 

de 

but  ^  =  o,  when  -rr  =  0 ;  therefore 
at 

(^)*=  q(i//^2^2)  {co8d-h2a*8in^-(co8a+2a*8ina)c-»«*(«-*)}.  (186) 

Let  —  ai  be  the  value  of  0,  when  the  pendulum  comes  to  rest 
on  the  other  side  of  the  vertical ; 
.-.    (cosai— 2a*  sinai)  «*«**<•=  (cosa  +  2a*  sin  a)  e-2a»«.  (137) 

As  k  is  small^  let  us  expand  the  exponential  and  omit  terms  in- 
volving the  square  and  higher  powers  of  * ;  so  that  we  have, 

cosai  — 2aA:(8inai— ai  cosai)  =  C08a  +  2a*(sina— acosa). 
Let  Aa  =  the  decrement  of  the  amplitude ;  so  that 
a  =  ai  + Aa; 
then  neglecting  the  square  and  higher  powers  of  ao,  and  also 
the  product  kAa^  we  have, 

Aasina  =  4a*  (sin  a— a  cos  a) 

4a*  (sin  a  — a  cos  a) 

Aa  =  ^ ; '-; 

sma 

and  if  we  suppose  the  arcs  of  oscillation  to  be  small^  then 

neglecting  the  cubes  and  higher  powers  of  a,  we  have 

4a*a'                                         4a*a' 
A«  =  -g-;  .-.     «!  =  « 3-; 

and  m  having  come  to  rest  will  again  descend  and  ascend  until 
6  =  ai  (say) ;  where,  as  a  process  similar  to  the  preceding  one 
wiU  shew,                                    4^^^^, 
«.  =  «, g— ; 

and  so  on :  until  finally  the  oscillations  will  cease,  and  the  pen- 
dulum will  be  in  a  vertical  position. 

For  the  determination  of  the  time  of  an  oscillation,  and  the 
successive  decrements  of  it,  I  must  refer  the  reader  to  M.  Pois- 
son's  Traite  de  M&;anique,  Vol.  I^  second  edition,  p.  356.  And 
for  an  ftquiry  into  various  other  circumstances  connected  with 
the  motion  of  a  pendulum  in  air  to  (I)  a  memoir  of  M.  Poisson 
entitled  ^'M^moire  sur  les  mouvements  simultan^s  d'un  pen- 
dule  et  de  Pair  environnant/'  and  contained  in  the  M^m.  de 

4  p  2  _ 
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P  Acad^mie  des  Sciences  de  Paris,  tome  XI ;  (2)  a  paper  by  Pro- 
fessor Stokes  of  Cambridge,  and  contained  in  the  Transactiona 
of  the  Cambridge  Philosophical  Society,  YoL  IX,  Part  II,  1851, 
in  the  introduction  to  which  will  be  found  a  succinct  account 
of  all  the  investigations  which  had  been  previously  made  on  the 
subject.  These  inquiries  however  are  hydrodynamical,  and  pro- 
perly belong  to  a  future  part  of  our  treatise. 

380.]  It  remains  for  us  still  to  investigate  the  general  equa- 
tion of  tautochronous  curves  in  a  resisting  medium ;  and  with 
this  object  I  shall  inquire  into  the  most  general  expression  for 
the  tangential  component  of  tautochronous  curves. 

Let  o  be  the  common  extremity  of  the  arcs,  which  are  to  be 
described  in  the  same  time  r;  let  8  =  the  distance  along  the 
curve  of  m  from  o  at  the  time  t,  and  let  cr  be  the  initial  value 
of  8,  And  let  t  be  the  tangential  force  for  which  the  curve  is 
tautochronous ;  let  t;  be  the  velocity  at  the  time  t ;  then 

r=  -T^;  (188) 

Jo      V 

.  d*8        d  d8  dv 

also         T  =   -jjr-  =  -rr-i-  =  r-j-, 

rf/*        dt  dt  ds 

which  is  to  be  determined. 

By  reason  of  the  property  of  tautochronism,  r  is  to  be  inde- 
pendent of  a ;  therefore        , 

5^  =  0.  (139) 

aa 

Let  us  in  the  first  place  so  transform  the  right-hand  member 

of  (138)  that  the  limits  of  integration  may  be  constant.     For 

this  purpose  let  8  =s  \lf{z),  where  ;s  is  a  new  variable^  and  where 

\lf{z)=zO,  when  z  =  0;  and  let  z  =  uz,  where  u  is  another  new 

variable^  and  where  z  is  the  value  of  z,  when  «  =  or ;  so  that 

s  =  ylf{z)  =  yffiuz);  (140) 

therefore  u  =  1  when  s  =  <r,  or  when  2;  =  z ;  also  o-  =  V^(z). 
From  these  we  have^  z  being  independent  of  s, 

ds  =  yl/{uz)zdu; 
.      ^^       nylf\uz)zdu^       Pyr^zrfti. 

Jo  V  Jo  V  '         ^ 
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|=Vr'(«z)„g=f(.)«z'; 


rfr  1  /•'  ^^"<*>  *  ^  +  ^'^*)  ^^  **  -  1 S  ^  +  J  ^'^^>  ^  *'  \  "f"'^"^ 

d<r  ~'        zJo  V* 

Let  the  quantity  under  the  sign  of  integration  be  repre- 

sentedby  rf./(*,<r);  (144) 

also  from  (140), 

ds  ""  ylf\z)'  •*•      &a  -        (^>))3' 

rf!?    d^  2 
and  let  ^,  ^-^  be  represented  by  /,  jz^',  respectively :  so  that 

f(;.)  =  l,  V^-(;,)=-jl;  (145) 

therefore,  since  ^  =:  0,  we  haye^  substituting  in  (143), 

dv      zz' dv        ,    /.      za^\      d.fia.a)    ,       ^       ,-,  ah^ 

which  is  a  partial  differential  equation  of  the  first  order^  where 
^  and  -p  are  partial  derived-functions  of  t; ;  let  it  be  divided 
through  by  z';  then  by  (84),  Art.  281,  Vol.  II,  we  have, 

^-d^=id,  =  -iL———.  (147) 

z  z  ~i.      z¥\      V*  d.f{8,  &) 

"V-l^l-Y—dT- 

and  our  object  is  to  find  two  integrals  of  these  equations.  Let 
us  take  the  first  two  of  these  three  equalities ;  and  let 

j=<l>(s);  .-.     J  =  *(cT);  (148) 

so  that  we  have  --7-r  =  -rrr  (149) 

"^  /^  =  «^'>=       •••  /■^  =  -('>^     <^^^> 

and  (149)  becomes 

rf.a)(o-)— d.«(*)  =  0; 

.-.     a»(cT)-a)(*)  =  Ci;  (151) 

where  Ci  is  an  arbitrary  constant  of  integration. 
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Now  let  118  take  the  last  two  of  (147) :  from  (148)  we  have 
«/'         ,  1  _r*L 


80  that  we  have 


.      «>»»'^^7»W^«>^^(,),-.(»rf^(,,.);  (152) 

in  the  right-hand  member  of  this  equation  let  o-  be  replaced  hj 
its  value  in  terms  of  8  from  (151)^  and  let  the  indefinite  integral 
of  the  quantity  after  the  substitution  be  x(^)  '>  then  integrating 
(152)  we  have,  ^/.x 

■^  =  xW  +  c.;  (153) 

where  c%  is  another  arbitrary  constant ;  by  the  general  theory 
of  the  integration  of  partial  differential  equations,  Ci  =  Fi(rs), 
where  Fi  is  the  symbol  of  an  arbitrary  function :  therefore  in 
this  case  we  have, 

«(cT)-a>(*)  =  Pi  (*^  -  x(*))  ;  (154) 

Fi  being  such  that  t;  =  0,  when  s^a;  and  this  is  the  general 
integral  of  the  differential  equation  (146). 

Let  us  take  the  ^-differential  of  it,  and  replacing  J.6>(^)  from 
(150),  we  have  j^ 

Lrt      rf.„(if-,(.))  =  |,(ii^-,(„)|-;      (156) 

which  is  the  most  general  expression  for  the  tangential  velocity- 
increment,  where  f,  ^  and  x  ^^  symbols  of  arbitrary  functions. 
As  a  particular  case  of  (156),  let  us  suppose  x  (')  ==  0 ;  then 

Let      .^(»)  =  f  J  .-.     f(«)  =  ^; 

of  an  arbitrary  function :  then  (157)  becomes, 
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which  formula  was  given  by  Lagrange  in  the  M^m.  de  PAca- 
d^mie  de  Berlin,  1765,  1770.  The  general  formola  (156)  is 
due  to  M.  Brioschi,  and  is  given  by  him  in  '' Annali  di  Sdenze 
Matematiche  e  Fisiche  compilati  da  B.  Tortolini,  Roma,  1852, 
p.  362/'  For  the  preceding  references  I  am  indebted  to  M. 
Jullien,  ^^Probl^mes  de  M&anique  rationeUe/'Vol.  I.  Pi^  898. 
MaUet-Bachelier,  Paris,  1855. 

881.]  As  an  application  of  formula  (168),  let  us  investigate 
the  cases  of  tautochronism  relative  to  a  heavy  particle,  which 
moves  on  a  rough  curve  in  a  medium,  of  which  the  resistance 
varies  as  any  function  of  the  velocity. 

Let  the  axis  of  ^  be  vertical,  let/(t;)  be  the  resistance  of  the 
medium,  and  let  /i  be  the  coefficient  of  friction ;  so  that  the 
tangential  and  normal  components  of  the  velocity-increments 
are  respectively, 

g-^-m.       and     g^'^ji 

and  as  the  friction  varies  as  the  pressure  on  the  curve,  we  have 
dx  dv        v^ 

and  this  expression  is  to  be  identical  with  the  right-hand  mem- 
ber of  (158). 

If  in  (159)  T  is  differentiated  thrice  with  respect  to  v,  and 
once  with  respect  to  s,  the  result  =  0 ;  so  that 

d^T 

^^  =  ^^  <!«» 

the  particular  form  of  (158)  must  therefore  be  consistent  with 
this  condition. 

I*.  ;-«(p=.(p,   -d  ig-xtf). 

SO  that  (158)  becomes, 

T  =  t;^(p+t;»x(f);  (161) 

and  as  «  is  a  function  of  (,  (160)  becomes, 

applying  this  to  (161),  we  have 
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and  if  -  =  f,  we  have 

C*^""(O  +  6<:^'"(0  +  6ir"(O  =  0; 
whence  integrating  we  have 

.-.     7r(0  =  Af+Blogf-|-f  d; 

where  a,  b,  c,  d  are  arbitrary  constants.     Substituting  this  in 
(161)  we  have, 

T=  -Bvlogj-l-Dv  +  y  (A  +  *)-cf.  (164) 

That  this  and  (159)  may  be  identical,  we  must  have, 

(1)  B  =  0, 

(2)  Bv=f{v), 

therefore  from  (2)  the  resistance  of  the  medium  varies  directly 

as  the  velocity ;  and  from  (3)  and  (4),  after  all  reductions,  we 

have,  ^3^  ^^ 

-T-o-  = 7i ST  =  a  constant ;  (165) 

**  ^(1  +  M*) 

and  this  is  the  equation  to  a  cycloid. 

Thus  the  cycloid  is  tautochronous  both  in  vacuo  and  in  a 
medium,  of  which  the  resistance  is  proportional  to  the  velocity, 
and  with  friction ;  it  is  also  the  only  case  of  tautochronism  with 
friction  which  is  given  by  (158). 

If  a  is  the  radius  of  the  generating  circle  of  the  cycloid,  and 
a  is  the  distance  from  the  lowest  point  of  the  cycloid  of  the 
common  extremity  of  all  the  tautochronous  arcs,  then  from  the 
equation  to  the  curve  we  have 

dx  _  s-\-a 
ds  ^    4}a   ' 
Since  all  the  arcs  are  tautochronous,  a  is  evidently  the  distance 
along  the  arc  from  the  lowest  point  of  that  point  on  the  rough 
curve  at  which  m  being  placed  will  remain  at  rest. 
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CHAPTER  XIII. 

GENERAL  PROPERTIES  AND  PRINCIPLES  OF  THE  MOTION  OF  A 
PARTICLE  UNDER  THE  ACTION  OF  GIVEN  FORCES. 

Section  1. — The  principles  of  Vis  Viva,  and  of  Least  Action. 

382.]  In  the  present  Chapter  I  propose  to  investigate  certain 
principles  and  properties  which  are  either  generally^  or  under 
certain  conditions,  true  of  the  motion  of  a  material  particle : 
and  also  to  explain  some  methods  of  investigation^  which, 
when  direct  processes  fail,  enable  us  to  obtain  approximate 
solutions  of  certain  physical  problems.  And,  firstly,  I  propose 
to  consider  the  principle  of  Vis  Viva  in  its  relation  to  one  moving 
particle;  this  condition  is  made,  because  it  will  hereafter  be 
shewn  that  the  principle  is  also  true  of  a  system  of  moving 
particles. 

Let  the  equations  of  motion  of  a  particle  moving  freely  be^ 

d^x  rf^V  d^z 

^W^^^'  ^1^"^^^'  ^W^^^'  ^^ 
and  let  us  consider  the  circumstances  of  motion  when  /  =  /q^ 
and  when  /  =  / :  and  let  the  corresponding  places  of  m  be 
(^0,  yof  ^\  (^f  Vf «) :  wid  let  the  corresponding  velocities  be  vq 
and  v;  then  multiplying  the  equations  (1)  severally  by  2dp, 
2dy^  2dz^  and  adding, 

2dxd^x-\-2dyd^'h2dzd^z       o     r    ^    .     ^    .     ^  1       /ox 
m — Jg  ^    =  2m{xda;-\-Ydy-\-zdz};    (2) 

therefore  integrating 

mv^  —  mvo*  =  2m/  {xdX'^Ydy-\-zdz},  (3) 

Suppose  X,  Y,  z  to  be  functions  of  x,  y,  z  only ;  and  to  be  such 
***  x*p  +  Yrfy-f-zcfo  (4) 

is  an  exact  difierential ;    and  let  us  also  suppose  it  to  be  the 
differential  of  f(^,  y^  z)^  so  that 

X(2^-t-T</^+Z{&  =  Ti.v(x,y,z)\  (5) 

therefore  from  (3), 

mt^—mvo^  =  2m{F(a7,  y,  z)—v{a:o,  yo,  «o)}.  (6) 
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Therefore  the  increase  of  the  vis  viva  of  m  in  moving  from  one 
point  to  another  depends  on  the  coordinates  of  those  points 
only;  and  is  independent  of  the  path  which  the  particle  takes, 
and  of  the  time  which  it  occupies,  in  the  passage.  This  prin- 
ciple, which  is  expressed  in  equation  (6),  is  called  "Theprinc^fle 
of  vis  viva" 

As  to  the  expression  v{x,y,z)f  let  us  suppose  that  v{x,y,z)  =  c 
is  the  equation  to  a  surface ;  then  since  by  (5), 

^  =  (£)'   ^=(^)'    ^  =  ©' 

and  also  since 

.-.  xdx+Ydy-\-zdz  ^  0; 
and  the  surface  t{x,  y,  z)  =  c^  is  at  all  its  points  normal  to 
the  line  of  action  of  the  impressed  velocity-increments;  so 
that  v{x^y,z)^c  is  an  equilibrium-surface,  and  is  of  course 
such  that,  if  it  were  capable  of  bearing  the  pressure,  m  being 
placed  on  it,  and  under  the  action  of  the  forces,  would  be  at 
rest.  And  suppose  that  we  have  another  equilibrium-surface, 
P(^o,  yo>  ^)  =  c';  then  from  (6), 

mv^—mvo^  =  2«»(c— c').  (7) 

The  loss  of  vis  viva  therefore  of  a  particle  moving  from  any  point 
of  the  iSrst  to  any  point  of  the  second  equilibrium-surface  is  the 
same,  whatever  are  the  initial  and  final  points  on  the  two  respect- 
ively, and  whatever  is  the  number  of  times  the  particle  has 
passed  through  either  one  or  other  of  the  surfaces. 

Hence  also  if  a  moving  particle  in  its  path  is  several  times 
on  the  same  equilibrium-surface,  the  vis  viva  is  the  same  at  all 
points  on  the  surface. 

Also  if  no  forces  act  on  a  particle,  its  vis  viva  is  unaltered. 

383.]  As  to  the  nature  of  the  forces  which  satisfy  the  con- 
dition (5). 

(1)  It  is  evident  that  it  is  satisfied  whenever  the  forces  are 
central,  and  their  intensities  depend  on  the  distance  between 
the  centre  and  the  particle. 

Thus  let  there  be  a  series  of  central  forces  Pi,  P2, ...  p»,  whose 
centres  are  at  (oi,  4i,  ci),  (oj,  Ajj,  C2), ...  (a», 6n,  Cn) ;  and  let  the 
distances  of  their  centres  from  m  respectively  be  ri,  rs,  ...Tm  ;  and 
let  the  forces  be  functions  of  these  distances.    Then 
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Z  =   Pi-— -^  +  P2-— ^  +  ...  +P»- 


(8) 


.'.     xdx-^Ydy-^zdz  =  Pirfn+P2*'»+  .••  +Pn*"ii 
=  Jt.vdr; 
which  is  evidently  an  exact  differential ;  so  that  (5)  becomes, 

wt;*— mvo*  =  2m/  Ji.vdr.  (9) 

(2)  If  m  is  acted  on  by  a  force  whose  line  of  action  is  always 
perpendicular  to  a  given  plane^  and  which  is  a  function  of  the 
perpendicular  distance  of  m  from  the  plane,  the  condition  (5)  is 
also  satisfied.     Thus  let  the  equation  to  the  plane  be 

a?co8a-|-ycos)3-f-«cosy— ^  =  0;  (10) 

then  itu  is  the  perpendicular  distance  from  {x,  y,  z)  on  (10), 

u  =  j?coso+y  cos  j3+«  cosy— j9.  (11) 

Let  u  represent  the  function  of  %  which  expresses  the  force  ; 
®^        X  =  u  coso,       Y  =  u  cos)3,       z  =  u  cosy, 
.*.     iidx-\-Ydy-\-zdz  =  u{£teco8a+cf^cos^  +  ^2;cosy} 
=  urftt, 
.•.     f»t?*— mt?o*  =  2j»/   urftt.  (12) 

(8)  In  the  case  of  gravity,  x  =  0,  y  =  0,  z=^; 

.',     mv*— mt?o*  =  ^mgiz-^z^).  (13) 

Of  this  result  we  have  had  instances  in  (32)  Art.  220 ;  in  (46) 
Art.  227;  in  (50)  Art.  270;  (98)  Art.  282;  in  all  which  cases 
it  appears  that  the  vis  viva  acquired  by  a  heavy  particle  moving 
under  the  action  of  gravity  depends  only  on  the  vertical  dis- 
tance between  the  initial  and  final  points,  and  on  neither  the 
path  nor  the  time  of  its  passage. 

(4)  If  X,  Y,  z  consist  severally  of  many  terms,  and  if  any 
parts  of  them,  say  Xi,  Yi,  Zi,  are  such  that 

Xidx-^Yidy-^-Zxdz  =  0, 

these  terms  may  be  omitted  in  the  right-hand  member  of  (3). 
This  is  the  case  if  m  moves  on  a  smooth  surface ;  for  if  b  is  the 

40  2( 
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13^3' 
are  pro- 


pressure  on  the  surface,  and  if  u,  y,  w,  as  in  Art. 
portional  to  the  direction-cosines  of  its  line  of  action, 

E{uda?-|-vrfy-|-W£fo}  =  0,  (14) 

so  that  the  principle  of  vis  viva  is  true  also  for  a  particle  moving 
on  a  smooth  surface.  It  is  similarly  true  also  for  a  particle 
moving  in  a  smooth  tube.  But  it  is  not  necessarily  true  when 
the  surface  or  the  tube  in  which  the  particle  moves  is  rough; 
for  in  these  cases  x,  y,  z  may  not  be  functions  of  a:,  y,  z. 

When  the  condition  (5)  is  satisfied^  we  have  the  following 
relations ;  see  Vol.  II,  Art.  268  ; 

(S)=0.  (£)=0-  ©=(£)■    <'=> 

In  the  equations  (8)  and  (14)  they  are  evidently  satisfied. 

If  however  the  particle  moves  on  a  surface^  then  all  the  points 
in  its  path  are  on  the  surface,  and  the  coordinates  to  these 
points  satisfy  the  equation  to  the  surface :  and  thus  if  u,  v^  w 
are  the  partial  derived-functions  of  the  equation  to  the  surface, 

vdx-\-Ydy-{-wdz  =  0;  (16) 

where  (iff,  dy^  dz  are  the  projections  of  the  elements  of  the  path 
of  the  particles.  Let  this  be  multiplied  by  an  undetermined 
quantity  /a;  then  it  is  sufficient  that 

(x-|-fiu)flfep+(Y-|-MV)rfy-l-(z+MW)efe  (17) 

should  be  an  exact  differential.  For  this  end  it  is  necessary  that 


that  is, 


—  (Y-hfiV)   =^(Z-h/iW) 
|(x  +  ^X;)  =  ^(y4.^v) 


(18) 


(19) 


Now  multiplying  these  respectively  by  u,  v,  w,  and  adding, 
we  have 
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"1©-(|)S-I0-(?J|-{(|)70}=»;(^) 

which  is  the  condition  requisite  that  the  principle  of  vis  viva 
may  be  true  of  a  particle  moving  on  a  smooth  surface. 

If  therefore  a  particle  moves  freely  in  space,  three  conditions^ 
viz.  those  contained  in  (15),  are  to  be  fulfilled :  but  if  the  par- 
ticle moves  on  a  surface  then  only  one  condition,  viz.  (20). 

If  X,  Y,  z  are  functions  of  t  the  time,  xdv-\-Ydy  +  zdz  cannot 
be  an  exact  differential ;  and  therefore  the  principle  cannot  be 
applicable. 

The  great  advantage  of  the  principle  is  that  it  always  enables 
us  to  obtain  one  integral  of  the  equations  of  motion ;  so  that 
the  time  may  be  determined  by  means  of  a  single  integration. 

384.]  Closely  connected  with  the  preceding  is  another  prin- 
ciple known  as  that  of  Least  Action^  and  which  is  applicable 
when  the  equation  of  vis  viva  is  satisfied. 

Let  us  suppose  that  a  particle  m  is  moving  either  freely  or  on 

a  surface,  under  the  action  of  forces  x,  y,  z  along  the  coordinate 

axes,  which  are  such  that, 

xdof+Ydy  +  zdz  =  D.¥(x,y,z),  (21) 

that  is,  is  an  exact  differential ;  then  the  vis  viva  acquired  by  m 

in  an  unit  of  time  (the  increase  of  velocity  being  constant  during 

that  unit)  is  called  the  action  of  the  particle;  and  if  mv^  is  the 

vis  viva  acquired  in  dt,  then  mv^dt  is  the  action  acquired  in  dt; 

so  that,  rt 

m     v^dt  (22) 

is  the  action  acquired  during  the  time  of  motion.  The  principle 
of  least  action  consists  in  this.  The  definite  integral  (22)  is 
under  the  action  of  the  given  forces  less  for  the  path  which  the 
particle  takes  than  it  would  be  for  any  other  path  infinitesimally 
near  to  it,  in  space  when  m  moves  freely,  or  on  the  surface  when 
the  motion  ofm  is  constrained. 

Equation  (22)  may  be  expressed  in  the  following  form :  since 

ds 
"""-dt^ 
.'.     v^dt^vds;  (23) 

let  u  represent  the  definite  integral ;  and  let  the  limits  be  ex- 
pressed as  in  Vol.  II ;  then 

(24) 


=  m/  vds. 
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Let  us  iiiTestigate  the  variation  of  u  aooording  to  the  Calculas 
of  Variations;  then 

d«  =  md./  vds 

Jo 

=  m     Uvds+vh.ds}.  (25) 

Jo 

Now  b.ds  =  J^-^-i-^^rfy-l- J«*^>  (26) 

and        Iv  =  -  5a?  +  -  dy  +  -  dr ;  (27) 

V  V  V 

80  that  (25)  becomes^ 
bu  =  ml    <  —  {xbX'^Yby'^zbz)+-j'(dxd.hx+dyd,by  +  dzd.iz)^ 

Since  the  limits  of  the  integral  are  given,  the  first  part  vanishes 
of  itself.    Also 

da       ,  vdx  -^      .  dx 

X o.—i—  =  ndt^d.-jr- 

V  ds  dt 

=  0; 

similarly  each  of  the  other  parts  in  (28)  vanishes ;  therefore 
dtf  =  0;  and  therefore  u  is  either  a  maximum  or  a  minimum  or 
a  constant.  And  either  of  these  it  may  be :  generally  however 
it  will  be  a  minimum;  although  we  shall  presently  have  an 
example  wherein  t<  is  a  maximum. 

Since  u  is  the  sum  of  all  the  vires  vivse  which  are  in  successive 
elements  of  time  generated  in  the  moving  particle,  the  principle 
may  also  be  caUed  that  of  the  greatest  or  least  vis  viva. 

385.]  Now  assuming  the  truth  of  the  principle  of  least  action, 
let  us  apply  it  to  the  motion  of  a  particle  under  the  action  of 
given  forces  x,  y,  z,  and  moving  (1)  freely,  (2)  on  a  given  smooth 
surface. 

(1)  Pursuing  exactly  the  same  course  as  in  the  last  Article, 
and  equating  hu  to  zero,  we  have 
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+/'  {(^-^•t)«'+  (^-''•"^)'^+  (^-"■t)''}  ■■  W 

and  as  no  relation  is  given  between  bx,  by,  bz^  we  have 

E*_rf.?^  =  0,     l*-rf.!!^  =  0,     ^_rf.!:^  =  0;(30) 
V  ds  V  ds  V  ds 

_^   d  dx  _  ^  ^  ^  d  dz  „, 

•'•     ^-"dtdt'      ^^dtdt'       ^"dtdt'  ^"^^^ 

and  if  t  is  equicrescent, 

d^x  d^y  d^z  ,3^^ 

^=rf^'        ""^W^         ^^W  ^^*> 

which  are  the  three  ordinary  equations  of  motion. 

(2)  Let  the  motion  of  m  be  constrained  to  a  surface  whose 
equation  is  f  (^,  ^,  z)  =  c,  and  of  which  the  partial  derived-func- 
tions are  u,  v,  w ;  so  that  bx,  by,  bz  are  connected  by  the  equation 

vbx-\-yby'\-yfbz  =  0;  (33) 

xdt^d.^      Ydt^d.^       zdt^d.^ 
.-.    ^  = *  = ^  =  \dt  (say);  (34) 

U  V  W  \     J/      \      y 


d  dx^ 

^  =  ^''  +  dtdt 

d  dy 
d  dz 


(35) 


let,  as  heretofore,  q*  =  u* + v* + w* ;  then  multiplying  these  equa^ 

tions  severally  by  -,  -,  — ,  and  adding,  we  have,  if  t  is  equi- 
crescent^ 

ux  +  VY-l-wz      vd^x  +  yd^y-^wd^z  „^ 

^  =  — 55 ^w ^         ^^^^ 

so  that  \  is  determined.  And  Xq  is  evidently  the  normal  re- 
action of  the  surface :  for  if  the  motion  of  m  were  unconstrained, 
then  a  comparison  of  (32)  and  (35)  shews  that  A  =  0 ;  so  that  A 
is  a  force  which  is  introduced  by  the  surface :  and  as  u,  v^  w  are 
proportional  to  the  direction-cosines  of  the  normal  to  the  sur- 
face at  the  point  (x,  y,  z)y  where  m  is  at  the  time  t,  the  line  of 
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action  of  X  is  the  normal  to  the  surface :  so  that  if  r  is  the 
pressure  of  m  on  the  surface^ 

R        iTXH-VY+wz      vcPx+YcPy+wd^z  ^ 

m  =  Q  ^df^  '  ^^^^ 

and  (35)  become  the  three  common  equations  of  motion  of 
a  particle  moving  on  a  surface.  See  Article  368^  equations 
(73)  and  (75). 

386.]  In  this  and  the  following  Articles  T  propose  to  apply 
the  principle  of  least  action  to  two  problems ;  (1)  that  of  a 
heavy  projectile  in  vacuo ;  (2)  that  of  the  trajectory  of  a  free 
particle  under  the  action  of  a  central  force,  which  varies  inversely 
as  the  square  of  the  distance. 

In  the  former  example  let  the  axis  of  y  be  vertical^  and  let  the 
axis  of  X  be  horizontal ;  and  let  the  initial  and  final  positions 
of  the  curve  be  given ;  let  the  initial  position  be  the  origin ;  at 
which  point  let  the  velocity  be  (2gh)^^  and  let  the  line  of 
motion  of  m  make  an  angle  a  with  the  horizontal  line  :  then  at 
the  point  (^,y),  t;*  =  2^(A-y),  (38) 

and  therefore        u  =  mj  {2ff(h-y)}^  ds ;  (39) 

and  to  simplify  the  calculation  let  us  assume  the  motion  to  be 
wholly  in  the  plane  of  ay.  The  variation  of  u,  being  equated  to 
zero,  gives 

dtt  =  0  =  m(2ff)ir{(A-y)»d.£fe~^  f  ^     I ;     (40) 
*^o  (  2(A— y)*) 

but        b.ds  =  -j-b.dx-{--^b.dy  ; 
ds  ds       ^ ' 

of  this  expression  the  first  part  vanishes^  because  the  points  at 
which  the  motion  begins  and  ends  are  given.  And^  as  no  rela- 
tion is  given  between  w  and  y,  we  have, 
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^  ^y)*  ds        ^  ^ 

Taking  (42)^  and  integrating, 

—  (A-y)*  =  A*  cos  a,  (44) 

if  ^  =  cos  a,  when  y  =  0 ;  whence  we  have 

dx  =  ^  ,  ;  (45) 

{A(8ina)2— y}iF 

integrating  which,  and  supposing  ^  =  0^  when  y  =  0^  we  have 


y  =  jrtana-^^^__    ;  (46) 


4  A  (cos  a)* 

which  is  the  equation  to  a  parabola,  and  is  the  same  as  equation 
(87),  Art.  281,  if  u^  =  2gh.     (43)  is  also  satisfied  by  (46). 

387.]  In  the  next  place  it  is  required  to  investigate,  by  means 
of  the  principle  of  least  action,  the  path  of  a  particle  moving 
freely  in  space  under  the  action  of  a  central  force  which  varies 
inversely  as  the  square  of  the  distance. 

In  this  problem  we  will  use  polar  coordinates ;  let  Vq  be  the 
initial  value  of  v  when  r  =  a,  so  that 

if         c  =  ro«-^; 
a 

.-.     u  =  mj\c  +  ^\d8,  (47) 

where  ds^  =  dr^+r^dd^-,  (48) 

so  that  b.ds  =  3-d.rfr  +  — r— d.d^H-  -rr—^'y 

ds  ds  ds 

and  taking  the  variation  of  (47),  and  equating  it  to  zero,  we  have, 

and  equating  to  zero,  the  coefficient  of  bS  under  the  sign  of 
integration,  we  have 
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J^' =  a  constant 

=  *(8ay); 


(«+VT 


therefore  if  «  =  - ,  we  have 

»  =  i^+^-^-^^co.(^-y),  (60) 

which  is  the  equation  to  a  conic  section. 

388.]  If  the  velocity  v  of  the  moving  particle  m  is  constant, 

then  ri 

u  =  mv  I  ds 

Jo 

=  mv8,  (51) 

and  therefore  is  proportional  to  the  length  of  the  path.  The 
path  therefore  of  an  unconstrained  particle  is  in  this  case  a 
straight  line.  If  however  the  motion  is  constrained  to  take 
place  on  a  given  surface,  the  path  of  least  action  is  the  geodesic 
on  the  surface  which  joins  the  two  given  positions,  viz.  the  initial 
and  the  final  places  of  the  particle.  If  the  surface  is  closed^  as 
that  of  a  sphere,  there  will  be  at  least  two  geodesic  paths  join- 
ing the  initial  and  the  terminal  places  of  m ;  one  of  which  will  be 
a  maximum,  and  the  other  a  minimum;  thus  in  one  case  the 
action  also  will  be  a  maximum,  and  in  the  other  a  minimum ;  and 
the  action  also  may  be  constant,  whatever  is  the  path,  provided 
that  in  this  case  5ii  =  0.  For  suppose  the  two  points  to  be  on  a 
sphere :  the  great  circle  of  the  sphere  passing  through  these 
two  points  will  be  the  geodesic  ;  one  segment  of  which  will  be 
a  maximum,  and  the  other  will  be  a  minimum ;  and  if  the  two 
points  are  opposite  poles  of  the  sphere,  there  will  be  an  infinite 
number  of  great  circles  passing  through  them,  and  the  lengths 
of  all  the  arcs  joining  the  two  points  will  be  the  semi-circum- 
ference of  a  great  circle,  and  thus  the  same  for  all.  In  this  case 
If  is  constant,  and  thus  bu=zO. 
If  the  velocity  is  constant, 

xrf.r-fYrfy4-zrf^  =  0:  (52) 

this  is  satisfied  by  x  =  y  =  z  =  0,  that  is,  when  the  particle  m  is 
acted  on  by  no  force.  Also  when  all  the  impressed  forces  act 
along  lines,  which  are  perpendicular  to  the  path  of  m  at  every 
point  of  it.  Thus  if  a  particle  moves  on  a  surface,  and  is  sub- 
ject to  no  force  except  the  normal  reaction  of  the  surface,  (62)  is 
satisfied,  and  the  path  of  the  particle  is  a  geodesic  line. 
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Section  2. — The  method  of  variation  of  parameters. 

389.]  In  some  problems  which  have  been  investigated  in  the 
preceding  Articles  (and  there  are  many  of  the  kind),  the  inte- 
grations have  been  performed  without  difiSculty  in  the  more 
simple  forms  of  the  questions ;  whereas  the  integrations  have 
been  impossible  in  finite  terms^  when  another  term,  which  has 
generally  expressed  an  additional  impressed  momentum-incre- 
ment, has  been  introduced.  The  most  salient  instance  of  this 
circumstance  occurs  in  equations  (162)  of  Art.  295.  When  the 
expressions  involving  the  disturbing  function  r  are  omitted,  the 
equations  become  those  marked  (138),  and  admit  of  integration ; 
and  the  complete  integral  is  a  conic,  say,  an  ellipse  ;  but  equa- 
tions (162)  cannot  be  integrated  in  their  complete  form.  A 
method  of  dealing  generally  with  such  questions  has  been 
discovered  by  Lagrange,  and  largely  applied  in  Physical  Astro- 
nomy. It  is  called  the  method  of  variation  of  parameters,  and 
will  be  most  conveniently  explained  by  means  of  an  example ; 
and  for  this  purpose  I  shall  take  the  case  of  Art.  295,  and  shall 
for  the  sake  of  simplicity  assume  all  the  bodies  to  be  in  the 
plane  oi  x^y\  so  that  the  equations  of  motion  are,  when 
obvious  substitutions  are  made,  of  the  form, 

dt^ 


72-  =   ^  +  ^ 


d^y 

dt^  ^ 


(63) 


Let  us  suppose  that  these  equations  admit  of  complete  integra- 
tion, when  x'  and  y'  are  omitted :  and  that  the  integrals  of  the 
equations,  ^,^ 


dt^   " 


>.  (54) 


are  a?  =  /(a,  a,  /),  y  =  <^  (A,  /3,  /) ;  (55) 

where  a,  a,  b,PBTe  four  constants,  as  yet  undetermined,  intro- 
duced in  the  process  of  integration.  Let  us  suppose  the  solu- 
tions of  (53)  to  be  of  the  form  (55),  in  which  a,  a,  *,  )9  are  not 
constant,  but  functions  of  / ;  and  let  them  be  determined,  so 
that  not  only  shall  the  coordinates  of  the  particle,  whose  motion 
is  represented  by  (53),  be  the  same  at  the  time  t  as  that  whose 

4  H  2 
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motion  is  expressed  by  (54),  bat  also  let  the  component  veloci- 
ties be  the  same  in  both  cases :  so  that 

dx  _  df  dy  __  d<p 

di  "  di'  dt  "  dt' 

Now  from  (55)  we  have 


(56) 


W 
dy 
di 


~  \dt'^\da'  dt  ^\da'  dt 

-  (^\  ^  (^\  ^  .  (^\  ^ 
~  \dt/^\dbl  dt  ^  ^daf  dt 


>; 


therefore 


da 


\do)  dt 

(^)  ^^  =  0 
\dfif  dt 


(57) 


(58) 


(59) 


(60) 


l^\d 
^da'  it 

/d<t>\  db 
\dbldi 

Also  from  (66)  we  bare 

d^x  _  id*f\  (  d'f\  da  (d*f_\  da 
dt*  ~  \dt*'  ■*■  \da  dt)  dt  "*■  Vrfa  dt)  dt 
d*y  _  td*^\  (d^\  db  /  d*<t>  \  d^ 
dt"  ~  Vd/W  ■*"  Vrf*  dt)  dt  "^  \dfidt'  dt 
and  substituting  these  in  (53),  we  have 

(dV\da      (d^\da_    r\ 

\dadV  di  '^^dadtf  di  ""I 

(d^\db      (d^\dp_        f- 

\dbdil  di  '^\dpdil  di  "J 
by  (58)  and  (60)  may  the  four  quantities  a,  a^  b,  ^  be  deter- 
mined. 

Since  the  components  of  the  velocity  are  the  same  in  both 
carves  at  their  common  point  at  the  given  instant,  it  is  evident 
that  the  carves  at  that  point  toach  each  other,  and  thus  have  a 
common  tangent.  And  as  the  parameters,  a,  a,  b,  fi,  which  de- 
termine the  orbit,  vary  with  the  time,  so  does  the  form  of  the 
curve  continually  undergo  change.  From  this  point  of  view, 
the  curve  in  which  the  particle  moves  has  received  the  name  of 
the  instantaneous  orbit,  and  the  forces  which  produce  the 
changes  in  the  instantaneous  orbit  are  called  disturbing  forces. 
The  actual  orbit  therefore  is  the  envelope  of  all  these  instanta- 
neous orbits,  the  change  of  the  instantaneous  orbit  being  due  to 
the  disturbing  forces,  and  the  law  of  that  change  being  assigned 
by  their  variations.     I  propose  to  illustrate  the  method  by  one 
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or  two  simple  examples ;  but  the  most  important  application  of 
it  is  beside  the  scope  of  our  present  work. 

390.]  A  heavy  particle  falls  from  rest  in  a  medium  the  re- 
sistance of  which  varies  as  the  square  of  the  velocity ;  it  is 
required  to  determine  the  circumstances  of  motion. 

In  this  case  the  equation  of  motion  is 

and  omitting  the  last  term,  the  equation  becomes^ 

^  =  9-  m 

The  solution  of  which  is 

ar=  a  +  at  +  ^^^,  (63) 

dw  .     da     ^da  .^a^ 

...     -.  =  a+gt  +  ^  +  t^:  (64) 

if  the  velocity  is  the  same  in  both  the  orbits  represented  by 
(61)  and  (62),  then 

and  from  the  former  part  of  (64)  we  have, 

substituting  which  in  (61),  we  have 
ST"       ^\dt' 

and  adding  ff  to  both  sides  of  the  equation,  and  dividing  by 
g—kia-^gt)*,  we  have 

9-kia^gt)^  * 

integrating,  and  taking  limits  such  that  a  and  t  are  simul- 
taneously zero,  we  have 

log4±^^;  =  2  (*,)*.;  (67) 

g^-k^(a^-gt) 

Also  from  (65),  we  have,  integrating  by  parts, 
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a  =  — a/H- /arf/ 

80  that  a  and  a  are  both  known  in  terms  of  t ;  and  substituting 
in  (63),  we  have  a  result  the  same  as  (111)  in  Article  241. 

391.]  Another  problem  again,  on  account  of  its  importance 
in  the  theory  of  gunnery,  suggests  itself  for  solution  by  the  pre- 
ceding process. 

To  determine  the  path  of  a  particle  projected  with  a  given 
velocity  in  a  line  inclined  at  a  given  angle  to  the  horizon^  and 
moving  in  a  medium  the  resistance  of  which  varies  as  the  square 
of  the  velocity. 

In  this  case  the  equations  of  motion  are,  as  in  Art.  302, 


W  "■  "    dtdt 
dt^  "      ^        dt  dt 


(70) 


^-0  ^--(/.  (71) 

rf/»  "    '  dt*  "      ^'  ^  ^ 


If  there  is  no  resisting  medium,  the  equations  of  motion  are 

d^a:      ^ 
— -  =  0 

of  which  let  the  solutions  be, 

x  =  a-\-at,  y^b+^t-^.  (72) 

As  the  velocity  is  to  be  the  same  in  the  disturbed  and  in  the 
undisturbed  paths,  we  have 

therefore  from  (78),    J  =  {a»+()8-^/)»}*.  (75) 

»i     i.        ,mn.      d*x      da  d*y       dB 

Also  from  (73),     ^  =  5^.         ^=^-^' 

and  substituting  these  in  (70),  we  have 

^=  -*«{a*  +  (/3-^0n*.  (76) 

^  =  -k{p~gt)  {a«  +  (y3-^0»}*:  {77) 
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fuid  therefore  from  (74), 

^  =  *a/{a*H-(/3-^/)»}*,  (78) 

^  =  */  ip^gt)  {a*  +  (fi-gt)^^;  (79) 

from  which  four  equations  a,  a,  A,  )9  are  to  be  found  in  terms  of  t. 
Eliminating  t  from  (72),  we  have 

/  aa\*        2a?  (B^       ^        \ 

which  is  the  equation  to  the  instantaneous  path,  and  is  a 
parabola ;  of  which,  if  the  latus  rectum  is  ^p,  and  if  (A,  t)  is 

(81) 

(82) 


».=f 

--f  -^-^■-'' 

J,  if  the  velocity  at  (x,  y)  =  v. 

dp       a  da             ,  a* 

=  -2pkv, 

S=-^<— .J 

► , 

(88) 
(84) 


From  (83)  it  appears  that  the  latus  rectum  of  the  parabola 

da 
continually  diminishes ;  and  since  v  =  ^,  we  have  from  it  by 

integration, 

log^  =  2*(*o-*); 
Po 

so  that  the  logarithm  of  the  ratio  of  any  two  latera  recta  varies 
as  the  length  of  the  arc  between  the  points  to  which  they 
correspond. 

Also  from  (84),  the  focus  of  the  parabola  moves  upwards  or 
downwards  according  as  t;^  is  less  than  or  greater  than  2a^; 
that  is,  according  as  the  angle  at  which  the  line  of  the  particle's 
motion  is  inclined  to  the  horizon  is  less  or  greater  than  45^ ; 
and  from  the  first  of  (84)  it  appears  that  as  the  particle  is  as- 
cending to  the  highest  point  of  the  orbit,  the  axis  of  the  instan- 
taneous parabola  is  moving  backwards ;  when  the  particle  is  at 
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the  highest  poiut,  the  axis  is  stationary ;  and  when  the  particle 
descends^  the  axis  moves  forward. 

392.]  The  method  of  variation  of  parameters  has  also  been 
applied  (for  the  first  time,  as  far  as  I  know,  by  Mr.  Airy,  the 
present  Astronomer  Royal*)  to  the  calculation  of  the  alterations 
produced  in  the  amplitudes  and  the  time  of  oscillation  of  a 
cycloidal  pendulum^  when  a  small  disturbing  force  acts  on  it. 

Let  the  forces  be  resolved  normally  and  tangentially ;  and 
let  the  disturbing  force  be  s,  and  act  along  the  tangent  to  the 
cycloid,  and  diminish  the  velocity  of  the  pendulum  in  its  descent. 
Let  a  be  the  radius  of  the  generating  circle  of  the  cycloid ;  then 
the  equation  of  undisturbed  motion  is,  see  Art.  353, 

Let  -^  =  n\  where  4  a,  be  it  observed,  is  the  length  of  the 
4a 

pendulum,  see  Article  354,  and  we  have, 

^+n>*  =  0;  (85) 

and  the  equation  for  the  disturbed  motion  is, 

d^8 

^+n**  =  8.  (86) 

The  general  integral  of  (85)  is, 

8  =  C8in(n/  +  a),  ,  (87) 
where  c  and  a  are  arbitrary  constants ;  and  where  c  is  the  am- 
plitude measured  along  the  cycloidal  arc ;  and  where  ^ is 

the  time  at  which  ^  =  c. 

From  (87)  the  expression  for  the  velocity  in  the  undisturbed 

path  is,  ^ 

—  =  en  cos  (n/  +  a);  (88) 

and  as  the  velocity  is  the  same  in  the  disturbed  path,  when  c 
and  a  vary,  we  have 

-TT  sin  (»/  +  a)  H-c  cos  (»*^  +  fl)^  =  0;  (89) 

and  differentiating  again  (88)  for  the  disturbed  motion,  and 
substituting  in  (86),  we  have 

n^cos(»/  +  a)  — ncsin  (n/-f  a)-^  =  s;  (90) 

*  See  the  TranaaclaonB  of  the  Cambridge  Philosophical  Society,  Vol.  Ill,  Part  I. 
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SO  that        -7-  =  -C08(n/4a),  (91) 

at        n 

J=  -;^8in(nMa);  (92) 

at  en 

which  give  the  variations  of  c  and  a  in  terms  of  / ;  and  if  these 
equations  were  susceptible  of  integration^  the  problem  would  be 
completely  solved.  In  only  a  few  cases  is  the  solution  possible. 
If  it  is  required  to  find  the  alteration  of  c  due  to  one  vibra- 
tion, it  is  necessary  to  integrate 

g 

-  cos  {nt-\- a)  dt, 

n 

from  a  value  of  /  which  makes  nt-\-a  equal  to  6,  to  a  value 
which  makes  it  equal  to  0  -f  ir ;  so  that  the  increase  in  the  am- 
plitude of  vibration 

= /-cos(n/  +  a)rf/  (93) 

J  n 

between  the  proper  limits ;  as  ^  is  undetermined^  the  result  is 

general. 

If  it  is  required  to  find  the  alteration  in  the  time  of  vibration 

during  one  oscillation,  we  proceed  as  follows.    Let  ai  and  ti  be 

the  values  of  a  and  t  when  the  pendidum  comes  to  rest,  that  is, 

when  cos  (nt  +  a),  see  (88),  =  0 ;  and  let  a^  and  ti  be  the  values 

when  the  pendulum  comes  to  rest  the  next  time ;  so  that,  say, 

.    .  w  .  Sir 

«/i  +  ai  =  ^,  nti-\-ai  =  -^; 

.-.     » (/a-/i) +  0,-01  =  tt;  (94) 

.  n      oa— ai 

.  .     *2— *i  = 

n  n 

=  ^  +  — 2  Asin(«/-fa)fi?/,  (95) 

by  (92) ;  the  integral  being  definite,  and  taken  between  limits 
corresponding  to  the  extreme  values  of  the  arc  of  vibration. 

If  s  =  0,  the  time  of  vibration  =  -  ;  so  that 

n 

ti-'ti  =  -5l+  — /'ssin(n/-fa)rf^J;  (96) 

n  (        cnirJ  ) 

and  therefore  the  proportionate  increase  of  the  time  of  vibra- 
tion is  If 

/ssin(n/-|-a)fl^^.  (97) 

If  8  is  expressed  in  terms  of  t,  (93)  and  (97)  may  be  used ;  but 
if  s  is  a  function  of  s,  then  from  (87)  and  (88)  we  have, 

PRICE,  VOL.  III.  4  I 
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8in(n/  +  a)  =  -,  C08(»/-|-a)  =  ^ , 


c 
and         i»=         ^ 


.  .     the  increase  of  amplitude  =  — ^  j^ds,  (98) 

the  prop,  increase  of  time  of  vibration  =  -srr-  I r-  (^) 

393.]  One  or  two  examples  are  subjoined. 
(1)  Let  the  pendulum  make  small  vibrations  in  a  circular  arc ; 
then  the  tangential  impressed  velocity-increment  is 


—  g  sin-, 


which  is  equal  to      —  ff  \ ^— j  +•••(; 

and  omitting  powers  of  -  above  the  cube,  we  have 

8  =  ^;     and     »«  =  ^. 

Therefore  the  proportionate  increase  in  the  time  of  vibration 
_         g        r^    9^d8 


"■  16aa' 
which  result  is  the  same  as  (41),  Art.  357.    Also 

increase  of  amplitude  =  — =•  /    ^— r  ds 
^  cn*y_e6a' 


""  24  c»* 
==  0. 
(2)  Let  the  friction  at  the  point  of  suspension  be  such  as  to  cause 
a  constant  tangential  retardation ;  and  suppose  therefore  s  =  — /; 

.•.     increase  of  amplitude  = —I  ds 

Proportionate  increase  in  the  time  of  vibration  is 

Other  examples  will  be  found  in  the  memoir  of  Mr.  Airy^  which 
is  referred  to  in  the  beginning  of  the  preceding  Article. 
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CHAPTER  XIV. 

ON  VIRTUAL  VELOCITIES. 

394.]  In  Article  103  of  the  present  volume  it  has  been 
shewn  that  when  a  system  of  statical  pressures  acting  on  a 
body  in  space  is  in  equilibrium,  the  differential  of  the  central 
moment  of  that  system  is  zero ;  and  the  mathematical  expres- 
sion of  that  property  is 

2.prfii  =  0.  (1) 

This  equation  is  usually  called  the  equation  of  Virtual  Velo- 
cities ;  and  expresses  a  theorem  of  which  the  enuntiation  is  the 
following : 

If  a  system  of  statical  forces  is  in  equilibrium,  and  the  system ' 
receives  an  infinitesimal  displacement  of  the  most  general  kind 
possible,  whereby  the  points  of  application  of  the  forces  are  dis- 
placed ;  but  the  forces  still  act  along  lines  parallel  to,  and  infi- 
nitesimally  distant  from,  their  former  lines  of  action;  and  if 
the  relative  distances  of  their  points  of  application  are  unaltered ; 
then  the  sum  of  the  products  of  each  force  and  the  projection 
on  its  line  of  action  of  the  displacement  of  its  point  of  applica- 
tion is  equal  to  zero. 

From  this  theorem,  as  it  is  observed  in  Article  104,  the  six 
equations  of  statical  equilibrium  are  at  once  deducible;  and 
thus  it  contains  in  an  abridged  form  all  the  principles  and 
results  of  Statics.  It  is  my  object  now  to  prove  that  it  is  de- 
ducible from  the  general  principles  of  the  science  of  motion : 
and  that  the  equations  of  Dynamics  take  the  form  (1)  when  the 
motions  of  the  particles  on  which  the  dynamical  forces  act  are 
not  actual,  but  only  potential  or  virtual.  And  that  thus  it  is 
the  proposition  intermediate  to  Statics  and  Dynamics,  and  by 
means  of  which  Statics  becomes  a  branch  of  the  science  of 
motion. 

In  this  inquiry  I  propose  to  follow  the  method  which  seems 
most  convenient  for  a  didactic  treatise.  The  principle  of  virtual 
velocities  has  already  been  enuntiated,  and  its  mathematical  ex- 
pression is  given  in  (1) :  a  principle  of  affixing  signs  to  the  forces 
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according  to  certain  modifications  of  them  mast  be  convention- 
ally settled ;  and  conditions  as  to  their  action  must  be  assumed^ 
which  may  be  either  in  act  or  in  hypothesis  realized.  Then  the 
principle  will  be  applied  to  some  well  known  problems^  so  that 
it  may  be  more  fully  grasped  :  and  lastly  it  will  be  proved  in  its 
completeness  from  Dynamical  considerations ;  and  some  corol- 
laries will  be  drawn  from  it. 

395.]  From  the  point  of  application  which  a  given  force  has 
after  the  displacement,  let  a  perpendicular  be  drawn  on  the 
original  line  of  action  of  the  force.  Thus  in  fig.  140,  let  amp  be 
the  line  of  action  of  p,  ere  the  displacement  takes  place :  let  the 
system  be  infinitesimally  displaced,  so  that  the  point  of  appli- 
cation of  the  force  is  shifted  from  a  to  a'  ;  a  a'  being  of  infi- 
nitesimal length ;  let  us  suppose  the  line  of  action  of  the  force 
after  the  displacement  to  be  parallel  to  its  line  of  action  before 
the  displacement,  so  that  a'p'  is  parallel  to  a  p.  From  a'  let  a 
perpendicular  a'm  be  drawn  to  the  original  line  of  action  of  the 
force,  so  that  am  is  the  orthogonal  projection  of  a  a''  on  that 
line :  AM  is  called  the  virtual  velocity  of  the  force  p ;  because  it 
is  the  infinitesimal  distance  over  which  the  point  of  application 
of  p  moves  in  its  own  line  of  action  during  the  first  time-element 
of  its  motion.  If,  as  in  the  first  figure  of  fig.  140,  am  lies  along 
AP  in  the  direction  in  which  p  acts,  the  virtual  velocity  is  taken 
to  be  positive :  and  if  it  lies  in  the  direction  of  ap  produced 
backwards,  as  in  the  second  figure,  then  it  is  taken  to  be 
negative. 

Hence  if  the  displacement  of  the  point  of  application  takes 
place  along  the  line  of  action  of  p,  the  whole  displacement  be- 
comes the  virtual  velocity :  and  is  positive  or  negative  accord- 
ing as  it  takes  place  in  the  direction  towards  which  p  acts,  or  in 
the  opposite  direction. 

Hence  also  if  the  point  of  application  of  the  force  is  displaced 
in  a  line  which  is  perpendicular  to  the  line  of  action  of  the 
force,  the  virtual  velocity  of  the  force  is  zero. 

If  a  system  of  forces  acting  on  a  body  consists  of  the  forces 
Pi,  P2, ...  Pn;  and  if  their  virtual  velocities  are  symbolized  by 
^Pi9  ^P%f  •••  ^n'f  the  signs  of  these  quantities  being  fixed  ac- 
cording to  the  preceding  conventions,  then  the  mathematical 
expression  of  the  principle  of  virtual  velocities  is 

s.pci^p  =  0.  (2) 
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396.]  Examples  illustrative  of  the  principle  of  virtual  velo- 
cities. 

Ex.  1.  Three  forces  p^  q,  r  act  in  given  lines  on  the  point  a, 
and  are  in  equilibrium  :  it  is  required  to  determine  the  relation 
between  them. 

Let  the  angles  severally  between  the  lines  of  action  of  q  and 
R,  of  R  and  p,  of  p  and  q^  be  a,  )3,  y  :  let  the  point  of  application 
of  the  forces  be  shifted  from  a  to  a',  see  fig.  141 ;  and  from  a' 
let  perpendiculars  A'm,  a'ti,  a'j?  be  drawn  to  the  lines  of  action  of 
p,  Q,  R  respectively ;  then  Am,  An,  Ap  are  the  virtual  velocities 
of  p,  Q,  R  respectively :  and  (2)  becomes 

PXAm-fQXAW  — RXA^  =  0.  (8) 

Let  aa'=6*;  aav  =  0\  QAR  =  a^  rap  =  j8,  PAQ=:y:    so  that 
(3)  becomes, 

p8*cosdH-Q8*cos(dH-y)-f  afi^cos  (j8— d)  =  0; 
.-.     p-f  QCOSyH-aco8)3H-(Rsini3— Qsiny)tan^  =  0;  (4) 

and  as  the  line  along  which  a  is  displaced  is  indeterminate,  B  is 
indeterminate^  and  therefore  from  (4)  we  have^ 

p-f  Qcosy-f  RC0S)3  =  0,  (5) 

R  sin  j3— Q  sin  y  =  0  :  (6) 

from  the  second  of  which  we  have 

-^  =  -i-  =  -^-  (7) 

sin  a        sin  )9        sin  y  ' 

the  first  term  of  the  equality  being  inferred  by  reason  of  the 

symmetry. 

Also  we  have 

R  cos  )3  =  —  p— Q  cos  y,  R  sin  )3  =  Q  sin  y ; 

whence,  squaring  and  adding, 

r2  =  p*-f  2pQCOSy-f  Q*:  (8) 

(7)  and  (8)  are  respectively  the  mathematical  expressions  of  the 

triangle  and  of  the  parallelogram  of  forces. 

Ex.  2.  To  determine  the  conditions  of  equilibrium  of  the 
straight  lever. 

Let  ACB  be  the  lever,  fig.  142^  which  turns  about  a  horizontal 
axis  through  c  :  let  the  forces  p  and  q  act  at  the  ends  a  and  b 
along  lines  of  action  which  are  inclined  to  acb  at  angles  a  and 
P  respectively :  let  ac  =  a,  cb  =  b. 

Let  the  lever  be  turned  about  the  horizontal  axis  through  an 
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infinitesimal  angle  dO,  so  that  aa  =ad0,  bb' =bd6:  then  the 
projections  of  these  quantities  on  the  lines  of  action  of  f  and  q 
respectively  hre  add  Ana,  bd$  sin 0 ;  and  as  the  virtual  velocity 
of  Q  is  negative  according  to  our  figure,  equation  (2)  becomes, 

r  add  sin  a— Qb do  sin  p  =  0, 
.'.     pa  sin  a  =  Qftsin^S: 
which  is  the  ordinary  equation  of  moments  about  c. 

Ex.  3.  To  determine  the  conditions  of  equilibrium  of  the 
wheel  aud  axle. 

Let  a  =  the  radius  of  the  wheel  on  which  p  acts :  b  =  the 
radius  of  the  axle  on  which  w  acts :  and  let  the  system  be 
turned  through  a  small  angle  dB^  so  that  p  (say)  descends 
through  a  vertical  distance  add,  and  w  ascends  through  a  verti- 
cal space  bdd  :  then  equation  (2)  becomes, 

—  ad0T-j-bd$w  =  0,  .•.     va  =  wA. 

Ex.  4.   To  find  the  conditions  of  equilibrium  in  the  screw. 

In  this  mechanical  power  (as  it  is  called)  I  shall  assume  that 
there  is  no  friction.  Let  h  be  the  vertical  distance  between 
two  successive  winds  of  the  thread :  let  /  be  the  length  of  the 
lever,  measured  from  the  axis  of  the  screw,  at  the  end  of  which 
p  acts  :  let  w  be  the  weight  on  the  screw.  Then  as  w  descends 
through  a  vertical  distance  equal  to  h,  the  point  of  application  of 
p  moves  round  the  circumference  of  a  circle  whose  radius  is  b : 
so  that  h  and  2Trb  are  evidently  proportional  to  the  virtual  velo- 
cities of  w  and  p  ;  and  equation  (2)  becomes, 
—  2wAp-|-wA  =  0, 

397.]  Let  us  now  investigate  the  principle  of  virtual  velocities 
by  means  of  the  general  principles  of  dynamics. 

When  a  particle,  whose  mass  is  w,  moves  with  the  velocity  v, 
the  momentum,  or  the  quantity  of  velocity,  which  it  has  is  mv; 
see  Art.  210 :  and  this  is  capable  of  being  transferred  to  any 
other  mass  :  this  therefore  we  take  to  be  the  measure  of  the 
effect  which  m  moving  with  the  velocity  v  is  capable  of  pro- 
ducing. 

Now  the  effect  of  all  mechanical  forces  is  velocity :  that  is, 
whatever  effects  of  other  kinds  they  may  produce,  the  velocity 
which  they  communicate  is  the  only  one  of  which,  in  the  science 
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of  motion^  we  take  cognizance :  and  this  velocity  may  be  either 
actual  or  virtual ;  it  may  be  communicated,  or  only  be  capable 
of  being  communicated ;  and  it  is  in  either  case  the  measure  of 
the  force's  effect.  In  pressures  such  as  we  are  about  to  inves- 
tigate a  law  of,  the  velocity  impressed  is  not  actual ;  it  is  only 
virtual  or  potential :  but  the  virtual  mv  is  the  measure  of  the 
force's  effect.  To  simplify  our  considerations,  I  shall  suppose 
all  the  forces  to  be  of  the  same  kind^  and  to  have  a  common 
source  :  and  I  will  assume  that  they  are  weights.  That  is^  the 
attraction  of  the  earth  acting  on  different  quantities  of  matter 
produces,  so  I  assume,  the  different  acting  forces :  the  various 
lines  of  action  and  the  direction  of  such  forces  may  be  produced 
by  a  simple  contrivance^  such  as  a  pulley :  let  us  suppose  the 
impressed  momentum-increments  (virtual)  to  be  Pi,  P2,  ...  p», 
and  acting  uniformly  during  a  second  of  time,  to  be  capable  of 
producing  in  that  second  of  time  an  increase  of  momentum  in 
the  masses  mi,  ms, ...  m„  respectively  equal  to  mi^,  wig^, ...  Wn^ ; 
so  that  we  have, 

Pi  =  mff.        P2  =  fn^g, p„  =  mnff;  (10) 

then  Pi,  P2, ...  Pn  may  be  replaced  by  these  several  equivalents, 
the  lines  of  action  and  the  directions  being  arranged  identically 
with  the  former  by  means  of  pulleys  or  some  other  equivalent 
contrivance.  Of  the  pressures  and  masses  in  (10)  I  shall  take 
p  and  m  to  be  type-expressions^  so  that 

p  =  msf. 
Let  a  system  of  forces  act  on  a  particle  or  a  rigid  body^  of 
which  let  p,  or  its  equivalent  mg,  be  the  type :  let  a  small  geo- 
metrical displacement  be  given  to  the  body^  and  such  as  is  com- 
patible with  the  arrangement  of  its  particles,  and  does  not  cause 
any  rupture  of  them.  Let  the  point  of  application  of  the  force 
p  move  over  a  distance,  the  projection  of  which  on  the  line  of 
action  of  p  is  j9 :  and  let  us  suppose  the  same  result  to  take 
place  with  all  the  other  forces  :  then  the  distance  p  is  the  pro- 
portional measure  of  the  velocity  which  m  receives  by  reason  of 
the  displacement,  and  therefore  the  measure  of  m^s  effect  is  mp. 
Here  however  it  must  be  observed  that  this  momentum  in  its 
action  on  the  body  will  be  affected  with  a  different  sign  accord- 
ing as  the  projection  of  the  line  through  which  the  point  of 
application  moves  is  towards  or  opposite  to  the  direction  in  which 
p  acts :  that  is^  we  consider  p  to  be  positive  or  negative  accord- 
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ing  as  it  falls  in  the  line  along  which  f  acts^  or  in  that  line  pro- 
duced backwards.  And  with  this  convention  the  effects  of  all 
the  forces  will  be  proportional  to  tnipi,  m^p^i  ...  f»n/>n. 

898.]  Suppose  all  the  pressures  thus  estimated  to  act  simul- 
taneously on  the  system  of  particles^  and  to  keep  it  at  rest.  By 
the  law  of  inertia,  the  system  cannot  be  disturbed  except  by  a 
new  force.  Let  us  suppose  such  a  new  force  to  be  introduced, 
and  the  system  thereby  to  receive  a  slight  displacement;  so 
that  the  points  of  application  of  the  forces  may  be  changed,  but 
that  their  present  lines  of  action  may  be  parallel  to  the  former 
ones.  Then  the  displaced  system  will  be  in  some  one  of  the  three 
following  states.  If  the  displacing  force  is  removed,  (1)  the  system 
may  return  to  its  former  state :  (2)  it  may  remain  at  rest  in  its 
new  state :  (3)  it  may  depart  further  from  its  original  state. 
In  the  first  state,  the  disturbing  force  acts  and  prevents  the  re- 
turn :  in  the  second  state,  the  disturbing  force  has  moved  the 
system,  but  no  longer  acts  to  retain  it  in  its  new  position :  in 
the  third  state,  it  acts  and  hinders  a  farther  departure  from  the 
original  state.  Now  taking  all  the  forces  to  act  as  in  the  original 
state  of  rest ;  in  (1)  the  sum  of  these  effects  is  greater  in  the  dis- 
turbed than  in  the  balanced  state,  because  it  requires  another 
force  (viz.  that  which  prevents  the  return)  to  be  in  equilibrium 
with  the  original  forces :  then  the  sum  of  the  effects  of  the 
forces  is  a  minimum  in  the  balanced  state  for  this  particular 
disturbance :  and  if  the  same  result  follows  for  every  other 
possible  disturbance,  the  sum  of  the  effects  of  the  forces  is  a 
minimum. 

In  (2)  if,  after  the  system  has  been  disturbed,  no  force  is 
required  to  keep  it  in  its  displaced  state,  the  forces  are  in  equi- 
librium in  the  displaced  just  as  in  the  original  state ;  and  there- 
fore as  the  displacement  may  be  infinitesimal,  the  sum  of  the 
effects  is  the  same  in  both  states. 

In  (3)  if,  after  the  displacement,  a  force  is  needed  to  hinder 
the  system  from  farther  departure  from  the  original  state  of 
equilibrium,  the  sum  of  the  effects  of  the  original  forces  is,  in 
the  disturbed  state,  less  than  it  was  in  the  balanced  state  of  the 
system  ;  and  if  this  is  true  for  every  other  possible  displacement, 
the  sum  of  the  effects  in  the  original  balanced  state  is  a  maxi. 
mum.  Now  although  for  a  state  of  equilibrium  of  a  system 
neither  of  these  circumstances  may  exist  for  all  the  possible 
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displacements^  yet  one  or  other  of  them  must ;  and  they  all 
have  this  common  characteristic;  viz.  the  differential  of  the 
sum  of  the  effects  of  the  forces  is  zero.  Having  therefore  in 
the  preceding  Article  investigated  a  method  of  estimating  the 
effects  of  forces,  we  have  in  this  Article  discovered  a  relation 
which  these  forces  must  satisfy,  when  they  produce  no  motion ; 
viz.  the  variation  of  the  sum  of  their  effects  for  a  small  geome- 
trical displacement  is  zero. 

Let  the  sum  of  the  effects  of  all  the  forces  be  represented  by 
n :  so  that 

n  =  fnipi-^m2P2-\  w»8i»3-f -\-muPn  (H) 

=  ^.mp.  (12) 

In  differentiating  (11)  the  m's  do  not  vary :  therefore 

rfn  =  midpi-\-m2dp2-\^ +m„fllp„ 

=  0: 
and  replacing  i»i,  m2,  ...  m»  by  their  proportionals  P],  Pg, ...  p„, 

we  have  r,dp^^  v^dp^-h -{-v^dp^  =  0, 

.-.     2,vdp  =  0;  (13) 

which  is  the  mathematical  statement  of  the  principle  of  Virtual 
Velocities. 

399.]  In  the  preceding  investigations  we  have  supposed  the 
points  of  application  of  all  the  forces  to  be  capable  of  geometrical 
displacement :  there  are  however  cases  where  such  is  not  geome- 
trically possible.  Suppose  a  body  to  rest  upon  a  surface,  so 
that  the  normal  reaction  of  the  surface  is  one  of  the  acting 
forces :  if  the  body  is  removed  from  the  surface,  the  reaction 
may  be  said  no  longer  to  exist.  In  this  case,  if  it  is  required 
to  determine  the  relations  between  the  forces  exclusive  of  the 
reaction,  the  body  may  be  moved  to  some  other  point  on  the 
surface  infinitesimally  near  to  the  former  one :  in  which  case 
the  virtual  velocity  of  the  normal  pressure  will  be  zero,  and  the 
normal  pressure  will  not  enter  into  the  equation  (13).  If  on 
the  other  hand  the  normal  pressure  is  required  to  be  determined, 
then  the  normal  pressure  must  be  supposed  to  be  like  any  other 
pressure,  and  to  be  susceptible  of  a  change  in  its  point  of  appli- 
cation, and  it  will  be  convenient  to  shift  the  body  along  a  line 
normal  to  the  surface. 

In  Art.  104,  the  six  general  equations  of  statical  equilibrium 
have  been  deduced  from  the  principle  of  virtual  velocities ;  and 
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